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PREFACE

The present stage of development in the physics of elementary particles began at the end 
of the 1950s. With the 1960s our view of the elementary (or fundamental) particles and their 
interactions broadened considerably. Instead of a score of stable or nearly stable particles 
and several resonances in pion-nucleon scattering, we now know of more than a couple 
of hundred particles and resonances. Our picture of space-time symmetry underwent still 
another change as a result of the discovery of the nonconservation of the combined parity 
CP (or noninvariance with respect to time reversal T), and, consequently, it is possible that 
the three basic types of interaction have been joined by a fourth—the superweak interac
tion. During the same time significant information on high-energy scattering and properties 
of resonances has accumulated.

In elementary particle theory the 1960s were an era of symmetry, Regge poles, current 
algebra, and duality. During this time fruitful schemes of internal symmetry were construct
ed, described by the groups SU3 and St/e, as well as by current algebra and chiral symmetry. 
At the same time, the basic features of the asymptotic behavior of scattering amplitudes 
were clarified, and the fundamental nature of the Regge trajectory was established. The 
notion of duality introduced in recent years may become a basic concept of future theory.

The vigorous development of elementary particle physics has made it evident that quan
tum field theory cannot assume the role of a theory of elementary particles. Nonetheless, 
the local quantum theory of fields remains the basis from which general principles are 
adopted and with whose help several models are constructed.

The contemporary theory of elementary particles may be called a constructive theory. 
Starting from well-founded principles of quantum field theory, from experiment, and from 
guesses, such a theory seeks to select and work out the ideas essential for the description of 
the elementary particles and resonances. Regge trajectories, unitary and chiral symmetries, 
current algebra, and duality are successful examples of the constructive approach; they 
depend on the local theory but cannot be unambiguously obtained from it or proven. 
The present book is meant as an introduction to such a constructive theory of elementary 
particles. The author hopes that such a book will be useful as a complement to other texts on 
elementary particle theory.u“4)

The book consists of four parts. The introductory Part I acquaints the reader with the 
basic description of elementary particles. In Part II questions of relativistic quantum me
chanics and kinematics are set forth; Part III is devoted to the problem of internal symmetry, 
and Part IV to those new dynamical approaches which are likely to have the greatest influ
ence on the development of theory in the future. Quantum electrodynamics and renormal-
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X PREFACE

ization are excluded from the present book, as these questions are contained in the standard 
quantum theory of fields.(5' 7) The author does not give a systematic review of experimental 
data, but cites only the information essential to illustrate the pattern of phenomena and 
to connect theory with experiment. The Appendix contains tables of particles, but the 
reader’s main reference on particle properties should be special annual reviews/8*

The list of references contains only those works which, in the author’s opinion, are basic. 
The reader may acquaint himself with a more complete list in books(9"20) and in reviews 
referred to here.

The plan of the book essentially follows the program of courses on elementary particle 
theory given in the Physics Faculty of Leningrad University.

The reader must be familiar with nonrelativistic quantum mechanics and classical 
relativity theory. It would also be very useful to have a preliminary acquaintance with the 
fundamentals of the Lagrangian formulation of quantum field theory and with Feynman 
diagrams .(5"7) A course in elementary particle field theory usually is preceded by a short 
course on group theory. We thus assume that the basic facts of group theory are known to 
the reader/18,19)

The author is grateful to A. A. Ansel’m, M. A. Braun, B. V. Medvedev, I. A. Terent’ev, 
and especially to L. V. Prokhorov, V. A. Frank, and Yu. P. Shcherbin for valuable advice.

The author thanks colleagues and students in the nuclear theory and elementary particle 
theory groups at Leningrad State University for help and discussions.

Several chapters of a first version of this book were written during the author’s stay at the 
Faculty of Physics and Astronomy of Delhi University. The author wishes to use this 
occasion to express his gratitude to Professors D. S. Kothari and R. S. Majumdar for their 
hospitality and for pleasant working conditions.
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AUTHOR’S PREFACE TO THE ENGLISH EDITION

In t h e  time since this book was finished the center of gravity of interest in elementary 
particle physics has shifted to the weak and electromagnetic interactions. Gauge theories 
and parton models have become the subject of nearly universal attention.

The author, however, has decided to overcome the temptation to write a supplement 
on gauge fields and expand the chapter on weak interactions, since the book is primarily 
devoted to the phenomenological foundations of relativistic theory and to the strong inter
actions from the 5-matrix standpoint. An exposition of gauge theories would have required 
an introduction to the Lagrangian formalism (which we do not consider separately) and 
the use of functional integration (which we do not even mention).

The author appreciates the careful and exacting work performed by Prof. Rosner in the 
process of translation. The changes he has made, of which I approve fully, can only serve 
to improve the treatment.

Yu. Novozhilov 
Paris, July 1974



TRANSLATOR’S PREFACE

The serious student of elementary particle theory must cope both with rather formal course 
work and with a highly specialized literature. The relation between the formalism and its 
application to practical problems often is not transparent at first glance. The present book, 
by presenting a unified treatment of both, helps in large measure to bridge this gap. The main 
emphasis of the book is on the strong interactions, where the need for such a “bridge” is 
greatest. The first two parts present a theoretical framework which is then used extensively 
in dealing with concrete problems in the last two parts. It was partly my appreciation for 
the particular fortunate combination of “theory” and “practice” in this book— which cor
responded very closely to the way I happened to learn the subject—that led me to undertake 
the translation.

I would like to express deep gratitude to Professor Novozhilov for his constant interest 
and encouragement, for his patient help in clarifying points in the text, and for making 
available a list of misprints in the Russian edition. I would also like to ask his indulgence 
regarding the minor modifications (that a practising theorist cannot help making) which 
I felt would bring portions of the material more up to date. In general, however, the trans
lation attempted to follow the text as closely as possible. This was not difficult owing to 
the exceptional clarity of the original prose.

Professor Morton Hamermesh provided much valuable technical advice regarding trans
lation procedures. I am thankful to Mrs. Valerie Nowak, Mrs. Veronica Goidadin, Miles 
M. Milligan and S. Williams, Mrs. Janace Ator, and Mrs. Sandra Smith for expert typing. 
Finally, my special appreciation is reserved for my wife, Joy, whose day-to-day moral 
support and whose assistance in the final correction of the typescript made a pleasant but 
protracted task seem shorter and sweeter.



NOMENCLATURE

This book uses units in which h =  c — 1.

Indices and abbreviations

Indices denoted by the Greek letters //, v, g, . . . ,  take on the values 0, 1, 2, 3.
Indices denoted by the Latin letters i j ,  fc, . . . ,  take on the values 1,2, 3.
Spinor and isospinor indices are denoted by a, /J, y, . . .  = 1,2, but for Dirac bispinors 

• = 1,2,3,4.
Indices denoted by the Latin letters a, b, c, . . . ,  take on the values 1, 2, 3, . . . ,  8.
Contra variant components of a vector have the same sign as in the nonrelativistic theory: 

a* = (ia°, a).
The metric tensor gMV = g^v has the signature (-f---------- ).
Scalar product: aj.Y =  ab =  a0b0—a*b.
Abbreviations: du =  d / d x □ =  0q—02.
The antisymmetric pseudo-tensor e ^ a is normalized according to e0123 =  — 1 or s0iJk = eiJk. 
Volume elements: d*a = da°cPa, dza = da1 da2da?.
Commutators and anticommutators: AB—BA = [A, B]_ = [^4,5], AB+BA = [A, B]+ =

Hermitian conjugation, complex conjugation, and transposition are denoted respectively 
by the superscripts + , *, and T.

State vectors and Lorentz group

Spin: J\ spin-parity: 7P; spin projection on the z-axis: a\ helicity: A. 
Normalization of states:

</>, <* I P\ o') = 2p0daa'd(p-p').

Particle density corresponding to this normalization:

2/70/(2jt)3 .
Invariant phase space:

dR„(p) = d ( p ~ i t  A-j K P i-m i) • • • ^(Pn-m2n)dtp1 . . .  d*p„.



XIV NOMENCLATURE

The representation of the group SUz is l7)J.
Finite-dimensional representation of the Lorentz group: notation: O (J,0) =  D1.

2 by 2 matrices associated with the vector pM:

The matrix 0 . y j  = 0  =  @ 0 = 1.
Normalization of Dirac functions: u*(p)u(ji) =  2p0. 
Geometrical (ordinary) spatial reflection: P. 
Geometrical (Wigner) time reversal: T.
Charge conjugation: C.
Total reflection: 6 = CPT.

Group: ©; transformation^; representation: d(G); isospin: with I3 = t; generators
of the group SU3: Fa.

Hypercharge: Y\ strangeness: S  =  B+Y.
Baryon number: B.
Lepton numbers: Le, LM.

Partial wave: a} or a,; for equal masses below inelastic threshold these satisfy the two- 
particle unitarity conditon

p = ffo p°+o*p, p =  o0p°—a-p.
Dirac matrices:

frv = 2g„ y y5 = y i  = -  lY y Y y 4,
y* = yo, <?*,= }  a = a*y„.

Internal symmetry

Scattering amplitude

The r-matrix is defined by

<a 15 - 1 1 b) =  i(2n)4 b \p a- p b) {a | T\ b).

References to formulae from other chapters contain the chapter number first: (9.16) is 
equation (16) from Chapter 9.



C h a p t e r  1

ELEMENTS OF RELATIVISTIC QUANTUM
THEORY

The theory of elementary particles is a relativistic theory. Quantum mechanics and the 
Einstein relativity principle are the basis o f its apparatus.

The Einstein relativity principle determines the group of space-time symmetry in classical 
physics as the inhomogeneous Lorentz group, or the Poincar6 group In quantum 
mechanics the transformations of this group connect “equivalent” positions of classical 
observers performing a quantum experiment and defining quantum states. It is assumed 
that all transformations are in fact feasible, including those which correspond to passing to 
states of physical systems with infinite energy.

As is well known, a quantum state corresponds to not one but a number of state vectors 
(“unit ray”) in Hilbert space. Because of this fact, and because the parameter space of the 
group <?)*+ is doubly connected, the space-time symmetry group in quantum mechanics is 
not the Poincare group but its universal covering group 0 f+ or the quantum mechanical 
Poincare group. The irreducible unitary representations of also describe elementary 
particle states. The invariants of the Poincare group—mass and spin—characterize the 
invariant properties of particles, and the generators of the Poincare group—the possible 
observables, i.e. the variables whose independent measurements fix the state of a relativistic 
particle.

The representations of the quantum mechanical Poincare group <J)\ contain both single- 
and double-valued representations of the classical group ^)f+. This means that both integral 
and half-integral values of spin correspond to single-valued representations of the quantum 
mechanical group. The existence of physical objects with half-integral spin is thus a direct 
consequence of relativistic quantum theory.

After rules are established for the description of single-particle states, the problem of 
describing the scattering of particles arises.

In Chapter 1 we follow (without proofs) a chain of discussion leading to the quantum 
mechanical Poincare group as a symmetry group, and also the simplest consequences 
relating to the nature of particle states. We recall also those original postulates which lie at 
the basis of the quantum theory of scattering.

Nov 2 3



4 INTRODUCTION TO ELEMENTARY PARTICLE THEORY

§ 1.1. Homogeneity of space-time and the Poincare group

In processes with elementary particles the gravitational field does not play an essential 
role because of the smallness of the gravitational constant; in any case, at present there are 
no experimental facts or weighty theoretical considerations indicating the need to account 
for the gravitational field of particles. Thus in a theory of elementary particles one can 
consider space-time homogeneous and isotropic and geometry pseudo-euclidean. Accord
ingly, the principle of relativity must hold; i.e. in frames of reference differing from one 
another with respect to orientation and position in space, any choice of initial time and 
relative speed (rectilinear and uniform) must be equivalent.

All such (inertial) systems are equivalent in that in any two systems respective physical 
phenomena proceed in the same way. Associating the coordinate xM = 0, 1, 2, 3) with a 
frame of reference, we thus postulate the invariance of physical laws relative to linear 
transformations from one reference frame to the other :

x* = A W + aT , (1)

with the condition that the square length of the interval
(x-_y)2 = (xM- yfi)(x»-y») (2)

is conserved. In defining (1) it is assumed that the translation is performed after the homo
geneous transformation.

The linear transformations conserving (2) form the inhomogeneous Lorentz group or the 
Poincar6 group. They contain not only translations and rotations (ordinary and hyperbolic) 
in four-dimensional pseudo-euclidean space, but also the space-time reflections P, T, and 
PT = /:

Pxk = — xky Px° =  x°;
Txk = xk, Tx° = -x ° \

PT*" = -x »
(k=  1 ,2 ,3 ; // = 0, 1,2,3).

The interval (2) is invariant if the coefficients AMV satisfy the condition

A\A»a = 6°,, A \  = gMeA ^ ’, (4)

where the nonzero are equal to gM = ~ gn = —g ^  = —g& = 1. For the transfor
mation matrix A with matrix elements AMa the condition (4) takes the form ATgA = g. 
From this relation it follows that the determinant of the matrix A in the general case is 
equal to

d e M = ± l .  (5)

From (4) it also follows that the coefficients have the following property:

{Awf - E { A ^ f  = 1 , (6)

or (/l00)2 a* 1. This means that there are two possibilities:

A00 1 or A00 — 1. (7)
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Thus the general transformations (1) may be divided into four classes differing with 
respect to the sign of det A and A00. These classes of transformations correspond to the 
following connected components of the general Poincar6 group:

1. : det A = 1, A00 s* 1. The direction of time remains unchanged, and spatial reflec
tion does not occur. The transformations (1) describe rotations and translations in pseudo- 
euclidean space, forming the proper or orthochronous Poincar6 group <£)f+.

2. <J)\: det A =  1, A00*̂  — 1. The transformations (1) include time reflection. Since, 
however, the transformation is unimodular, it must also contain reflection of the spatial 
coordinates. Put differently, each transformation of this class may be represented in the 
form of the product of two operations: a transformation belonging to the class and a 
reflection of all coordinates PT. In particular the operation PT itself is contained in <J)\. 
The operations P and T separately are not contained in <J)\ because of the condition det 
A — 1. Taken together, the transformations of the classes <J)\ and $)+ form the proper 
Poincare group

3. : det A =  — 1, A00 2» 1. Transformations of this class may be written as a product
of a transformation from the class and a reflection of spatial coordinates. Together 
with transformations of the class <J)\ they form the orthochronous Poincar6 group.

4. <p_ : det A = — 1, A00 <  — 1. The direction of time is changed. Each transformation 
of this class may be represented as the product of a transformation of the class and a 
reflection of time.

The general Poincare group may be symbolically depicted in the form of a sum

where the respective terms correspond to the components 1-4.
Of all the components of the Poincar6 group only the first <J)\ contains the unit trans

formation. For this reason transformations belonging to different classes cannot be con
nected with one another using any sort of continuous transformation belonging to 
Transformations of the same class may be obtained from one another using transfor
mations from <J)\.

The classification of particle states starts with the study of the proper orthochronous 
group An element (a, A) of the group <2>f+ is determined by a translation four-vector 
a** and an orthochronous unimodular transformation A. The multiplication law for two 
elements (au Ax) and (<a2, A 2) is

In particular, (a> A) = (0, 1) (0, A) in accord with the definition (1) of an inhomogeneous 
transformation as the product of a homogeneous transformation and a subsequent trans
lation. The unit element of the group is equal to

(8)

(pu A\) (a2i A 2) = ^1^2)- (9)

E = (0, 1), (10)

and the inverse element is written as

2•
(a, A)~' = ( -A - 'a ,A - i) . (11)



6 INTRODUCTION TO ELEMENTARY PARTICLE THEORY

The multiplication law (9) for group elements may be represented by introducing the 
5 by 5 matrices

belonging to a nonunitary representation of the Poincare group.
The transformation (a, A) is characterized by 10 parameters: four translations aM, three 

parameters of three-dimensional rotations, and three parameters connected with passage 
to another inertial system (“hyperbolic rotations”). It is convenient to introduce the six 
parameters of Lorentz transformations A using the fact that any A may be represented as 
a product of a pure Lorentz transformation H  (without rotation of axes) and a three- 
dimensional rotation R:

A = RH. (13)

Any pure Lorentz transformation x' = Hx is fully characterized by a direction of motion 
viy1 = 1) and a speed v = tanh /? (0 < /? < <»):

jc'° =  x°cosh 5 + (v x ) sinh 8,
x' = jc+x°v sinh /?+v(x*v) (cosh /?—1). v ;

If the direction v is kept fixed, then

/ /(V , f ix )  / /(V , & )  =  / /(V , f r + f c ) .

Any rotation y  — Rx' may always be represented as a rotation around some axis n(h2 = 1):

y° = x '° ,
y — R(n, <z)x' = x' cos a + n(n*x') (1— cosa) + x 'X nsin  a (0 *sa crc).

The normals n and v may be expressed in terms of angles in polar coordinates:

n = (sin # cos <p, sin # sin <p, cos #) (0 <  <p <  2n, 0 <  # tt),
v =  (sin y cos 5, sin y sin 6 , cos y) (0 <= 6 <  2j t , 0 <  y <  jr).

Then as the six parameters of the transformation A it is convenient to choose and rjk 
(k=  1,2, 3):

5 = an, t) = /3v. (16)

The unit transformation corresponds to £ = r\ = 0.
The space of parameters tj is doubly connected. In fact, since by (14) there exists a one- 

to-one correspondence between a Lorentz transformation and the parameters r]u 772, and 
773, the sets of parameters £ = nn and £ = —nn, by (15), describe the same rotation. Con
sequently, these points of £-space must be identified with one another, making £-space 
doubly connected. The space of £ is a sphere of radius n with center at £ = 0, inside of 
which every point £ = an is associated with a rotation R(n, a) while points on opposite 
ends of diameters are identical (Fig. 1), so that the diameter should be considered a closed 
path. Each point (n, a) may thus be reached from the center by two inequivalent paths 1
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and 2, which cannot be made to coincide by continuous deformations: for example, the 
path h proceeds directly from the center along a line ?i(/) = ncct (0 < t <  1), while the 
path /2 involves a discontinuity, e.g. along the line = —nut (0 <  / <  1) and then along 
a line ^ (O  = »(a — n)t -f nn (0 < /  < 1).

Fig . 1. Space o f  points ?  =  an associated with ro ta tio n  by an  angle a  abou t an  axis n. Points 
on opposite sides o f  a  diam eter are identified with one another.

In quantum mechanics the single-connectedness of parameter space becomes important. 
There is a well-known way of passing from a multiply-connected topological group © to 
a singly connected covering group ©, whose element g =  {g, /(/)} is characterized by an
element of the initial group g and a path /(/) from the unit element to g . In the case of rota
tions R via paths 1 and 2, the covering group R has elements

Ri(n, a) =  {R(n, a), h  =  R(n, /a)}, |  ^
i?2(»,a) =  a), /2 = R (-n , (2n-ta))}, j

since formally R(n, a) = R( — n, 2n—<z) forn  <  a <  2jz.
Combining (14) and (17), one can easily write an element of the covering Lorentz group.

§ 1.2. Quantum mechanics and relativity

Let us recall some characteristic features of quantum mechanical description. In quantum 
mechanics physical quantities are represented by self-adjoint operators a which act on state 
vectors | y) forming a Hilbert space /36. The state vector | y) describes a physical system in 
a probabilistic way: if the system is in the state y, then the quantity Wey = | (g 1 y) |2 is equal 
to the probability of observing the system in the state q, where =  L The vectors

Q
| y) and u | y) differing by the phase factor w(| u | =  1) thus describe the same state, so that 
the correspondence between the physical state y and the vector | y) is not one-to-one.

The set of Hilbert space vectors | y) differing from one another only by a relative phase 
is called a unit ray y; all vectors of a unit ray may be obtained by multiplying one of them 
by a phase. Thus each state is associated in a one to one way with a unit ray.

When a has a definite value a ' in some state la'), then

a |a ') = a' |a'). (18)
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If the operators ax and a2 commute ([ax, a2] = 0), then there exists a state | a[, a2), arising 
as a consequence of the simultaneous measurement of these quantities. In quantum mechan
ics it is assumed that for every physical system there exists a full set of mutually commuting 
operators ax . . .  art, whose eigenvalues <x[ . . .  a ' may be used to fully characterize the state 
| <x[ . . .  a'). States belonging to different eigenvalues are orthogonal:

<«l' • . . <x'n \oc[ . . . oc'n) =  d<<x[ . . . <$*;'*; . (19)

One may obviously choose different sets of mutually commuting operators. Any physical 
quantity must be contained in at least one of the complete sets since there always exists 
a state in which it has a definite value (the postulate of the existence of “pure states”). 
According to this postulate, the state of the system may be prepared with arbitrary accuracy 
using a single measurement of each of the quantities in a complete set.

Moreover, in quantum mechanics it is postulated that the set of vectors | <x[ . . .  a ') with 
various values <x{. . .  a ' exhausts all possible states of the system (the postulate of complete
ness).

Any state of a system may be represented in the form of a superposition of basis states 
(the principle of superposition):

Iy) = £  Wy(« 1 |*i •. • <*'„). (20)
al • • •

The expansion coefficients ^y(a i • • • =  (a i • • • I y) are sometimes called wave func
tions in the (ax . . .  art) representation.

The states we investigate are those of the Heisenberg type. Such a state | . . .  a ') may
be obtained as the result of a series of consecutive measurements aA. . .  art, which, in general, 
may be performed at any time in the study of the system. It describes properties of the 
system, including, for example, interactions among its separate parts. The operators a in 
this case may depend on time. This means that observation of the quantities a at the time 
x° may demand a different experiment from that used for observing a at the moment x0'.

The states | <x[ . . .  <x'n) differ from states of the Schroedingertype, which are based on mul
tiple measurements of all quantities ax . . .  xn at the same time x°. The set of Schroedinger 
states at different times contains the same information as the state [ <x[ . . .  â >.

Superselection rules

Not all self-adjoint operators may be observable, just as not all vectors | g) correspond to 
physical states. This situation arises, for example, when the observables include quantities 
Qi contained in all complete sets. The operators Qt then commute with all remaining opera
tors corresponding to physical quantities. In this case the right-hand side of the expansion 
(20) of the physical state | y) must contain only vectors referring to the same set of eigen
values Qj.

In fact, if | y) is a physical state, then the projection operator on this state P(y) = | y) (y | 
must be observable as well. Since by definition Qt commutes with all observables, [{?,., 
/>(y)] =  0. The equality <2,1 y) (y I - 1 y) (y I Qi = 0 is satisfied only if | y) is an eigenvector 
of Qr The Hilbert space of physical states in this case may be expanded as a direct sum of 
coherent subspaces each of whose states correspond to the same set of values Q' . The expan-
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sion of the physical state | y) in terms of basis states is then written in the form

ly> =  £  v M  . . . < ) I«i (21)

where the values (£)•) =  (Q[ . . .  £>') are the same for all basis vectors in the given coherent 
subspace. This restriction on the superposition principle is called a superselection rule.(21,22) 
Quantities of the type Qt have strictly conserved additive quantum numbers: electric, baryon- 
ic and leptonic charges.

According to a superselection rule, operators corresponding to observable quantities 
cannot have matrix elements between the states belonging to different coherent subspaces. 
If a self-adjoint operator B had matrix elements {Qn |2?| Q') ^  0, connecting different 
coherent spaces, then it could not commute with Q. But the operator B would then not be 
contained in any of the complete sets of observables (which always include Q).

Symmetry and invariance

To clarify these concepts, let us turn to the role of the measuring apparatus* in quantum 
mechanical description. The measuring apparatus participates in quantum mechanical 
description in two ways. Firstly, a state of a quantum mechanical object is prepared using 
one apparatus; then a measurement on this object is carried out using another. These devices 
are called preparing and measuring devices respectively. As a result of the preparation 
of the state | y), there arises, as we have mentioned earlier, a unit ray y in Hilbert space. 
The prepared quantum mechanical object then interacts with the measuring device. If the 
process of measurement determines whether the object is in the state g, then the measuring 
device corresponds in Hilbert space to the unit ray g.

The probability of finding the object in state g, if it was prepared in state y, is equal to 
Ww =  | (g | y) |2, where | g) and | y) are any vectors belonging respectively to the rays g 
and y. The probability of transitions Wqy together with the expectation values of physical 
quantities oc = (y |a |y )  are direct results of experimental study of the physical system. 
It is by the values of Wqy and a that we judge the accuracy of model representations of the 
system.

Two systems a and b observed using the same devices (laboratories) X  will be identical if 
the set of their physical states is the same: (y(a)} = (y(fc)}. The states y(a) and y(b) of these 
systems will, in general, be different.

Since the sets (y(tf)} and (y(fr)} are the same, there exists a one-to-one correspondence 
y(a) y(b) between their members. Changing the order of observations of a, we can set up 
such a correspondence in another way as well: y(a) ++ y \b \  etc. All such correspondences 
form a group of transformations y ^  y' of the states of the set {y} into themselves. The 
product of its elements is the sequence of transformations y — y' — y" = y — y " , which 
corresponds to a unique transformation of the initial observation into the final observation, 
and the unit element is y — y. The inverse element to y — y' is obviously y' — y.

t As usual, we mean by a measuring apparatus an instrument whose change in state upon interaction with 
the physical systems being studied can be detected. A measuring apparatus must thus have at the end a macro
scopic indicator fixing the result of the observation in terms of classical physics.
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The general group of transformations of physical states y -* y' contains a subgroup of 
transformations leaving invariant the probability of the transition 1 2:

I <rss I yi> I2 =  \(y'2 \yi)\2. (22)

The properties of such transformations are characterized by the following general theorem 
of Wigner,(18'w h i c h  we present without proof.

Any one-to-one transformation y — /  of a set o f unit rays y in a Hilbert space 76 into
a collection o f unit rays y' in a Hilbert space 76' = 76, which satisfies the condition

l<yslyi>l2 =  KrzIyOl2,

generates either a unitary or an antiunitary operator, determined up to a phase factor.

A unitary transformation U has the properties:

U(CX |«i) +  C,| «$» =  CiXJ |«£) +  C2U| «2>,
UU+ = U+U =  1, 

where Ci and c2 are any complex numbers. Under the transformation

|/>  =  U|y>, «' =  UaU-1 (23)

the probability amplitude and the matrix elements of observables do not change:

(y'i I y'i) =  (yz I yi), (yk I <*' I y'i) =  <y21« I 7i>-

An antiunitary transformation A contains the operation of complex conjugation:

A (ci|a i)+c2|a 2»  = c*A |ai)+c2A |a 2);

it changes a probability amplitude into its complex conjugate:

(Ayi I Ay2> =  <yi I = <y21 n>. (24)

Thus symmetry operations are described by unitary or antiunitary operators. However, 
not every transformation leaving the transition probability invariant forms a symmetry 
operation. For example, some transformations may describe features of the interaction 
in a given particular problem. A unitary transformation U may also describe a “renumber
ing” of basis vectors of the state | a').

Symmetry principles are usually related to rather universal properties of physical systems. 
Space-time symmetry expresses the relativistic invariance of laws of motion. Internal sym
metry characterizes the properties of interactions of a given class. Processes with elementary 
particles may differ also with respect to operations of discrete symmetry (space-time reflec
tions).

Among symmetries of various sorts, space-time symmetry occupies a special place: only 
in this case can one give an exact recipe for carrying out any symmetry transformation. 
It is impossible to give an actual prescription for carrying out a measurement on an appara
tus with the direction of time reversed. Internal symmetry transformations, as a rule, carry 
a state vector out of a coherent space, rotating this state into an unphysical one (see § 9.1).
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Relativistic invariance

In quantum mechanics an “inertial reference frame X ” is associated with a uniformly 
moving set X  of macroscopic devices (laboratories) essential for the full description of the 
physical system. Using these devices one can prepare and measure any states of a given phys
ical system.

A transformation of the Poincar6 group characterized by an element g =  (a. A) may be 
interpreted in two ways. On the one hand it may describe the difference between the position 
of two identical physical systems with respect to the given frame of reference (“active point 
of view”). On the other hand, this transformation may characterize the difference between 
two frames of reference in which the same physical system is being studied (“passive point 
of view”).

In the “active” interpretation of a relativistic transformation with element g =  (u, A \  
each physical state y is associated wil î a transformed state yg. The state yg differs from the 
state y by the location of the preparing devices. In preparing the state yg the apparatus with 
the preparing devices is translated, rotated, or moved uniformly relative to the previous 
location (according to the geometrical sense of g). Consequently, the transformation g 
generates a one-to-one transformation of the set of all those unit rays in Hilbert space which 
correspond to physical states. From this it follows that every set of state vectors forming, 
a Hilbert space is invariant with respect to transformations of the Poincare group.

Analogously, with every state g created by the measuring devices one can associate 
a transformed state gg. To find the probability of the transition yg gg9 we have to repeat 
the experiment y — q (on the same or on an identical physical system), but with all devices 
(both preparing and measuring) translated or moving relative to the initial position in the 
sense of g=  (0, A). The existence of a space-time symmetry is manifested in the equality of 
the transition probabilities for y g and yg — gg9 i.e. in the invariance of the theory relative 
to transformations of the Poincare group:

l<ely>l* = l<e*lr*>l2- (25)

Here | y) and | g) are any vectors in the rays y and g.
In the “passive” interpretation, the transformations g = (u, A) compare descriptions 

of the same physical system in two reference frames X  and 7, i.e. in two laboratories X  and 
7  = gX. These laboratories are considered equivalent in the sense that the set of possible 
observations in X  and Y are the same. Elements of the Poincar6 group describe the respective 
location of equivalent laboratories, and all such equivalent laboratories may be enumerated 
relative to some fixed laboratory using the properties of the group. Equivalent laboratories 
need not be thought of as copies of one laboratory, since the concept of the group of motion 
in space-time has already been used.

The equivalence of laboratories X  and Y means that there is a one-to-one correspondence 
<Xj(X) a,(7) between all operators <xt(X) and a,(7) comprising a complete set of observables
in X  and Y. The operators <x(X)and a(7) describe the same observables from the point of 
view of the systems X  and Y ; a(7) is that operator for some time x° in the system X  which 
from the point of view of system 7  has the same form as the operator a(^) in the system X
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at the same time x°. The transformation oc(X) — <x(Y) is a “translation” of the language of 
the reference frame X  into the language of the equivalent system Y.

Passive “translation” transformations may, in general, not even coincide with symmetry 
transformations; the “translation” group guarantees only the possibility of recalculating 
the observables of one reference frame in another, i.e. the covariance of the description. 
If, for example, the effects of gravity are taken into account, then the “translation” group 
will exist, while the invariance relative to transformation of the Poincare group will no longer 
be present.

“Translation” transformations are symmetry transformations when the principle of rela
tivity, according to which physical phenomena proceed in the same manner in all inertial 
reference frames, is fulfilled. In this case the transition probability between the states 
y(a, X) and g(a, X) of the systems in the reference frame X  will be equal to the transition 
probability between the states y(a, Y) and p(a, Y) of the same physical system a described 
from the point of view of the reference frame Y.

Unitarity and continuity o f representations o f the group <J)\

We shall adhere to the active interpretation of transformations of the Poincare group. 
Let us consider the transformation of state vectors by an element of the proper orthochro- 
nous group g =  (a, A):

ly> -  ly*> = U(g)|y>, (26)
which conserves the probability (25), and let us find the properties of the operator U(g). 
The definition of an operator performing the transformation in (26) assumes that the opera
tor U(g) depends only on the properties of the transformation g, and not on the properties 
of the state | y). If the opposite were true, the influence of properties of the specific states 
would be impossible to separate from physical laws. We see that for the transformations 
g = (a, A) the operator U(g) is unitary and continuous in g. Moreover, we see that the inde
terminancy in the choice of the phase factor for the state vector together with the double
connectedness of the parameter space of the Lorentz group leads to the fact that the state 
vectors transform according to unitary representations of the universal covering group

of the Poincare group <f)\.
Superselection rules demand that the unit rays y and q in (25) lie in the same coherent sub

space. The respective rays yg and qg must also lie in the same coherent subspace. Otherwise 
thevector(| yg)+1 qg))j\^2  will not describe a physical state, while the vector (|y>4-1 q))j\/2  
describes such a state. Thus under the transformation y — yg induced by transformations 
of the Poincar6 group (1), separate coherent subspaces are taken either into themselves or 
into each other.

The act of measurement in quantum mechanics is carried out using classical devices. 
The transformation of reference frames connected with measuring devices is macroscopic. 
We thus postulate that the transition probability

w „t = Kely*>l2 = |<elUfc)|y>|* (27)
is a continuous function of parameters on which the transformation g = (a, A) depends. 
Here y is a unit ray describing the physical space in the reference frame X , while yg is the



ELEMENTS OF RELATIVISTIC QUANTUM THEORY 13

“corresponding” ray referring to the reference frame Y. The reference frame Y is obtained 
from X  by the transformation g = (a, A). Finally, q denotes any fixed ray.

From the continuity of (27) it follows that the matrix elements of the operators U(g) 
are continuous. Moreover, the group contains the identity transformation, and the differ
ent coherent subspaces are mutually orthogonal. This means that the postulated continuity 
may hold only when each coherent subspace goes into itself.

The successive application of two transformations (26) gives

1 =  U(^i) U(^«) I y>. (28)

The result must be equivalent to the direct transformation | y) — | yg9) with g3 = g1g2. 
However, the state vector | y) is determined only up to a phase factor a>, so that | yg) and 
a) | yg) describe the same state. Thus, in the general case, one must write

1 =  w(2i> Sa) U(gx) U(g2) | y)

and the multiplication rule for transformations is

U(gig2) = a>(gi, g2) U(gl) U(gz). (29)

The unitarity of the operator U(g) for transformations of the group <J)\ follows from the 
fact that contains the identity transformation E =  (0, 1). Every small (but finite) 
transformation g close to E may be represented as a square g = g'2 of some other transfor
mation g’. This means, by (29), that U(g) =  co(g', g') U^g'). The square of such a unitary U, 
as well as of an antiunitary operator A, is a unitary operator:

A2(Ci|ai) + c2|a 2)) =  CiA2 la^  + c ^ 2 |a 2),
<A2e |A 2y) =  <e|y).

Thus U(g) is always unitary in a finite neighborhood of E. Any transformation may be ob
tained by an application of a finite number of operators U(g) and is thus always unitary.

The complex factor a(gu gz) in (29) depends on the choice of the form of the represen
tation U(g). A unitary operator U(g) may be multiplied by a phase factor U'(g) =  95(g) U(g) X 
(19P(g) I = 1) without changing the unitary nature of U(g). The factor co(gi, g2) is then 
changed to another:

0>\gu gz) = <p(gi) <P(g2) 0)(gi, g2)<p-l(gig2)- (30)

Both factors co and co' are equally valid from the point of view of unitary representations 
U(g). This circumstance may be used to get rid of the phase arbitrariness in the multipli
cation rule (29) for the case of transformations g2 close to the unit E, when gi = E in (30). 
However, this result may be carried over to finite transformations only in the case that the 
region of variation of the parameters is simply connected. In the case of Lorentz transfor
mations the space of parameters £k [formula (17)] is doubly connected. Thus if one makes 
the space I simply connected and passes from <J)f+ to the covering group then the factor 
(o in (29) vanishes, but one must take U to mean a unitary representation of the group .(23) 
Denoting an element of the group <J)\ by g,

U(gi) U(g2) = U(g1( gz). (31)
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i.e., the usual multiplication rule for group representations. The proof of formula (31) 
was given by Bargmann.(24)

Thus the condition of relativistic invariance in quantum mechanics is equivalent to the 
demand that the state vectors transform according to continuous unitary representations 
of the universal covering group of the Poincari group without reflections. We will 
call the group the quantum mechanical PoincarS group.*

In passing to another reference frame, the observables a transform according to the rule 
(23)

« - a f = U (0«U -H D ,

so that their matrix elements remain unchanged:

The physical quantities Qi corresponding to superselection rules are invariant with respect 
to transformations of the group <p\.

§ 1.3. Basis quantities

In the previous paragraph it was assumed implicitly that we already knew the quantities 
serving as dynamical variables. In fact, the choice of these quantities is determined by sym
metry considerations, i.e. by the choice of invariance group. For the purposes of the previous 
section it was sufficient that these dynamical variables existed. In this section we shall 
determine the observables associated with the PoincarS group i.e. with the properties 
of homogeneity and isotropy of space-time. These quantities (momentum, orbital angular 
momentum, and spin) are known from experiment and nonrelativistic theory.

Let us turn to infinitesimal transformations. Formula (1) may be rewritten in the form

x'** = + (32)

where the infinitesimal parameters eu and a)MV are real [a)uv = is antisymmetric by 
virtue of the condition (4)]. The infinitesimal coordinate transformation (32) entails a change 
of state vectors | y) -► (l + 5U)|y) which, as a consequence of the continuity of the trans
formation, will also be infinitesimal:

6U = i P ^  -  i \ M ^ v. (33)

In formula (33) we introduce the operators P^ and MMtf = — A/^, which are Hermitian 
since 1 + 5U is unitary. By virtue of (31) these operators commute with all charges Qt 
associated with superselection rules. The quantities PM and M ^  consequently, can be 
observables. Let us discuss their meaning.

According to (32) and (33) the operator

1 + i P ^  (34)

t  A review of geometrical invariance principles is given in ref. 25.
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describes an infinitesimal translation generated by motion of the reference frame:

x, -  x'* = +

Infinitesimal three-dimensional rotations and Lorentz transformations are described by the 
operator

1 (35)
For example, the transformation

1 - iM ncjo12 (36)

describes the change of a state vector caused by the rotation

x'° = x°, x 1 = x1— C012X2,
x 2 = x2 -f* co12xx, x'3 = x3.

The Lorentz transformation to a moving inertial system

x'° = X° — X1(D01> x '1 = X1 — X°OJ01,
x'2 ±= X2 , x'3 = X3

causes a transformation of the state vector by the operator

1 — iMoico01. (37)

Thus the quantity iPM is a generator of translations along the axis xM, —iMJk is a generator 
of rotations in the (jk) plane, and the quantity —iM0j is a generator of a pure Lorentz 
transformation. Ten generators have been enumerated, corresponding to the 10 single- 
parameter transformations of the PoincarS group, and these are the basis quantities in 
relativistic quantum mechanics. The quantity PM is called the energy-momentum or four- 
momentum vector; the three-vector

M  = (M23, M zu Afia)

is the orbital angular momentum. Instead of the component Moj one frequently introduces 
the three-vector

N = (Afoi, Mo2, M qz).

If &(x) is an operator of some physical quantity, depending on the coordinate x, then 
from (23) and (34) it follows that

The development in time of the dynamical variables of the system is determined by the 
operator Po : the Hamiltonian of the system. Specification of the Hamiltonian (i.e. P0) as 
a function of the dynamical variables allows the complete characterization of its develop
ment.

Let us find the commutation relations between the operators P^ and M Xv. For this we 
shall use the group multiplication law (9) and the fact that the commutation relations are 
the same for the generators of the group as for the generators of the covering group. Thus
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in the multiplication law for unitary representations we shall set a>(gi, g2) =  1. Then, accord
ing to (9) and (29),

U(tfi, Ai) \J(a2, A 2) =  U(#i“b A 1Q2, A 1A 2), |
U(a, A )-1 = U ( - / l - ^ ,  4 - 1). J 1 j

Here gi = (au A x) and g2 = (a2, /12).
We shall first introduce the transformation rule for generators under a Lorentz trans

formation A. In the case of momentum, we shall start from the relation

U(0, A - 1) U(a, 1) U(0, A) =  U(A ^a , 1),

which, after inserting the infinitesimal form (34),

U(e, 1) ^  l + i P ^ 9
may be rewritten in the form

U->(0, A)PMe?U(0, A) = PM(A~hY.

From this, by virtue of (4), we find the transformation of the momentum operator P :

U“J(0, A)P"U(0, A) = A»9P \  (39

The transformation of the generator Mm9 may be introduced starting from the relation

U(0, A - 1) U(0, A') U(0, A) = U(0, A-'A'A),

in which U(0, A') is expressed in terms of M M9 by (35). The right-hand side can be written in 
the form

U(0, A ^A 'A )  *  1 — i \(A ^ 1Y Q A*xo>6XMM9 .

Comparing coefficients of a>MV and using (4), we obtain a formula for the transformation of
Mmv:

U(0, A - 1) A/nJ(0, A) = A%A»XM *X. (40)

In order to obtain the commutation relations between generators of the Poincari group, 
it is now sufficient to insert (35) for infinitesimal transformations U(0, A) associated with the 
coordinate transformation xM — (Ax)M = x M+a>Mpx p into formulae (39) and (40).

To summarize, the commutation relations have the form

[A/^„ A/Xa\ = i\.gfioM9x~\~gvxMpo g^xM^ gt<fM
[MUVi Px] = i[gvxP»-g»xP*]> [PM, Pp] =  0.

The relation between components of the momentum is obtained directly from the group 
multiplication law (38) as a consequence of the commutativity of translations in different 
directions.

The commutation relations for Mmp are equivalent to the following relations for the orbital 
angular momentum Af and the Lorentz generator N:

[A//, Mj] = ieijiMi, [Ni, Nj] = —hijiMi,
[A//, Nj] = ietjiNi (/, 7, / = 1,2,3),
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where eijt is totally antisymmetric (c123 = 1). The combinations of these operators

=  y  (Mj±iNj)

satisfy the commutation relations for angular momentum:

[<£k>J?j] — i£k)i£ii — 0,

where J2.f and J t j  are independent.
Using the infinitesimal transformation (33), one can construct a finite transformation. 

Thus the unitary operators U(a, 1) and U(0, A) have the following general form:

U(a, 1) =  c 'V ", U(0, A) = e - m n w ^  (42)

Let us now construct quantities commuting with all generators using MM9 and P Such 
quantities do not change under transformations of the group and will be proportional to the 
unit matrix in each irreducible representation. One may classify the irreducible represen
tations by the values of these quantities.

One can form only one invariant quantity

m2 =  P^P*. (43)

from the components of momentum. Being a scalar, m2 commutes with as a function of 
momentum, m2 commutes with Px.

For rr? >  0 m2 has the meaning of the square of the rest mass. In this case there exists a 
second invariant quantity constructed from the momenta: the operator of the sign of the 
energy

e = Po
\Po\

(44)

with eigenvalues e' =  ±1. Since proper orthochronous transformations do not change 
the sign of the components of a time-like vector, e is invariant.

Using only one of the quantities M kv it is impossible to form an invariant operator. 
There is only one combination of generators M Xv and PM which commutes with the momen
tum namely the pseudo-vector

(45)

with the property
= 0, [wv, Px\ =  0. (46)

The square of the pseudo-vector wM is a scalar, and, consequently, commutes with 
Thus w2 = uyc'' commutes with all 10 generators. An explicit expression for w2 is

=  (47)

The physical meaning of the invariant w2 may be easily seen when m2 =» 0. Let us take 
the four-momenta PM diagonal. Then in the rest system, i.e. when acting on the state vector
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| p =  0, m) the invariant vP is equal to*

u?\p = 0, m) =  — m2(Mf2+ +M\^)\p = 0, m) = - m 2M 2\p = 0, m>. (48)

In other words, the quantity —v?/m2 is equal to the square of the angular momentum 
M2, i.e. the square of the spin, in the rest frame. The eigenvalues of A/2, as is well known in 
quantum mechanics, have the form /(/-{-1), where /  =  0, —, 1, —,. . . .  Since w2 is an in
variant operator in any reference frame, applying it to a state \p, m) and transforming 
according to an irreducible representation of <Pf+, gives

to* I#; w, J) = —m2J(J+ 1) |p\ m, J). (49)

To establish a covariant relation between w^ and the spin operator a .  we introduce the 
space-like normals n ^  (r =  1,2,3): rf'W**1 = —dn,9 =  0. Together with the
velocity v^ =  p jm  =  , they form a complete system of four-normals: = g

Since wWA0) = 0, there are only three independent space-like components of in co
variant form:

W\ = m y  Jkn ^ \ Jk = —— ) . (50)
i w

Introducing the vector /  = (71, T2, 73), we find by direct calculation:

v? =  - m J 2, [J\ JJ] = ieijkJk, (51)

i.e. the vector /  indeed has the properties of a spin operator. The values of Jz take on the 
2J+ 1 values J'z = o =  —7, —7+1 . . .  7 — 1, 7.

Along with the basic invariants w2, m2, and e (for m2 >  0), there exists still one operator 
in the Poincar6 group:

z = ei2”M> = ( - 1 ) ^  =  ( - 1)27, (52)

which commutes with all generators of the group The quantity z takes the value z = 1 
in states with integral angular momentum or spin and z = — 1 in states with half-integral 
angular momentum or spin. A rotation by 360° is physically indistinguishable from the 
identity transformation, and thus the physical properties of the system cannot change 
under such a rotation. Consequently the value of z must be associated with a superselection 
rule (see § 1.2), so that a superposition of states with half-integral and integral angular 
momenta is impossible, and the operators of all observable quantities must commute 
with zS21t 22)

Thus an irreducible unitary representation of the PoincarS group is distinguished by the 
values of spin 7, mass m, and the sign of the energy (for m2 >  0). The energy of physical 
states is always positive, i.e. e >  0. Particles with integral spin 7 = 0, 1, 2, 3, . . . ,  are called 
bosons; particles with half-integral spin 7 = —, f-, . . . ,  are fermions. State vectors forming 
a basis of an irreducible representation may be distinguished by the eigenvalues of the 
operators in one of the complete sets. These operators are functions of the generators PA 
and M  As an example, we introduce one of the bases: the canonical basis, for m2 >  0.

t  We shall designate the  eigenvalues o f  the  o p erato r P^ in  one-particle states by pp.
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In the canonical basis the components of the momentum pj and the spin projection y3, 
on a given fixed axis orthogonal to the four-momentum pM are diagonal. In other words, 
the complete set of mutually commuting quantities contains the operators

m2, T2, J3 = — co 4 3) = a,

(„«))2= _ l ,  Pxn[» = 0,
(53)

while the state vector is written in the form | p, a\ m, J).
Representations of the PoincarS group will be examined in detail in Chapter 4.

§ 1.4« Description of scattering. The 5-matrix

The previous section dealt with the quantities describing an isolated system in relativistic 
quantum mechanics. However, the concept of an isolated system plays only an auxiliary 
role since particles do not exist without interactions and may be observed only as a result of 
these interactions. The theory of elementary particles is primarily a theory of interactions. 
Let us turn to the description of processes with elementary particles.

Information on elementary particles is provided by experiments on their collisions with 
one another. In all known particle-scattering experiments one observes either the initial 
particles (elastic scattering) or other particles. In decay experiments, the observed decay 
products are also only particles. No experiments observe quantum objects other than 
particles (elementary or composite). We thus assume that particles are the only manifesta
tion of matter in the quantum regime. Consequently the possible states (“complete set”) 
which we shall examine are all possible particle states.

Before and after interaction, particles are detected at large distances from one another 
(in comparison with the interaction region), and may be considered essentially free. In fact, 
in the absence of particles with zero mass, the force between particles falls exponentially 
with increasing distance between them, so that for infinite distances they become free. 
Asymptotic states of this type are also taken as initial and final states in the description of 
collisions; they are designated respectively by ain and £out and determine unit rays in the 
Hilbert spaces 35in and 35out in a one-to-one fashion. The vector states in these rays are 
related by a phase to |a, in) and |/?, out).

The set of all vectors | a, in), referring to the initial configuration of particles, is complete 
as a consequence of the assumption of the corpuscular nature of matter (the axiom of 
asymptotic completeness). Analogously, the set of all possible vector states | j?, out) referring 
to the final configuration of particles also will be complete. Obviously, the Hilbert spaces 
35in and ^50ut formed by the vector states |a, in) and |£, out) will coincide by virtue of the 
axiom of asymptotic completeness with the full space of states 76\ = 35out = *35.

At high energies the colliding particles can produce new particles. In every experiment 
we observe a definite number of particles. A state with n particles may be characterized 
by a wave function 9on{k1, . . .  kn), depending on the variables k± . . .  kn describing these 
particles. Since the number of particles is arbitrary (but finite), the state vector arising in 
collisions may be represented in the form of a superposition of states with a definite number
Nov 3
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of particles, i.e. in the form of a Fock column vector :<28)

<Po

*pn{kl • * * kn)
(54)

If one assumes for simplicity that the variables k j . . .  k„ take on discrete values, then the 
column vector (54) with 1 in the nth place (n particles with variables k1 . . .  k j  and the 
remaining q>, =  0 is a state vector | k-,. . .  k„), so that

| y > =  I  I  <pJLki...km) \ k i . . . k m). (55)
n—0 k x . . .  kn

The space of states 76 is thus the direct sum of spaces 76n formed by the state vectors with 
a definite number of particles n.

The scalar product of the vectors | W) and | W ) has the form

( V I = I  I  <pn(k i . . .  kn)ixn, (56)
n =  0 k x 77. kn

where /in is a relativistically invariant measure.
As a consequence of its asymptotic character, the function (pn (Â  . . .  kn) has the following 

properties^

1. In the case of identical particles, (pn (kv . . .  kn) is a symmetrized or antisymmetrized 
product of single-particle wave functions:

(pn(ki . . .  kn) = {wi(ki) . . .  yn(kn}±,
or

I &i . . .  k„) = {| ki) . . .  | k„)}± , (57)

where the symbol {}± denotes symmetrization or antisymmetrization together with nor
malization factors. This symmetry property of the wave function for identical particles is 
well known in quantum mechanics.

The symmetry character is always the same for particles of a given type; if a wave function 
for two protons is antisymmetric, then also the wave function of the system of three protons 
will be antisymmetric, etc. If a wave function of a system of identical particles is symmetric 
in the in-state, then this symmetry property is preserved in the out-state. The symmetry 
character of a wave function of a system of identical particles is related to spin: particles 
with half-integral spin (fermions) are described by antisymmetric functions, and particles 
with integral spin (bosons) by symmetric functions. This statement (“spin-statistics- 
theorem”) has been proven using various approaches/28"3̂  An illustration of this theorem 
will be presented in§ 4.4.

t  The foundations o f  the theory  o f particle scattering are investigated in ref. 27.
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2. Under the symmetry transformation |a) — |af) (where g may refer to transformations 
in addition to those of the Poincare group) every single-particle state transforms separately:

I (*i . . .  kn)8) = U (g) \ki . . .  kH) = {U(g) \ki) . . .  U (g) kn)}± .

This property of asymptotic states depends on the possibility of representing each state in 
the form of a sum of products of single-particle states.

From the property of factorizability of transformations it follows that the single-particle 
states | k) transform according to unitary representations of the quantum mechanical 
Poincare group <J)\. A mathematical expression of the simplicity of a representation is its 
irreducibility. For this reason, elementary particles are described by the irreducible represen
tations of ̂ )f+, which contain the smallest set of states invariant with respect to transforma
tions of the Poincare group.

Consequently the classification of elementary particles arising from the theory of rela
tivistic invariance consists of the classification of unitary representations of the quantum 
mechanical Poincare group. The quantities characterizing irreducible representations 
(mass and spin) describe invariant properties of particles. The quantum numbers character
izing the basis of an irreducible representation are variables describing particle states (e.g. 
momentum and spin projection in the canonical basis).

Under transformations of the Poincar6 group the state vector with n particles thus trans
forms as a direct product of unitary irreducible representations of this group corresponding 
to the spins Jx . . .  Jn and masses m1 . . .  mn of those particles.

Let us now turn to the definition of the 5-matrix. We shall investigate massive particles, 
since for massless particles the introduction of asymptotic states and of the 5-matrix involves 
difficulties (the infrared divergence). Let us expand the state vector |a, in), corresponding 
to the initial configuration of particles, in the system | /?, out):

]a, in) = a 1/3, out), (58)

assuming that both systems are orthonormal:

(a, in (out) | /?, in (out)) =  dap. (59)

is equal to the probability amplitude for the transition a in — /?out. The matrix with ele
ments is called the 5-matrix:

Sfa = <j3, out |a, in) = (/?, in | 5 | a, in) = (/?, out |5 | a, out); (60)

it depends on the parameters of the initial and final state. The 5-matrix is unitary since it 
connects two orthonormal bases in the same space 76\

55+ = 5 + 5 =  1. (61)

In the presence of superselection rules the 5-matrix subdivides into blocks corresponding 
to coherent subspaces, since by virtue of the superselection rules transitions between differ-
3*
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ent coherent subspaces are forbidden. If, for example, we write the 5-matrix in a represen
tation with baryon number B diagonal, then the 5-matrix will have block structure:

S ( - l )
5(0)

5(1)

Here 5(5) denotes a block of the 5-matrix referring to baryon number B. This form of the 
5-matrix expresses the conservation of the charges Qt associated with the superselection rule

[5, Qi] = 0 or (£ ,(* )-2,0?)) <(?|5|a) = 0. (62)

The Qt, hence, are those charges which are conserved exactly for all transformations. Accord
ing to experimental data, the absolutely conserved quantum numbers include the electric 
charge Q, the baryon number B, and the Ieptonic numbers Le and (see Chapter 2).

The probability amplitude SP* is relativistically invariant:

5/»a =  (ft, out | a, in) = (/?*, out 1 ag, in). (63)

It does not change in passing to a transformed state in a new reference frame, translated, 
rotated, or uniformly moving with respect to the old system. Since, according to (26), 
|/?g) = U(g) | /?), the invariance of the 5-matrix is equivalent to the condition

U-H *)5U(f) =  5. (64)

Passing to the infinitesimal transformation U(g) and inserting (33) in (64), we obtain the 
connection, familiar from classical mechanics, between invariance and conservation laws. 
The invariance of the 5-matrix with respect to translations in space and time is expressed by 
the law of conservation of four-momentum pM:

[Pf,, 5] =  0 or (pM ) - P m(P))S°p = 0- (65)

The invariance of the 5-matrix with respect to rotations and Lorentz transformations entails 
the law of conservation of angular momentum or

[M „,,5] =  0. (66)

As a particular case, let us investigate the invariance of the 5-matrix (63) with respect to 
rotations around the third axis by an angle 2ti; in this case U =  = z =  U '1 [see (52)]
and

(fi |5 |« )  =  (fi\ ei-nM*Sei2nM* |a) =  ( - l)2r/<<(?|5|*).

Here ZJ, is the sum of spins of all particles in the states a and /?. Particles with integral 
spin do not contribute to the definition of the sign, so that 2ZJt is equal (“modulo 2”) to the 
sum of the number of fermions (J=  -§-,...) in states a and /?. Consequently, in any process
the total number of fermions in the initial and final states must be even.
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If the four-momentum pM is diagonal, then according to (65) is proportional to a 15- 
function of Let us separate out from the S-matrix a dx/} part corresponding to
the absence of scattering; then one may write, introducing the scattering matrix T:

<01S - 11 «> = i(2n)*6*(p(a)-/>(/?))(fi \T\ a). (67)

The unitarity condition (61) turns into the relation

|  (P | (T -  T+) | a> =  (2ny  £  d*(p(a) -p tf) )  </? ] T+1 n) (n | T\ a), (68)
* n

where the sum is over a complete set of states w, subject to the conservation laws, where 
pĵ ce) = The transition probability for a is equal to

|<0 1 5 -1 1 «>|2 =  (2 n f <54(0) di(p(ct) —/?(/?)) K/9 |T| «>|*
= lim (2nyVt6*(p(*)-p(p))\(p\T\ol.)\2. (69)

V ' t — Oo

where Kis the volume and / is a time interval.
Thus the transition probability for a — /? per unit time and unit volume is

w (* -(J )=  - |< /3 |5 - l |a > |*  =  (2 ji)4 d4(p(a) —p(P)) |(/J | T | a) |2. (70)

The total transition probability W from the state a to any other state is obtained by summing 
(and integrating) the function w(a /?) over all final states /?:

fV(cc) = £ «*«  -  P) = (2;r)4£  a4(p(a)-p(/J)) |</3 |T| «>|*. (71)

Detailed properties of the S-matrix are examined in Chapter 7.



C h a p t e r  2

FOUNDATIONS OF PHENOMENOLOGICAL  
DESCRIPTION

Relativistic quantum theory determines fully only the kinematics of a process, i.e. 
that part of the scattering matrix which depends on the properties of free particles. The 
interaction must be introduced in addition: for the same kinematics various dynamical 
models are possible.

In classical physics there exist only two types of force between particles—electromagnetic 
and gravitational. The capacity of particles for interaction is characterized by charges— 
electric and mass. In the physics of elementary particles there exist several types of inter
actions besides electromagnetism whose explicit nature (in Lagrangian or other form) is 
still unknown. The general properties of these interactions are studied primarily via the 
group theoretic approach and by introducing internal symmetries of various types. This 
means of approximating phenomena (i.e. the construction of approximations endowed 
with definite symmetry properties) has the virtue that it is always logically self-consist
ent.

However, specific internal symmetry groups do not have the universality that are inherent 
in space-time symmetry. With the exception of the simplest symmetries connected with 
superselection rules, internal symmetries are approximate in nature. Several groups have 
been found describing (in various approximations) the symmetry of interactions: the groups 
STJ2, STJ3, STJo, STJ2XSTJ2, . . . ;  but up to now the principle has still not been discovered 
which would indicate the necessity for approximate internal symmetry groups. For this 
reason, model representations, guesses, and hypotheses are an important part of the con
temporary group-theoretic approach to the physics of elementary particles.

An overwhelming number of strongly interacting particles are unstable and are observed 
only as resonances in reactions with other particles. Meanwhile the concept of the quantum 
mechanical PoincarS group, of which we spoke in Chapter 1, refers only to absolutely stable 
particles. In a consistent relativistic quantum theory, unstable particles would appear when 
studying dynamics and approximations. In the physics of elementary particles, the concept 
of an unstable particle must be considered just as fundamental as the concept of a stable 
particle. In the (approximate) application of internal symmetries, a distinction is not made 
between stable and unstable particles. This difference is also not very important in the basic 
problem of the physics of elementary particles—the explanation of the mass spectrum. Thus,

24
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in contrast to Chapter 1, we shall investigate only approximate concepts in this chapter. 
This blend of exact and approximate concepts is specific to the present-day theory of ele
mentary particles.

§ 2.1. Interactions and internal symmetry

The experimental values of transition probabilities show that the interactions of elemen
tary particles may be subdivided into the following three basic classes: strong, electro
magnetic, and weak. Dimensionless constants, appearing linearly in the 5-matrix element 
at low energies, characterize the interactions numerically. The comparison of these con
stants gives an idea of the relative size of interactions of various classes:

Strong interactions, g2 ^  1-10.
Electromagnetic interactions, a = e2 — 1/137.
Weak interactions, Gm2 = g^ = 10“5, where mp is the proton mass.

In the case of the gravitational interaction, the dimensionless constant is equal to 
ym2 ^  10"20, which justifies the neglect of gravitational phenomena in elementary particle 
physics. Among strong interactions one may single out the medium strong interaction 
with constant g2j 10; moreover, it is possible that there exists a superweak interaction with 
constant Gsw — 10”9G.

With respect to interactions, the various classes of particles fall into three groups.

(1) Hadrons: particles which can participate in all interactions. Hadrons include the 
majority of particles.

(2) Leptons: particles which participate in electromagnetic and weak interactions (the 
charged leptons e and /i) or only in weak (the neutral leptons ve and vfi).

(3) Photon: a single particle participating only in electromagnetic interactions.

All the bosons known at present with mass m ^  0 are hadrons. Fermions may be either 
hadrons or leptons. Fermionic hadrons are called baryons.

Interactions are characterized not only by their “strength”, determined by their intrinsic 
dimensionless constants of the type g2 or a, but also by symmetry properties. The fact that 
interactions may have symmetry properties is well known from nuclear physics: nuclear 
forces do not depend on the electric charge of the proton and neutron. The development 
of the idea of charge independence of nuclear forces led to the introduction of a new approx
imately conserved quantum number—isotopic spin, or isospin, and to the classification 
of particles with respect to isospin.

In elementary particle physics, only the theory of interactions of leptons with the electro
magnetic field—quantum electrodynamics (which is not considered in the present book)— 
may be considered as well established. The study of symmetries of the strong and weak 
interactions is one of the few effective means of revealing properties of these interactions, 
and thus is of prime importance.

In nonrelativistic quantum mechanics and nuclear physics, a symmetry of the interaction 
potential may entail invariance of the 5-matrix with respect to transformations of the given 
symmetry, as well as the appearance of new conserved quantum numbers. One may denote 
the states of the system by these quantum numbers.
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Analogously, the establishment of an interaction symmetry in elementary particle physics 
reveals new conservation laws and quantum numbers for classifying particles; moreover, 
an interaction symmetry entails relations between transition amplitudes for various processes.

Description o f internal symmetry

Let us assume that the interaction between particles possesses some symmetry and the 
full description of each particle now includes the new quantum numbers so that the state 
vector may be written in the form

| . . . ;  m, 7; £>. (1)

Here the dots denote the variables of the Poincar6 group (e.g. the momentum and spin 
projection). In contrast to space-time (or geometrical) symmetry, the additional symmetry 
associated with the nature of the interaction is called an internal or dynamical symmetry.

The starting point of the description of internal symmetry is the concept of complete 
independence of both types of symmetries—space-time and internal (exact internal sym
metry). The notation (1) already assumes that the quantities £f commute with the mass, spin, 
and variables of the Poincar6 group. This is equivalent to the fact that the operators C, 
commute with all generators PM and Mmv\

[£/, Px] = 0, Ki, Mmv] = 0, (2)

and, consequently, the coordinate transformations x — x' = Ax+a  do not change the 
U(a, A) tfU-Ha, A) = £(. It is obvious that the C, do not depend on coordinates. In par- 

ticular, the £f do not depend on time.
The transformations £ = G£ of the variables £,-, which do not change probability ampli- 

tudes, are internal symmetry transformations. The corresponding transformation u(G) 
of the state vector must be unitary:

| . . .  \ m J \ l y  = u(G)| . . | «(C?)|  . .  .\m J \l') .  (3)

The unitary matrices u{c,c„ = ( . . . ;  mJ\ £' |w(C/)| . . . ;  mJ\ £") form a group, since wit/2 
is also unitary and u = 1 for G = E.

The invariance of the 5-matrix for internal symmetry transformations entails

w(G)5 = Su{G). (4)

Internal symmetry groups may be discrete or continuous. The most interesting are the 
continuous groups, since they lead to additive conservation laws. Continuous groups may 
be compact or noncompact. The unitary representations of compact groups are finite
dimensional and correspond to multiplets with a finite number of particles. The unitary 
representations of noncompact groups are infinite-dimensional, i.e. a multiplet in this case 
includes an infinite number of particles. In what follows we shall study only compact groups.

Let © be a compact internal symmetry group. Let us write an infinitesimal unitary trans
formation in the form

u = l + iFrSr (r = 1 , 2 , . . . ,  N \ (5)
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where sr is an infinitesimal real parameter, while the generators Fr are Hermitian as a result 
of the unitarity of u. A finite transformation is then

u = eiFr*r, (6)
where ar is real and finite.

The group ® is characterized by a multiplication law of the transformations (6), or by the 
commutation relations between the generators

[Fr, Ft] = icrtsFs (r, /, $ = 1, 2, . . N). (7)

The structure constants crts are real and may be chosen antisymmetric in all indices. They 
satisfy the Jacobi identity

CrtpCpsu~\~ CtspCpru~\~ CsrpCptu =  0* (8)

From this it follows, in particular, that the N  matrices cT with matrix elements (cr)tp =  —icrtp 
satisfy the commutation relations (7) and, consequently, form a unitary JV-dimensional 
representation of the generators (the adjoint or regular representation).

The generators Fr are physical quantities introduced by the internal symmetry group. The 
quantities by which states are denoted, must be constructed from Fr. The dimension of 
irreducible representations of the group (or the number of rows in the matrices of the gen
erators Fr) is the number of particles in multiplets described by the group In particular, 
using the adjoint representation, one describes a multiplet with N  particles, i.e. with 
a number of particles equal to the number of parameters of the group.

A multiplet or irreducible representation is characterized by the eigenvalues of the invari
ant quantities (the Casimir operators) z, which commute with all generators Fr. Individual 
particles in a multiplet may be denoted by the eigenvalues of all generators Fr which can be 
diagonalized simultaneously, so that {£,} =  {/ia, z j. The eigenvalues ha are additive quan
tum numbers, i.e. the eigenvalue /z(l + 2) in the two-particle state 1 + 2 is equal to the sum of 
the eigenvalues h(\)+h(2) in the single-particle states 1 and 2. The additivity of the action 
of the generators on asymptotic multi-particle states follows from property 2 of asymptotic 
states (see§ 1.4). In fact, using (5)

u(G)|C1? C2> -  {l + /(Fr(l)+ F r(2))6r}|C1>|C2>, (9)

where the tilde (~ )  denotes: “transforms as . . .  ”, while Fr(i) is a generator applied to the 
state of the ith particle. The number of diagonal generators is equal to the rank of the 
group.(19)

The Casimir operators z/? being at least bilinear quantities, are not additive quantum 
numbers, with the exception of the simplest case N  = 1.

The internal symmetry transformation (6) commutes with transformations of the in
homogeneous Lorentz group. Thus all generators Fr of internal symmetries commute with 
generators of the Poincar6 group:

[F„ Px] = 0, [Fr, M vm] = 0. (10)

so that all the Fr are relativistically invariant. As a consequence of (4) they commute with the 
5-matrix:

[F r, S ]  =  0, (ID
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and, consequently, in processes involving interactions one may observe conservation laws 
for the diagonal operators ha and for the Casimir operators zt. For example, in the case of 
the reaction 1 + 2 3+4 one will have

*«(1) + A«(2) = A.(3)+k(4)f
z/(l+ 2) = z/(3+4), ( )

where z,(1 + 2) is the eigenvalue of z, in the two-particle state 1 + 2.
Additive quantities may be diagonalized simultaneously both in single- and multi-particle 

states, and thus, if single-particle states are denoted using ha> then a superselection rule 
may exist corresponding to ha. In the case of the nonadditive quantities z{ the diagonality 
of Z/ in the single-particle states does not lead, in general, to the diagonality of zt in multi- 
particle states, and, consequently, a superselection rule with respect to z, does not exist.

Additive quantum numbers, or charges hay allow one to distinguish a particle from an 
antiparticle. An antiparticle (with respect to the particle a) is a particle a which differs from 
a only by the sign of its charge: ha(a) =  —ha{a). The mass, spin, and nonadditive quantum 
numbers of a particle and its antiparticle are the same. In all cases subject to experimental 
test, each particle may be associated with its antiparticle. For this reason the existence of 
antiparticles is a strict regularity and the table of particles does not contain antiparticles 
separately (with the exception of special cases, when this is called for by additional consider
ations).

Using the concept of charges, one can introduce the idea of a neutral particle. Generalizing 
the definition of an electrically neutral particle, we shall call a neutral particle (i.e. genuinely 
neutral) one whose charges are all equal to zero: ha = 0. It is obvious that a neutral particle 
coincides with its antiparticle. In particular, the photon, the pion n°, and the mesons r?, 
£°, a), and (p are all neutral particles.

Let us now turn to the properties of multiplets determined by the Casimir operators zt. 
Each particle in a multiplet is characterized by a set of quantum numbers ha. The internal 
symmetry transformations [according to (3)] connect states with different values of ha in 
a given multiplet, i.e. with different particles of the multiplet. As a result of (10) the genera
tors Ft of these transformations will commute with the operators for the mass m2 = P̂ P** 
and the invariant spin w2, where = —s^M ^P * . This means that in the case of exact 
symmetry all particles of a multiplet will have the same mass and spin.

Let us now consider the transition amplitude for the process 1 + 2 — 3 + 4, in which all 
participating particles belong to the same multiplet. We perform an internal symmetry 
transformation and use the invariance (4) of the scattering matrix. Then, using (3), we arrive 
at the relation

<A(3), K4)\S\h(\)y h{2)) = </i(3), h(*)\u~ 'Su\h{\\/i(2)>
-  Z(hV)>h'(4)\S\h'(\),h'(2))

h'd)
X dy,'(i) h(l)dft'(2) h(2)dh(Z) /»'(3)̂ A(4) A'(4) > (13)

where dKh =  dh,h(G). This relation connects the amplitude for the initial process with the 
amplitude for the process l '+ 2 ' 3 '+4', in which, generally speaking, other particles of
the given multiplet [with quantum numbers h’(i)] participate.
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Thus an internal symmetry may manifest itself by a multiplet structure of the mass spec
trum, by transformation laws for additive and nonadditive quantum numbers, and also by 
the existence of relations between cross-sections for different processes.

§ 2.2* Symmetry and particle classification

One must distinguish between exact and approximate internal symmetries. Exact symme
tries are satisfied for all interactions. Approximate symmetries describe the properties of the 
stronger interactions.

Exact symmetries

The difference between leptons and baryons is expressed using the concept of baryonic 
B and leptonic Lc, L^ charges. The quantities B, Lc, LM may take on the values 0, ±  1, ±  2, . . . ,  
for physical systems; the values of these quantities for elementary particles are limited to the 
numbers 0, 1. Fermions may participate in strong interactions when their baryonic charge 
differs from 0, so that for elementary baryons B = ±  1, while for leptons B = 0. Analo
gously, the leptonic charges of the leptons are equal to Lc = ±  1, = ±  1, while for the
baryons Lc = LfX = 0. All mesons and the photon have B =  Lc = — 0.

Experiment shows that the baryonic B and the leptonic Lc, LM charges are additive quan
tities, conserved in all interactions, as in the case of the electric charge Q.

The conservation of baryonic charge expresses the fact that transformations of baryons 
into leptons, photons, and mesons are not observed. The absence of transformations of 
leptons into mesons and photons of the type e± + n ± -+n±+ n± is explained by the conser
vation of leptonic charge L = Lt + L To explain the absence of the reactions ^  — 2e± 
+ eT or /i* — e±+y, it is necessary to have two different leptonic charges Le and LM with 
separate conservation laws. In turn, the difference between the charges Lc and L^ leads to 
two sorts of neutrinos: ve and v^ The existence of two neutrinos follows from the experi
ments

in which only muons, but not electrons, were detected. Usually leptons are assigned the 
following charges:

neutrino vt : <2 = o. II 4 = 0;

neutrino v^\ <2 = 0, 4  = 0, 4 = 1;
electron e~: <2 = - i , 4  = 1, 4 = 0;
muon yr  : to II I 4  = 0, 4 = 1.

Mathematically the conservation of the charges B, Lc, L tf, and Q is equivalent to the invari
ance of the probability amplitude (for the scattering matrix) with respect to phase transfor
mations uB, wL#, uL, uQ, where, for example,

uB = eiBa (14)
(a is a real parameter). The transformations (14) form a one-dimensional unitary group 
UB(\). The groups UL#, UL , and UQ are determined analogously. The charges B, Lc, L ^
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and Q are conserved quantities. These are just the quantum numbers associated with 
superselection rules (see § 1.2). Since the charges B, Le, are assumed independent, 
only the operator z may be a function of other quantities, i.e. of charges. A study of 
the particle table shows that the following relation holds:

z = (—1)2 /= (— l )*+*•+*¥«.

The representations of one-parameter groups of the type U*(l) are one-dimensional, 
i.e. exact symmetries do not imply the existence of multiplets of particles (and consequently, 
of relations between the probabilities for various processes). Thus the exact symmetries 
known at present are manifested only in conservation laws for the charges 5, Q, Lc, and LM.

Approximate symmetries

Every class of interactions is characterized by its own particular symmetry properties; 
thus the stronger interactions display a greater degree of symmetry. This (experimental) 
relation between the strength of the interaction and its symmetry allows one to introduce 
the important concept of approximate (or broken) symmetry, as the symmetry of some group 
of the stronger interactions. An exact symmetry, as a symmetry of all interactions, is lower 
in comparison with an approximate one.

Let us see which of the results in § 2.1 changes if the symmetry described by the group 
© [formulae (4)-(7)] is in fact approximate.

Let us suppose that the compact group © is a symmetry group of the stronger part of the 
interaction. Then formulae (10) and (11), which express the independence of internal and 
space-time symmetries, hold only approximately in the absence of all weaker interactions. 
When these interactions are taken into account, the generators Fr may depend on time:

tfv, Po) *  0, [Fr, Mo*] *  0,J (15)

while the full 5-matrix becomes noninvariant with respect to transformations of the group 
©, i.e.

[Fr, 5] *  0 (16)
for some r.

The approximate nature of the symmetry does not change the group ©, which, as before, 
is characterized by the same commutation relations (7) for the generators Fr; the irreducible 
representations of the group do not depend on whether the symmetry is exact. Consequently, 
if the relation

basis of an irreducible representation 
of the internal symmetry group © particle multiplet (17)

holds when the symmetry is approximate, the classification of particles with respect to multi
plets of the group © will be the same as in the case of the exact symmetry. Here the value of 
the spins of all particles in the multiplet is assumed to be the same.

Equation (17) is the physical interpretation of an approximate symmetry. Together with 
characteristics borrowed from the Poincar6 group and from exact symmetry, it defines the 
concept of a particle in the case of an approximate symmetry.
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In comparison with the purely kinematic definition in § 1.4, which related elementarity 
to the irreducibility of a representation of the Poincar6 group, this definition of an elemen
tary particle has additional features. First of all, a dynamical element is introduced by which 
particles are characterized both by charges Qi (including the electric charge) and the quan
tum numbers zt and ha denoting particles in a multiplet of the symmetry group of the inter
action. Secondly, the concept of a particle has now become approximate. A particle which 
quantum numbers / ,  £)•, zh ha is defined only up to weaker interactions; at the same time it 
is assumed that such a particle owes its existence only to that interaction whose symmetry 
group is ©. It is produced in processes caused by this interaction.

According to (1) and (17) the state vector of a particle may be written approximately in 
the form

I • • •; my J\ £)/, zh ha\  (18)
where, as in (1), the variables of the Poincar6 group are omitted. The approximate nature 
of the state vector (18) is clear, for example, from the fact that as a consequence of (15) the 
mass will not in general commute with the operators of the quantities z; and /za, and in such 
a case cannot have a definite value in the state (18) in which z, and ha are fixed. But then the 
particle must be described by a mass distribution, which entails its instability (see § 2.3). 
The quantity m in (18) here must be interpreted as an average mass.

Moreover, in the presence of weaker interactions, which break the symmetry and cause 
transitions between states with different z, and /za, it may be impossible to distinguish one of 
the states of the type (18) from some superposition of it with other states.

The definition (17) in the case of an approximate symmetry does not depend on whether 
the symmetry is strongly or weakly broken. It acts as long as one can follow any “genetic” 
connection of particles observed in experiments with an assumed symmetry group. For 
a strongly broken symmetry it is more difficult to establish quantitatively the consequences 
of breaking (mass splittings, etc.) and to justify the proposed symmetry group.

Thus approximate symmetries involve more information on particles and interactions 
than exact symmetries. The introduction of such symmetries is the first step in the theoretical 
treatment of data on elementary particles. It is precisely using approximate symmetries that 
one can understand the multiplet structure of the mass spectrum. Approximate symmetries 
are a convenient (and sometimes natural) language for describing the strongly interacting 
particles. Thus the manifestation of successive degrees of symmetry, corresponding to 
interactions of ever-increasing strength, is one of the main problems of classification of 
particles. The approximate symmetry groups SU2, SU3, and SU6 will be studied in Part III, 
while the groups SU2XSU2 and SU3XSU3 will be treated in Chapter 15.

§ 2.3. Unstable particles

Of the many unstable particles there are only five absolutely stable ones—both neutrinos, 
the photon, the electron, and the proton, as well as their antiparticles. The remaining parti
cles are unstable. Unstable particles may be subdivided into two classes—metastable particles 
and resonances.

Metastable particles decay as a result of weak or electromagnetic interactions. As a result 
of the weakness of these interactions, the lifetime of metastable particles is large so that the
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inverse lifetime r  is small in comparison with the particle mass m. For metastable particles, 
the ratio r /m  does not exceed 5X 10"® (the 77-meson). Metastable particles are usually includ
ed in the group of stable particles. The table of stable particles (Table A.l, p.359) contains 
both absolutely stable and metastable particles. All these particles are stable with respect to 
decays caused by the strong interactions.

Resonant particles are produced and decay via strong interactions. These particles are not 
observed in a “free” state; they appear in scattering in the form of a quasi-stationary state 
of two or more strongly interacting particles. Resonances have the properties of particles* 
specifically: (a) the spin of a resonance has a definite value ; and (b) resonances may be char
acterized by internal quantum numbers conserved by strong interactions (e.g. isospin and 
hypercharge). However, in contrast to stable particles, resonances do not have a definite or 
nearly definite value of mass. Resonances are described by a mass spectrum of a dispersion 
type, and the maximum of this spectrum is usually called the mass of the resonance. The 
width r  of the mass spectrum of the resonance may be comparable to the mass of the 
particle. In the case of the g-meson, the ratio r /m  attains the value 0.2. For the 5-wave Kit 
resonance observed in several experiments/34,35) this ratio may be as large as 0.3.

The nature of an unstable particle is evidently described most exactly by introducing the 
idea of a quasi-stationary state, which is well known from nonrelativistic quantum mechan
ics. When considering an unstable particle a, we may write the total operator for the energy 
H  in the form of a sum of two parts: H = Ha+ H'. When H' is neglected, particle a becomes 
stable, while the state of the (stable) particle | a) is an eigenstate of the operator Ha. The 
“inclusion” of H ' causes the decay of the particle a. In the case of a metastable particle, H' 
contains weak and electromagnetic interactions, while for resonances H' contains a part of 
the strong interactions as well. When H' is taken into account, the state for the particle a 
becomes quasi-stationary.

This picture, however, may be checked only in its most general features. The operator 
H ' is known only for the electromagnetic interaction. For weak interactions the only expres
sion for H' which is established at present is that which may be used to first order in pertur
bation theory. In the more interesting case of strong interactions, there are neither reliable 
expressions for H ' nor methods for solving the problem outside the framework of pertur
bation theory. Thus the definition of a resonance as a physical object must rely on only those 
properties of stationary states which do not depend on the concrete form of interactions. 
One such property is the form of the mass spectrum of an unstable particle.

Relation between the mass spectrum and the decay law

The relation between the decay law of a quasi-stationary state and the energy distri
bution function is based on the Krylov-Fock theorem/36*

Let | y(a, x° = 0)) be the initial state of the system. Here a denotes the set of variables 
labeling the states of the system. Represent \ ^(a, 0)) in the form of an integral over the eigen
values of the energy operator E:

| ip(a, 0)> =  J  c(E) | cc, E) dE. (19)
Then the state of the system at the time *° will be

| v<a, x0)) = J  e-^cC E ) (a, E) dE. (20)
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Unstable particles in relativistic quantum theory

The description of unstable particles in relativistic quantum theory relies primarily on the 
Poincare group and the scattering matrix.

Since unstable particles are characterized by a mass spectrum, they should be described 
by reducible representations of the PoincarS group (since irreducible representations corre
spond to definite values of mass). But the group-theoretic definition of elementarity assumes 
the irreducibility of a representation; the space of states of elementary particles must be 
irreducible. This means that unstable particles cannot be considered elementary in the group- 
theoretic sense.

However, such an approach to the role of unstable particles is hard to justify physically. 
Unstable particles would have to be treated as less fundamental than stable particles if 
there were some indication of a special role for stable particles (e.g. if all particles were 
constructed only of stable particles). But in all phenomena known to us, stable and unstable 
particles participate nearly identically in interactions. Unstable particles are more like the 
excited states of a system whose ground states are stable particles. For this reason, with 
respect to interactions, unstable particles are just as fundamental as stable particles, while 
the group-theoretic definition of their elementarity is inconsistent.

The existence of a difference between the physical and group-theoretic ideas of elemen
tarity means that within the context of the Poincar6 group one has not yet managed to con
struct an effective description of unstable particles which would broaden the mathematical 
concept of elementarity.

The conclusions of relativistic quantum theory may be used approximately for unstable 
particles as well (when the interactions causing the decay are neglected). For example, in the 
case of muons, we must neglect the weak interaction; in the case of neutral pions, both 
electromagnetic and weak interactions; and in the case of resonances, also a part of the 
strong interaction. Such an approximation, of course, is also necessary when introducing 
the scattering matrix for unstable particles. The asymptotic in-and out-states cannot contain 
unstable particles (since unstable particles would already have decayed by the time asymp
totic separations had been reached). When factoring many-particle asymptotic states into 
single-particle ones, we are not allowed to include the states of unstable particles among the 
single-particle states. For this reason, the scattering matrix may be considered, strictly 
speaking, as connecting only stable particles with stable particles. If, however when one 
defines the asymptotic states one neglects the decay interaction, all results of 5-matrix theory 
continue to hold.

From the standpoint of the 5-matrix (from stable to stable particles), unstable particles 
correspond to poles in the partial wave-scattering amplitude reflecting the spin and other 
quantum numbers of the unstable particle (see Chapter 12).

Observation o f resonances

The experimental detection of a resonant particle is based on its having a mass spectrum of 
the type (24).

Consider the scattering of stable particles a and b, in which the resonant particle Y is
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formed together with other stable particles d  . . . :

a+b *  d +  . . .  + Y  + c±+ . . .  +d+f.
I—  d + f

Let the resonance Y decay into the stable particles d and/ so that the final products of the 
reaction are Ci. . .  d , f  In this scattering process the energy and momentum of particles a 
and b are divided among the groups of particles d +  . . .  and d + f  in the final state. If the 
resonance Y had been a stable particle, its rest-system energy E  (i.e. its mass) would have 
had a definite value. But the resonance Y is unstable and is characterized by the distribution 
iv(E) = |cCE)|2. The function w(E) is directly connected with the mass spectrum of the 
products of the decay Y  d + f  when

E = Ed+Ef , Pd+Pf = 0.

Let us assume for simplicity that the particles d and /  are the only possible products of 
the decay of resonance Y. Then in the centre of mass system a complete set of states in (19) 
is the set of those two-particle states | */,/; E ) which has the same spin and internal quantum 
numbers as the particle Y. Here the coefficient c(E) in (19) will be equal to (</,/; E  | Y), 
while the mass spectrum of the decay products d and /  coincides with the mass spectrum 
of Y.

Thus by studying the mass distribution of complexes of particles in the final states of 
reactions, one can obtain directly the mass distribution of unstable particles which are 
“resonant states” of such complexes, i.e. having the same internal quantum numbers, but 
higher masses and spins. This does not mean, of course, that every peak in mass distributions 
of reaction products may be associated with an unstable resonant particle; kinematic peaks 
existing for a given reaction are also possible. The concept of a resonant particle is universal: 
it must appear in all strong interaction reactions for which states with the quantum numbers 
of the resonance are accessible.

Peaks corresponding to resonant particles are also detected both in the elastic-scattering 
amplitude d + f  Y -► d + f  and in the total cross-section for reactions initiated by the 
particles d and/. This case differs from the one considered earlier in that the energy interval 
AE defining the state d + f  is significantly smaller than the width of the resonance r Y: 
AE <sc r Y. For this reason the system d + f  will be localized in a volume with linear dimen
sions of order Ax ^  \/Ap ^  v/AE, which significantly exceeds the distance v /rY over which 
the resonant particle Y may pass in its own mean lifetime. Consequently, the resonance Y in 
this case is a virtual intermediate state in the scattering process.

If the scattering d + f  is dominated by formation of the virtual resonance Y, then the total 
cross-section for df scattering will depend on the energy E close to the resonance via the same 
law (24) as the mass distribution w(E) (up to a kinematic factor). The total cross-section 
will have a maximum in the region of energy E of the colliding particles (in the c.m.s.) 
equal to the resonance mass, and the particles in the final state will appear with a delay in 
comparison with the scattering without formation of the resonance.

For example, the total cross-section for scattering of pions?r+ on protons has a prominent 
peak in the energy region E=p\n+) +/?°(p) ^  1150-1300 MeV with width F  ^  120 MeV,
Nov 4
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Fig. 2. T otal ra+p cross-section <rtot as a  function  o f energy E  in the  cen ter o f mass. (A dapted
from  ref. 37.)

corresponding to a state with total spin J  = — (Fig. 2).(37) This peak is interpreted as evi
dence for a resonant particle A with mean mass mA = 1236 MeV, spin J  = 3- and the same 
remaining quantum numbers as in the ?r+p system. In this energy region :z+p scattering 
consists of the successive processes of formation of the particle A and its decay :

n+ + p — A — 7Z+ + p.

The study of the total cross-section for jr+p scattering at higher energy allows one to 
establish the existence of several more resonances with the internal quantum numbers of the 
jt+p system, but with different spins and masses: A (1670) with spins — and — [these may be 
distinguished from one another using phase shift analyses], A (1950) with spin —, and 
A (2420) with spin y. The number in parentheses after the particle symbol denotes the 
mass of the resonance.

Decay probability

Decays may be subdivided into rapid, electromagnetic, and slow. Rapid decays are 
caused by strong interactions and slow decays by weak interactions. Let the Hamiltonian be 
H — Ha+ H \ where H' is the decay interaction. We shall write a formula for the decay 
probability to first order in H \

Consider the decay of the particle Y into the multi-particle state | a, fc, . . . ;  out): 
Y — a+b+  . . .  . Since the decay is considered to first order, the state | Y) is an eigenstate of 
the operator Ha, The multi-particle states are also defined in the absence of the interaction 
/T(x°). Since energy and momentum are conserved, the decay amplitude may be written in
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the form

S ( Y - a + b +  . . . )  = i(2 n yd \p Y -P a -P b - .. .)(Y \T \a , b, . . . ;  out) (26) 

and to first order
<Y\T\a, b, . . . )  =  -/< ¥  |tf'(0)l a, b, . . . ) .  (27)

The decay probability m^Y -+a+b+  . . . )  may be computed in the standard fashion 
described in § 1.4:

«<Y -  a+b+  . . . )  = ~ \S(Y — a+b+ .. ,) |2

=  (2nyd*(pY- p 0- p b-  . . . )  |<Y | r |  a ,b ,. .  ,) |2. (28)

Formula (28) gives the decay probability if the decaying particle and the decay product 
are in definite states. In an experiment one usually observes the decay of a particle in an 
unspecified spin state. Expression (28) must thus be averaged over the spin states of the 
initial particle.

The total probability for the decay with given products ayb, . . . ,  is obtained by summing 
(28) over all possible final states of the particles ayb . . .  .



C h a p t e r  3

THE LORENTZ GROUP AND THE GROUP
S L ( 2, c)

As was explained in§ 1.2, relativistic invariance in quantum mechanics means that physical 
states must transform under Lorentz transformations according to unitary representations 
not ofthePoincar^ group but of its universal covering g r o u p s o r t h e  quantum mechan
ical Poincare group. The universal covering group of the homogeneous Lorentz group is the 
group of complex unimodular 2 by 2 matrices of second order 51,(2, c).

In classical physics, covariant equations are formulated in the language of tensor quanti
ties transforming according to irreducible (nonunitary) representations of the Lorentz 
group. In relativistic quantum theory, an analogous role belongs to quantities which trans
form according to irreducible representations of the group SL(2, c). These quantities are 
called spinors (of various rank).(38“41,Only spinors of even rank may be expressed in terms of 
tensors. Spinors of odd rank are quantities which cannot be obtained in the framework 
of single-valued representations of the Lorentz group; they transform according to double
valued representations of this group.

Spinor analysis is presented in the present chapter. Moreover, in §§ 3.4 and 3.5, Clebsch- 
Gordan coefficients and representations (single-valued and double-valued) of the represen
tation group will be discussed briefly.

§ 3.1. Second-order unimodular matrices and the Lorentz transformation

Let us consider the complex second-order matrix

where the complex parameters a, /?, y, and d are restricted by the unimodularity condition

det A = ad—y/? = 1. (2)

The matrix A thus depends on six real parameters.
The product AiAz of two unimodular matrices Ai and A% will also be a unimodular ma-

41
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trix: det (A 1A2) = 1. The unit matrix E  is

The inverse matrix always exists, since det A is not equal to 0:

We see that matrices of type A form a binary group. In standard notation this group is 
SL(2, c).

Among the matrices A, a special role is played by the matrix C:

Using this matrix one can establish a connection between the transpose matrix Ar and the 
inverse A~x:

A - 1 = C -M TC. (6)

In other words, the matrices A C-1 Ar C and C-1 Ar C A are equivalent to the unit 
matrix.

The basis matrices for the matrices of second order are the matrices crp, including the Pauli 
matrices ok and the unit matrix

—  - n -  - r a -  h u
The Pauli matrices have the following commutation properties:

\p k i  &q\ ^  H.SkqpOp', Gq) =  2b kq , (8)

where ekqp is the totally antisymmetric tensor with e123 =  1. The Pauli matrices are orthogo
nal in the sense that

Tt (omov) = 2dMV. (9)
The relation

(Gk)ij(ak)i„ = 2binbji-bijbin, (10)

which may be easily checked by a direct calculation, holds between the matrix elements of ak.
As a result of the commutation relations (8) the product of any number of matrices a^ 

may be expressed as a linear combination of these matrices. Thus any matrix of second- 
order O may be represented in the form of a linear combination of the basis matrices:

0  = ^ 0 ( / iK ,  (11)
t*

with complex coefficients 0(/j)  which by the orthogonality (9) of the matrices ov may be 
determined unambiguously in terms of the matrix O :

O(fi) = I- Tr (aM0) (12)
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If the matrix O is unimodular, then condition (2) holds, or

0 2(0 ) -  Y 0 \k )  =  1. (13)
k=1

Let us now establish a relation between matrices and Lorentz four vectors. For each real 
four-vector x^, we form the Hermitian matrix X, according to the rule

/x0+x*X =  x^a ̂  =_  /x°-f-x3 x1 — ix2\ 
V^-flJC2 x°—x3/

(14)

The relation between x* and X is one-to-one; the inverse formula is

=  I  Tr (a„ X). (15)

Thus every point in space xM leads to its corresponding Hermitian matrix X. The determi
nant of the matrix X

det X = ( x ° f -  xkxk = x2 (16)

is just the square of the four-vector xM.
Let us consider the transformation X — X' induced by the unimodular matrix A :

X' = AXA+ . (17)

It is a linear transformation of the four-vector x** for which the Hermitian nature of the 
matrix X is conserved, i.e. real xM transform into real x 'M. Since det A = det A+ =  1, the 
determinant of the matrix X does not change under the transformation (17): det X = det X',
which by (16) implies the invariance of x2. But a linear transformation of the four-vector 
xM x 'M, for which its length does not change (x'2 = x2\  is a transformation of the Lorentz 
group. Thus (17) describes a transformation of the Lorentz group on a four-vector xM.

Let us now obtain the relation between a transformation of the matrix X by (17) and 
a transformation of a four-vector x 'M =  AMpx p. In detailed notation, formula (17) reads

X' = OpX't* = omA mvx v = AXA+ = AapA +xv9 (18)

from which, by (15), we obtain x' = —Tr tr^(X'), or

A",(A) =  ± T t  (19)

From (19) we conclude that every transformation AMV gives rise to two matrices ± A , 
differing by a sign: A^(A) =  AMP(—A).

Lowering the upper index in (19), we obtain the coefficients of a Lorentz transformation 
with lower indices:

A ^ A )  =  I- Tr (afJAavA+), (20)

which may be expressed in terms of the matrix

<̂  = (*0, - a )  = C-bJC. (21)

It is sometimes convenient to use the matrices and bv simultaneously for transforma
tions, since then the relations may be written in a relativistically covariant form. Instead
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of equations (8) and (9) one may use the formulae

G f/f  v =  ^~2^fivXxG Ox , (22)
|-T r (dpO,) = gp,. (23)

Formula (10) may be transcribed in the form

= 26/rt6y/. (24)

We shall show that the quantities A ^ A )  really have all properties of coefficients of 
a Lorentz transformation. We obtain

A?,(A) a ;(A) =  I  Tr (oMAopA+) Tr (atAaPA+) = <5g,

or the orthogonality condition for the Lorentz transformation (19). Analogously it is easy 
to verify that A(Ai) A{A2) = A(AiA2), and in particular A(A~l) = A~1(A). All coefficients 
AMr are real:

A'»JiA) =  i  Tr (a/1A<xPA+)+ =  |  Tr (a/JAaPA +) = Afp(A).

The condition that the transformation be orthochronous, A00 1, imposes the condition

A00 = } T r (A A + )* l .  (25)
on the matrix A.

Besides the matrix X with the transformation law (17) one may also consider the matrix

X = = C -XX*C.

From this and from (17), we find the transformation properties of X:

X' = C~1A*X*A+*C = A -'+ X A -1.

In other words, under X — X one must make the substitution A — A”1+. The product of 
matrices X and Y transforms according to the rule (XY)' = AXYA - 1, so that if in some 
reference frame this product is proportional to the unit matrix, then this property holds in 
all systems. It may be easily seen that for any X and Y the following relation is true:

T Tr (XY) = x^y11, (26)

giving the scalar product of two four-vectors.
Let us return to the transformations A. The matrix A may be represented in the general 

case as a product of a Hermitian matrix H  and a unitary matrix R :

A = RH  (27)

As a result of the unitarity of R the matrix H  is defined in terms of A: A+A = HR~lRH — H2 
Thus R  =  AH*1 =  A(A+A)1/2. As we see, the Hermitian matrices A* = A describe pure 
Lorentz transformations, while the unitary matrices A* = A*1 describe spatial rotations. 

Let AH be a Hermitian matrix. The general expression for it in terms of the matrices is

Ah = 'ZA(ji)oi1,
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where the coefficients A(jx) are now real. To satisfy the unimodularity condition, we set

6 6 
A(0) =  cosh- j , A{k) =  nk sinh j  (nl+nl+nl = 1).

Then AH takes the form
o o p q i

Ah = ffo cosh —+ (a«/i) sinh y  = exp (a«/i)y . (28)

Transformation of the matrix X — X' = AHXA£  corresponds to the transformation of 
the four-vector xM — x **:

x0 = x0 cosh 0-|-(/i*x) sinh 0, [jixx'] =  [/ixjc], (29)
(»•*') = (n*x) cosh 0 + xo sinh 0,

where x  is a space-like vector with components x1, x2, x3. This is a Lorentz transformation 
of the four-vector x^ from the system O to the system O' moving with respect to O in the 
direction n with velocity v = tanh 0.

Let Ar now be unitary. In this case, instead of (28), one may write the following general 
expression for AR :

Ar = Go cos — +/(o*») sin y  = exp p(o*») y j .  (30)

Formula (19) allows one to write the transformation of x^ at once:

x = x cos o) + (x*n) /i(l —cos a>)+ [nxx] sin co,
x'° = x°.

This is a rotation around the axis n by an angle co.
The unitary transformations (30) form the unitary subgroup SU(2) of the group iSZ,(2, c), 

holomorphic to the group Rz of spatial rotations. In this case,

X* = RklXl, Xo = Xo

and the matrix R satisfies the orthogonality condition

RTR = 1.

Instead of the full matrix X it is sufficient to limit oneself to transformations of its spatial 
part alone:

X* = xkak,
which transforms by the rule

X/{ =  ArXrAr 19 Ar = Ar 1,

where det AR = 1 in the absence of reflections. The relation between the coefficients Rw of 
a transformation of the rotation group R3 and a transformation matrix AR of the group 
SU(2) is given by [see (19)]

Rk&A)---- 2 Tr {o -̂ArOiAr 1). (31)
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From (31) it is clear that this relation is double-valued: R{A) = R(—A). In particular, the 
unit rotation, i.e. the rotation by an angle co = 2n% (n = 0, 1,2, . .. ),  corresponds to the 
matrices ±E.

If we are interested in a general Lorentz transformation, including both a pure Lorentz 
transformation and a rotation, the matrix A may be taken as

A =  exp (-fo»a), (32)
where a is a complex three-vector.

Another parametrization of a unimodular matrix A , which will be used frequently in 
applications, has the form

A = RBN, (33)

where R describes any rotation (in Euler angles):

{0 (p + y) 4ti, —2n <  (p—rp «s= 2ti). (34)

The matrix B refers to the Abelian subgroup:

B = e~M  (—00 < j9<oo); (35)
the matrix N  is triangular:

N =  1 +1(0*1 - ia 2)z (36)

(here z is any complex number). The matrix elements of A are:

An = e-W  cos ( ^ / 2 ) e ^ +̂ - e ^ 2z sin {'»j2)e-î ~ ^ 2\
A12 = — e®2 sin (#/2)e”fK?>-v)/2],
A 21 — e~&2 sin ('d/2)eî <p~v^-\- e$/2z cos (^/2) ^ (<p+v)/2]5 
A22 = e&}2 cos ('&j2)eiu<p+v)M .

To conclude this section, we verify that the group SL{2, c) of unimodular 2 by 2 matrices 
really is a covering group. For this it is necessary to establish an isomorphism between the 
elements defined in § 1.1 of the covering group L and SL{2, c). By (1.13) and (1.17) the 
relation between L and 2 by 2 matrices A is

Lo = [HR]0 = HR{n, 0) ~  A(n, 6),
Li = M i  = H R fa  6 )* -A { n ,  0),

so that by (30)
R{n,, 0) = - * ( _ „ ,  2n — 6).

The matrices ^(/i, 0) have the same multiplication law as HR, and, consequently, the ma
trices A form the covering group L.

§ 3.2. Spinors

As we showed in the previous section, the group SL(2, c) associates every four-vector 
x<* with a Hermitian matrix X and in the space of these matrices the Lorentz transformation 
x' = Ax is given as a linear transformation X' = AXA+ induced by the unimodular ma
trix A.
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Let us now consider other quantities whose transformation law is determined by the 
matrix A .

The two-component spinor (or a spinor of the first rank)

J -  0 <37)

js a pair of complex numbers li, £2, which transform by the rule

Z'a = Aa%  or £' = A£. (38)

The spinor f may be treated as a vector in the linear complex two-dimensional space associ
ated withsomereferenceframe in the space of Lorentz four-vectors. When passing to another 
reference frame, I goes into I' by (38). Since the relation A ++ ± A  is two-valued, a spinor 
may be given only up to a sign in any system.

We shall also denote the components of the spinor I by = f1/2 and f2 =  |_ 1/2, keeping 
in mind the effect of the matrix (l/2)<r3 on |.

We define the spinor with an upper index rf by the condition of invariance of the product 
7?a| a with respect to group transformations. From (38) it follows that rja must transform by 
the matrices A~1T.

‘n’* = A-n*fr f .  (39)

Setting A~lTap = (C~1AC)etp by (6), we verify that in order that the contraction rule in 
upper and lower indices be satisfied, the matrix elements of C and C~x must be written as 
Ca/3 and C“l0̂ . The spinor £* =  C” 1* ^  transforms by the rule (39), while the spinor 
Va =  Caprf transforms by formula (38). In other words, spinors with upper indices | a 
and spinors with lower indices | a transform via unitarily equivalent representations.

The bilinear form
VaL  = -rig*  (40)

is invariant with respect to Lorentz transformations. C and C~l play the role of metric 
matrices. Here the rule for raising and lowering indices refers only to contraction with the 
right-hand index in C and C~l since CT = C”1, i.e. the properties of C and CT are different 
in this respect.

With each matrix A one may associate a complex conjugate matrix A* which is also uni- 
modular. Under a Lorentz transformation, the complex conjugate pair of numbers |*/2 and 
I* i/2, forming the complex conjugate spinor £*, will transform via the matrix A*:

i :  =  a :%  .

Instead of £* one usually writes £d, while the matrix elements of A* are written as A*f. 
Thus the complex conjugate spinor | d transforms via

= (41)

The matrix A* cannot be obtained from A using any linear transformation since such 
a transformation would involve changing all parameters a, /?, y and b in (1) into their 
complex conjugates, which is not a linear operation. Consequently, a representation by A*
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is not equivalent to a representation by the matrices A. The spinors and transform in 
an inequivalent way. If, however, A is unitary, then A* = A~ir. This means, by (39) and 
(41), that under spatial rotations the spinors £“ and transform in the same way, i.e. in the 
unitary group SUz there is no difference between a spinor with an upper index and a complex 
conjugate spinor.

In analogy with (39) one may introduce the contravariant complex conjugate spinors 
having an upper dotted index:

i'« =  ^ - i+y .  (42)

The metric matrices here have the same form

h  = C tf t ,  £* =  C - 1̂ ,  (43)

Cifi =  -  C-«* = - C - w  =  Q , =  ^  “  *) = - /cT2 • (44)

It is easy to see that the quantity

r th  = = rfCtf)*

is invariant. The matrix elements of the unit matrix E  will be written as Ei = 64 andcc a

Ei = €
As is obvious from the way that they were introduced, the dotted and undotted indices 

are independent, i.e. it is impossible, for example, to contract with respect to indices 
of different type. From this it follows that using spinors of only one type it is impossible to 
form an invariant bilinear Hermitian form.

To see how one must write the matrix elements of X, we turn to the transformation for
mula X' =  AXA+. The matrices A and A+ have matrix elements A/  and A+*., so that the 
matrix elements of X must be denoted by X^, i.e. X^ is a mixed spinor of second rank:

^ 1 / 2  1 /2
y

1 / 2 -  1 /2

^ - 1 / 2 1 / 2
Y

- 1 / 2 - 1 / 2

(45)

The transformation properties of X^ coincide with the properties of :

where the tilde means “transforms as . . . ”. But the matrix X is constructed from the Pauli 
matrices Thus the Pauli matrices which appear in X (or, of course, in any other matrix 
Y with the same transformation law) have the matrix elements (c r^ .

The form of the matrix elements of may be obtained from the definition a^ = C 'V jC ,
Using C’ 1 to raise the dotted index and writing the matrix Cap in the form C~1/3a (one may 
contract only the right index of C and C”1!), we finally obtain

dM = (aM)^ . (46)

Consequently, the contravariant coordinate matrix X is X = Xafi and

X*£ - (47)
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The orthogonality condition (24) may now be written in the form

= 2bUfi. (48)

Using (45) and the definition (14) of the matrix X, it is easy to obtain the properties of the 
components of the four-vector xM with respect to transformations of the binary group:

*° ^  2'( î/2^1/2^ -̂l/2--l72), X* ^  ^^1/21 - 1 / 2 h)>

X ^  2"^l/2^-l/2~^-l/2^-l/2)) ^  ^  ~2̂ 1l2*l/2 ~  ̂ -1/2 -̂1/2)-

Spinors of higher rank (spin-tensors) with lower indices are quantities transforming as 
the product of (different) spinors:

^  ... an h ... $m -  !«, • • • • • • X0m • (50)

Indices may be raised using the matrices C ”*10̂  and C~lal\  Thus the definition (50) also 
allows one to introduce the concept of spinors of higher rank with upper indices or the con
cept of mixed spin-tensors. Thus under Lorentz transformations the spinor 4 ■ ■
transforms according to the unimodular matrix in every index, specifically: the lower 
undotted indices with the matrices A*\ the lower dotted ones using A**’, the upper 
undotted ones using A~1Tfi’p, and the upper dotted ones by

K - . = A i . . .  A~1Tf,'e . . .  A ?  . . .  A -1+0,6Va . (51)

A spinor y  of higher rank may be formed of spinors of lower rank and % by multipli
cation: y) = (px• Here the spinor \p has all indices of the spinors cp and %. The product of 
a spinor with («, m) indices (n undotted and m dotted) by a spinor with (n\ m') indices gives 
a spinor with (n+n\ m+m') indices, or a spinor of (n+ri + m+m ')th rank. For example, 
multiplying two spinors of second rank by one another

9a  e%po =  Vapgby (5 2 )

we obtain a spinor of fourth rank.
One may obtain spinors of lower rank from spinors of higher rank by contraction 

(summation) in lower and upper indices of the same type. For example, raising the index /? 
in (52) and summing, we form a dotted spinor of second-rank

Raising one of the dotted indices and summing, we obtain an invariant

v = vl = 9^xai ■

Spinors of higher rank which cannot be simplified (i.e. which give zero upon contraction) 
transform according to irreducible representations of the binary group. Since the metric 
matrices C and C-1 are antisymmetric (C = — CT), it is impossible to simplify any spinor of 
higher rank which is separately symmetric both in dotted and in undotted indices of the 
same character (whether all indices are upper or lower). In fact, C“ lafyay9 = 0 and



50 INTRODUCTION TO ELEMENTARY PARTICLE THEORY

= 0, i f w . . .  and i f* mmm are symmetric in a/? and in a/?. An example of a spinor 
symmetric in indices of both types is the product of single spinors

£«! • • • £«* £/!*••• £/*•• ■

Any spinor (50) has, in general, 2m+n components. The symmetric spinor (53) has 
(2m-f l)(2«-f 1) components, since each of them takes only two values: ± — for a, /?, . . . ,  
and ±  1/2 for a, /}, . . .

§ 3.3. Irreducible representations and generalized spinor analysis

Symmetric spinors describe the higher representations of the group SL(2, c). Since the 
order of the indices has no meaning for symmetric spinors, a spinor of the type (53) is 
defined only by the number of indices having the values ± | o r  ±  1/2. Thus we write (53) in 
the form

t n —Sf- s m —r r 
1̂/2 ^-1/2 1̂/2 ^-1/2 9

where n and m are the number of undotted and dotted spinors £ and r), while s and r are 
the number of components of these spinors with projection It is obvious that
0 **£ m, 0

To pass to the usual notation, we set n = 2/i, m =  2/2, n—s = jx+o, s = j \ —a, 
m —r=  j'2+q, r =  {?• Then j \  and j 2 take on integer and half-integer nonnegative values,
while a and q run respectively through the 2/x+ l  and 2/2-f 1 values a =  j u j \  — l9 . . . ,  
-~jx+1, —ji  and q = 7*2, h ~  1, ...» —h + l,  —yV In other words, the quantum numbers 
<y and q have the properties of spin projections on the third axis, while j \  and j 2 are the eigen
values of the spin.

Consequently, we characterize a spinor of rank (2j\, 2,j2) by the numbers j \  and j 2 having 
the properties of eigenvalues of angular momentum. The components of this spinor are 
denoted by the projections <r, q on the third axis. Passing to the new notation, we write 
a symmetric spinor F(jujz) with lower indices in the form

FoqO'v J2) = a(h 9h 9 °9 @)̂ II21+ ^-l/21+ —̂1/2 9 ^ )

where a (j\,j2:; cr, £) is a number.
We define analogously the spinor<P(juJ2) with upper indices:

®aK h J d  =  aUuj*; o, (jfc'th+°g-kh~orfih+erit-ih -Q 9 (55)

where £' and rf are spinors of first rank different from £ and r/.
Expressions (54) and (55) agree with each other only for a definite choice of their common 

factor a {ju j2\ q)• In fact, the notation (54) and (55) with indices in different positions
assumes that the quantity

Fd h ’h ) <p° V i’h ) = invt <56)

is invariant with respect to transformations.
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If one inserts the expressions (54) and (55) into (56), one obtains a polynomial of degree 
(4/i, 4/2) in the spinors £ ',  rj, tj' .  This polynomial can be invariant only when |  and 
occur in the invariant combination £a£'®, and rj and r(  via the invariant rjgj*. Consequently, 
(56) must have the form

( K n 2h( V ^ ) 2JiC( j \ J 2), (57)

where c(j\, j'2) is an invariant factor, depending only on j \  and j 2, i.e. on the number of spi
nors of various types. Comparing (57) with the results of putting (54) and (55) into (56),

a \ h , h \  a, q) = (2j:)\ (2/2)! cU uh) 
(7 i+ff)! • (A+g)! U2 —0 ) !

(58)

The factors depending only on 7i and j 2 are identical for all components of the symmetric 
spinor of higher rank, and therefore may be discarded.

Thus the basis symmetric spinors of higher rank may be written in the form

i+e(7i,7a)
t  h+°t h - ”-. ./s+e , h —i
91/2  ̂—1/2 '1/2 '<-1/2_____

iU i+o) ! o \  - o ) ! (y2+ <?) C/2 -  <?) !]1/2 ’
(59)

where —j\ a j\, —j 2 q j 2; the quantum numbers ju  j 2 may be nonnegative in
tegers and half-integers, while neighboring values of a and Q differ by unity. The spinors 
h and rj are written as Fa( j ,  0) and 7^(0, - ) .

Let us turn to the transformation properties of the spinors (59). Under Lorentz transfor
mations, the (27i+1) (2lj2+ 1) components of the spinor (59) transform among one another; 
thus there must exist a representation of the group SL(2, c) by the square matrix 0 OlJt>(A) 
with (2j\ +1) (2\j2+ 1) rows, by which the spinor (59) transforms:

F‘M v h )  = (« )

The matrices <Z>(A) must be defined uniquely in terms of the matrices A.
The construction of the matrices 0(A )  proceeds from the definition of the basis spinor 

(59). The transformed spinor F'(j\, 72) is given by the same formula (59) but with the trans
formed spinors £' = Ah, and r\' =  A*rj in place of the spinors I and ij in the initial reference 
frame:

J2) ~ K7i+°)! U r-o ) ! (72+9 ) ! Ur- Q) ! P
(61)

Comparison of (60) and (61) allows one to find the matrices 0(A ). To do this it is necessary 
to expand each factor in (61) of the type

(Ah)J+a = U 1ii /2 + a 2S—i/2y +a

via the binomial formula, then to construct a polynomial in l i/2, 91_1/2> and Collect
ing terms in Fxi(jv j 2) and then comparing with (61), one may write the matrix elements 
of <7)UlJtXA). Since the polynomials in £ and rj are independent, we may find separately 
the matrices with dotted and undotted indices.
Nov 5
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The spinors (59) and (61) may be represented in the form of a product of the spinors 
f Q(ji) and f i ( j2), each of which is associated only with dotted or undotted indices:

FA h > h ) = W \)h { h ) -
It is obvious that

Setting j% =  0, we obtain the matrix <T)Uu 0)(^), transforming only spinor components 
with undotted lower indices:

U h )  =  K/i+e)! U i-Q )'T ll2Zii21+et - m Jl- e. (62)

Setting j i  =  0, we find the matrix (D(0’J,XA*), transforming only components with dotted 
indices:

In the general case the matrix /D0uJiXA) is a direct product of the matrices lDu" 0)(A) and 
4)(0-J'XA):

/J)ih,h\A) = q)V'-«XA)xn)V-»XA). (63)

Let us now compare the matrices ^D(0,J)(A) and (DU,0XA). The spinor components 
f e( j)  and /j(y') are formed by the same rule respectively from the spinors and The 
difference in the matrices (DU’°XA) and fV l0,JXA) thus arises from the fact that |  trans
forms by the matrix A and 77 by the complex conjugate matrix A*. In other words, if we 
perform the substitution A — A*, then from ^DU'°XA) we obtain (D(0,/)(A):

®(o.JXA) =q)U>°XA*).

But f e(j) contains the real coefficients [C/+£?)-0'—(?)U-l/2 times powers of the complex 
numbers | 1/2 and |_ 1/2. Thus [as one may easily verify directly from (61)], one will have

<W' 0)(T*) =  VT)U> °)(^)]‘ =  'ZK0- »{A). (64)

From this it follows that the matrices (DiJl,Jt)(A) and (DQbJ\A )  are complex conjugates of 
one another:

0)(Mx\A) = [ ^ 0.-W(T)]*. (65)

This means that the transformation is real if j i  =  j\- 
On the basis of relations (62)-(64) we may ascertain the properties of (D^‘,j,X^) by 

studying only
XA) = DJ(A) (66)

or the matrices r2)(0,J)(A).
Let us examine the matrices D*(A). They form a representation of the binary group. The 

identity transformation for A = E  is

m V  =  e (67)
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Performing two successive transformations A\ and A2, we obtain from (60) and

= [U+z)! ( i-« )  !]* D ^ A tA j/M f)
= IU+«V- U - a )  H* D \A 2) :  (A1̂ )ii+f (A1̂ U 1~e [(; +  e) ! O'-e)!]"**

or
D \A 2) D \Ai) =  DJ(A2Ai). (68)

As a consequence of (68),
& {A -1) = [D\A)]~l = Dj~l(A). (69)

In an analogous way, one may show that

DJ(Ar) = [D^A)]1 = D^{A). (70)

The relation between the inverse A“l and the transposed AT 2 by 2 matrices was written 
earlier in the form (6), or A~x = C~lATC. The corresponding relation between the 
(2\j+ 1)X(2/+  l)-matrices D i~\A ) and LP(A) may be obtained if one uses the multiplication 
rule (68) and formulae (69) and (70):

D*-l{A) = D \C -1) D*{A) DJ(C). (71)

Thus this relation is completely analogous to the relation between the 2 by 2 matrices.
If we limit ourselves to unitary matrices A+ = A ~ \ the representation L^iA) coincides 

with the representations H)\A) of the group of spatial rotations Rz or the unitary group 
SU2> which, as is well known, are irreducible. The group SU2 is a subgroup of the binary 
group, and, consequently, the representations DJ(A) are also irreducible. From this it follows 
as well that the representations ̂ DUlJi\A )  are irreducible.

The matrices iy (A \  in contrast to ® j(A \ also are determined for nonunitary transfor
mations A. The matrices DJ and(7)J have in common the rule for construction of a represen
tation in the space of basis spinors f a(j). Thus in the case of the matrices Dj one can use those 
results obtained f o r ^  which are based only on the form off a(j) and the transformed spinor 
.0 0 -

Let us now multiply each spinorin formula (62) for f a(j) by a constant (complex) number a> 
thus obtaining

fa(jy I) = ag)= cpifo ĵy f).

The transformation £ — a! may be treated as one induced by the nonunimodular 2 by 2 
matrices a *£(det (aE) = a2). If one maintains the previous definition of D \A) [formulae (61) 
and (62)], given there for unimodular matrices Ay one may then write

D\aE) = a2Wj(E) = a2W \

where EU) denotes the unit matrix in the space of the 27+ 1 functions f a(j).
Analogously, one may see that

D\aB) = a2W){B\ (72)

where B is any 2 by 2 matrix not limited by the unimodularity condition. From (72) one 
may easily conclude as well that Dj form a representation of the group of 2 by 2 matrices
5*
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(all complex 2 by 2 matrices B). For this we note that if det B = b2 0, then one may set 
B = bAy where det A = 1. Then

Di{Bi)Dl{B%) = Zy(M i)Z)J(M 2) = D>{AiA2) = D^bib2AiA2) = Dj(BiB2)y (73)

so iy(B) is a representation of the group of matrices B with nonzero determinant (non- 
singular matrices). But the representations Dj(B) are continuous functions of the matrix 
elements B [see, for example, (61)]. Thus (73) remains valid for singular matrices B, when 
det B = 0.

Up to now we have considered spinors with lower indices. In analogy with (55) and (52) 
we may define a spinor with an upper index

f aU) =  (74)

The passage from spinors f a to spinors f a (raising of indices) is carried out, according to 
the definition (74), using the operation in which the index of every spinor | a in (62) is raised 
by the metric matrix C '1. In other words, raising indices of the spinor f a is performed using 
the matrix Z^C-1):

f*U) = DiQa{ C - ')W ) .  (75)

Since (C-1|)~ 1/2 = —11/2, (C-1£)1/2 = |_ 1/2, via the definition of D \A)y we may find the 
matrix elements

D^a(C~1) = (76)

An index is lowered using the matrix DJ(C). From (76) we find

^ ( C ) = ( - l  ) '+‘ « r -  (77)

The matrices DJ(C) and Z>y(C-1) are symmetric for even values of j  and antisymmetric for 
odd j:

D&C) = ( - l ^ Z ^ C " 1), DUC) = ( -1  yuDUC). (78)

From this, in particular, one obtains a generalization of (40) for the contraction of two spin
ors:

(79)

For spinors with dotted indices y*(/) and %.(j) and representations D\A*) —fJ)i0’J)(A) 
we could repeat all operations beginning with (64), finally obtaining all the above formulae 
but with dotted indices, including

D ^C ) = ( ~ lf  DIQ°{C~r) = ( -  l)y+® (80)

Thus spinor algebra in the case of spinors of the type f a(j) is a direct generalization of the 
algebra for the simplest spinors |,  r\. Instead of two values of qy & = ± \ y the indices now take 
on 2/+1 values g, d = j y j — 1, . . . ,  —7+1, —7. These spinors transform by the matrices 
D \A) with (2y-h l)2 matrix elements; here the type of indices in Dj exactly corresponds to 
the type of indices in its argument A. We write DJJ*(A)y DJpa(A~1T)y DJ±(A*)y DĴ {A ~l+)y 
and instead of the metric tensors Ca/3, and C ' lâ , C“ l<̂  use the matrices Z>^(C), D^(C)y 
Dia\ C ^ ) y and ZJ'^C-1)* Of course, numerically all four matrices Djf(B)y DJ*d(B)
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DĴ (B), and DJî (B) will be the same for the same numerical matrix B. According to 
(64), (69), and (70) the matrices DJ(A) are unitary if the matrix A is unitary. The matrices 
jy(A) are Hermitian if the matrix A is Hermitian.

The one-to-one connection between the properties of the matrices D \B ) and B allows 
one to simplify the writing of the indices; v. e can, for example, write only the lower indices, 
easily reestablishing their real meaning via properties of B. For example, Dia>(A) =  DJaa (A),
d i m *) =  & '(* ') , D U c - 1) = d J^Xc - 1), D IM ) = ^ ( * )  =  & A *)-
This form of writing indices will be used later on in Chapter 4.

Let us sum up. An irreducible finite-dimensional representation (DUlfJt\A )  of the uni- 
modular group SL(2, c) is characterized by two numbers 71, j 2, each of which may take on 
integer or half-integer nonnegative values. The dimension of a representation (ju  72) is 
equal to (2yx+l)(2/2+l) .  The matrices (DUlfJt\A )  may be written as a direct product of 
matrices D*l(A) and =  Z^XZ^1*. The representation is nonunitary.

The representation ( ju j2) of the group SL(2, c) for integral 71+72 is independent of the 
substitution A -+ —A [see (62) and (72)], and corresponds to (single-valued) representations 
of the Lorentz group. If 71+ is a half-integer, the representation (71,7*2) is a double-valued 
representation of the Lorentz group.

§ 3.4. Direct products of representations and covariant Clebscb-Gordan coefficients

The product of two spinors f a(ji) and f Q{jz) transforms according to a reducible represen
tation Ẑ ZX*. Using (62) it is easily established that I may be expanded in a sum of 
representations ZX with

y =  1 y 1 —72I5 izi—72I+1* • • •» 17*1+7*21 (8 i)

or

foXh) foXh) = £  I jih j°)fo (j), o = Oi + o2. (82)

The expansion coefficients (7i/2<ti<72 \j1j 2j 0 ) are defined for a =  oi+a2 and for the values 
of7 enumerated in (81). For fixed 71,7*2,7 these coefficients are rectangular matrices, where 
oi varies from —7*1 to +71 while a2 takes on the values —j 2 to +7V The coefficients do not 
depend on the form of the matrix A and thus may be found for unitary A when the repre
sentations ZX coincide with the representations <7)* of the rotation group SU2. Consequently, 
the coefficients in (82) coincide with the usual Clebsch-Gordan coefficients:

<7172<71<721 jih ja )  = C (jij2j; 0i02a \ (83)

and are the matrix elements of the unitary transformation from the basis f(ji)f(j2) to the 
basis f ( j )  with values 7 in (81).

From the unitarity of the transformation, the orthogonality of the coefficients (83) 
follows:

£  <7l7*2<7l<72 I 7l727<7> <7172<71<72 \ j l j 2j 0 ) = ’
°>j

£  <7iZ2<7i<72 1 h h j 'o ’) { jij2ala21 j i j 2ja) =  b^b*'.
Oj, 02

(84)
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Let us perform the Lorentz transformation A on both sides of formula (82). The inde
pendence of the Clebsch-Gordan coefficients of the form of the matrices A means that

{hjiCio* I jijtja ) = £  Dh°JiA-i) D % A - 1) DJt(A) (h M 'M  ! h h jo ') . (85)
CTj, <7

must hold. Formula (85) determines the transformation properties of the coefficients 
{jijiaiOi1 j\h j°)  f°r Lorentz transformations: it transforms as fa(j)- In short,
the Clebsch-Gordan coefficients have the same numerical value for all reference frames.

Passing from the matrices A to the matrices A*, we obtain from the representation <T)U' 0) 
the representation ^ 0tJ) =  DJ* with dotted indices. Because of their independence of the 
matrices A, the Clebsch-Gordan coefficients are the same both for Dj and for &*. From 
this it follows also that they are real.

To emphasize the spinor properties of the coefficients (82) one sometimes introduces the 
notation

r I r 1 *1*2
(jijifJiOiXjijija) = I J jih \ = \ j j 1J2 1 • (86)

The covariant Clebsch-Gordan coefficient has only upper spinor indices :(18,42)

[ h  h  I j \  s  [jjjtfoto, =  £ » ^ (c - !)  f j j i j2] 1 * =  ( - 1)>-° | h h j - o )
Vl 2̂ \aj  L Ja'

= ( - l ) J - h - h ^ /2 ] + i ( Jl h  j ), (ff = <71+(T2), (87)
\cri a2 a)

where y  ^  is the usual Wigner 3j symbol.\(Tx cr2 of
The Clebsch-Gordan coefficients have the following symmetry properties:

{hh°\°z\hhj<*) = ( -  1)A+;W \ h h j - o \
{jihoioz I h h ja )  = ( -1 V 1 +h ~j I A /i> ).

We note also that:

( - 1)2'  [ih /a] °l°‘ =  ( - l)2'  [71727] ° ,

J —  DJ°1°*(C-1) =  — L -  ( - 1  ,
W + 1 v  27+1

1 D U C ) = 1
V2J+1 W +  1

( - i ) y+o- C ‘.

(89)

§ 3.5. Representations of the unitary group SU2

The representations of the unitary group SU2 may be obtained from the representations 
(7, 0) of the group SL(2, c) if we restrict ourselves to unitary 2 by 2 matrices R. Denoting 
a matrix of the representation of SU2 by 4)*, we have

iy(R ) = <DJ(R).
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The matrices <V3 are usually studied in a course on nonrelativistic quantum mechanics. 
In relativistic quantum theory they are also important, since, as we shall see below in Chap
ter 4, it is precisely the matrices <1)J that are involved in the transformation law of state 
vectors of massive particles. For this reason, we shall dwell on the properties of these matrices. 

The infinitesimal form of a unitary 2 by 2 matrix R describing a rotation may be written
as

R = l -/-|(o*co),

where the rotation parameters cok are real. In the 7th representation of the group SUz, this 
form corresponds to the infinitesimal form of the matrix <7)J(R) :

®*{R) = 1 —/(7 •<*>). (90)

The generators Jk introduced in formula (90) are self-adjoint operators and satisfy the same 
commutation relations

[7x, Jj] = isijkJ k,

as in the particular case of the representation 7 = —, when Jk = -a k. For finite transforma
tions R = exp [—i-|o«co] we must write in place of (90)

<DJ(R) = exp { —/(/•€*>)}.

It is obvious that if R is parametrized using Euler angles [expression (34)], then

(DJ(R) = p, #, y) = e~iJ*f>e~iJt*e~iJ*p. (91)

The basis of a representation is a set of 27-h 1 functions 0^ distinguished by the rank
2n = 27 of an irreducible multi-spinor or by the eigenvalue of the invariant T2:

The basis functions 0^ differ from one another with respect to the eigenvalue of the opera
tor 73:

7 3 0 '=  *0 ';

the quantity a may take the following values: —7, —7+1, • 7 —1, 7. For a trans
formation given by a 2 by 2 matrix R, the basis functions <PJa transform by the rule

(92)
I*'

Since the transformations of the group SUz are unitary, we may introduce a quantum 
mechanical notation for the basis functions:

= \<y,J),
and write (92) in the form

| <x, j y  = V \R )  \o, J)  = £ \  a', J > <DUR)-
o'

The matrix <T)3a,a is thus formed from the matrix elements of the unitary operator (J)3-. 

® U R ) = (<y‘,J \  U(*) | a, J) = {a', J  | e-i3*e- i3* e -13"  \ a, J) = ®U<p, 0, f) . (93)
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The second relation (93) is satisfied if the parametrization (34) is chosen for R, or the 
expression (91) is chosen for the operator U(^). This parametrization is convenient since 
the operator J 3 is usually assumed diagonal.

The functions V i a(<p, ft, ip) introduced in (93) are the matrix elements of any rotation 
U(J?) in an irreducible representation J. They are those fundamental functions which are 
connected with the group SU2 and completely characterize it. The functions O 1 satisfy the 
equation

{ w  w ( si"# w )  + +-$■ - 2 cos # w )  *• v)

= - J ( J  + l)'DU<P,*,V) (94)

where

a,r£>L(<p, ft,v>) =  V iX v , ft, v>),

°V io iv , ft,v>) = Vi-air, ft, v)-

The orthogonality condition for (DJ&a(<p, ip) has the form

$7l2

2n n 2n
V£(<p, ft, ip) V iy iy , ft, y>) sin ft dft dtp dip 2 J T \ d^ o - ^ .  (95)

If the angles q> and ip are connected in such a way that q>+ip =* 0, then

j* V iy ir , ft, -  <P) V lAv, ft, -  V) sin ft dft dip =  ^  Sjj-Soo- . (96)

holds.
The functions 'Z^c/(<j>, ip), as functions of the Euler angles for various values of J, a,

o', are a complete set, or

E  i1J + 1) Vi*o(<P, ft, V>) ViM>', ft', V>') =  K<P -  <p') <9(cos ft -  cos ft') d(ip -  ip'). (97)

The relation (97) is satisfied separately for integral and for half-integral values of J .
Since a is an eigenvalue of Jz, by (93) one may isolate the dependence of the function 

<T>ja on the angles <p and ip:
® Jo'o(<P, V) = (98)

where
diJft) = (<j',J\e-iJi*\o,J).

The functions dJ{ft) have been calculated by Wigner.(18) They have the following symmetry 
properties:

dioift) = i - \ y - °  dU ft) =  ( -  1)°'-° d ia._0(ft),
dJa- a{ft) = i - \ ) J+°‘ d U n - f t ) .

(99)
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Formulae (95) and (97) are equivalent to the following relations for

n

I<#'(#) <#<,(#) sin % = bjj' >27+1

^  (7+ 1) dJaA&) diA#) = ^(cos#' -co s  i 

The explicit expression for dJ{&) is rather cumbersome:

(100)

d- m  = y ( - i v ~ -  \ / v+<>Yv-<’y-v+ < 0'V -< o<
&°y }  U (7—cr' —/)! (J+a—l) ! /! (/+ a1—a)\

X
/  # \ U + o - o ’- 2l /  \

(c o s t )  (sin T )
$ \  2 /+ o ' — a

( 101)



C h a p t e r  4

THE QUANTUM MECHANICAL POINCARE
GROUP

The relativistic dynamics of a free particle is fully determined by the behavior of its state 
vector under transformations g of the quantum mechanical Poincare group . Knowledge 
of the explicit form of the operator U(g) acting on the particle state vector is equivalent to 
the solution of the equation of motion for a free particle. In particular, after constructing 
U(g) the transition to local fields becomes obvious.

In studying a scattering process, effects connected with the motion of free particles make 
up the kinematics of the process. Thus for interacting particles knowledge of U(g) allows 
one to distinguish kinematics from dynamics.

In the case of elementary particles, the operators U(g) form an irreducible unitary repre
sentation of the quantum mechanical Poincare group (see§ 1.2). It is thus necessary for us 
to construct an explicit expression for U(g) for masses m > 0 and m — 0.

§ 4.1* Introductory remarks

As was shown in §§ 1.3 and 1.4, elementary particles are classified in the PoincarS group 
by two invariants—the mass m and the spin J(m2 = P^P1* and /(/-f-1) = —w2jm2). We 
consider only the case m2 >  0. The polarization vector wM (or the Pauli-Lyubanski vector) 
is defined here by the formula

The third invariant—the sign of the eigenvalue of the operator P°—is always positive for 
physical states.

In the canonical basis introduced in § 1.3, as quantities forming a complete set of mutually 
commuting operators, one chooses (along with mass and spin) the momentum p  and one 
of the components of the spin vector

Jk = —— iv̂ n̂ , tn

where rfp is a unit four-vector orthogonal to the four-momentum Thus the full notation 
for a particle state vector is

\p9 a\ m9 J ; C>,
60

( 1)
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where a is the eigenvalue of the operator J 3, while C refers to all remaining variables. We 
shall sometimes omit for brevity the letters m, and C from (1) (if this does not cause mis
understandings) and write instead of (1) simply

\p, o).

Our problem consists in finding an explicit form of the unitary transformation of the state 
vector (1)

\p, <;> -  U(g) \p,o),  (2)

induced by an element of the quantum mechanical Poincar£ group g.
A transformation of the classical Poincar6 group g = (a, A) is given by a translation four- 

vector o'' and a real 4 by 4 Lorentz transformation matrix A. In the quantum mechanical 
group, a homogeneous transformation may be written in the form of a unimodular complex 
2 by 2 matrix A, while the four-vector o'' may be associated with the Hermitian matrix 
a = o^a*, so that the element g of this group is £(a, A). The Lorentz matrix A is defined in 
terms of the matrix A; specifically, the transformation of a matrix b =  op*

b' = AbA+

corresponds to the Lorentz transformation

b'* = A*Jb\ (3)

where A(±A)  = A(A) (see Chapter 3). Instead of the multiplication law of the classical 
Poincare group

(fli, Ai) («2, Az) =  (ai+Aiaz, A iAz)

the multiplication law

(&i> A±) (a2, A2) = (a^-r Ai&zAp AiAz)- (4)

holds in the quantum mechanical Poincar6 group. The unit element is (0, 1); the inverse 
element is equal to

(a, A )-1 = ( - A - 'a A - 1*, A -1). (5)

An inhomogeneous transformation (a, A) was defined as a homogeneous transformation 
(0, A) followed by a translation (a, 1); in fact, in this case (4) then reads

(a, A) = (a, 1) (0, A) = (0, A) (A ^ a A -1*, 1). (6)

Thus, to find the unitary representations U(a, A) it is sufficient to find separately the unitary 
representations U(a, 1) of the translation and U(0, A) of the homogeneous subgroups.

The unitary representations U(a, A) of the quantum mechanical Poincare group were found 
by Wigner.(23) The method of induced representations used to construct U(a, A) rests on the 
concept of the little, or stationary, group. We shall not touch on the mathematical questions 
connected with this method and its application to the Poincar6 group, referring the reader 
to the specialized literature/ 485
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§ 4.2. Transformations and momenta. The little group and the Wigner operator

Let us consider the subgroup of translations. Its representations satisfy the commutative 
multiplication law

U(ai, l)U (a2, 1) =  U (ai+a2, 1), (U(0, 1) = 1), (7)

reflecting the fact that translations in different directions do not influence one another. 
Since the relation between the matrix a and the four-vector aM is one-to-one, the represen
tations (7) coincide with the representations of the translation subgroup of the classical 
PoincarS group. Translations form [an algebra of the subgroup with four continuous pa
rameters^. The operator of an infinitesimal transformation (5a, 1), by (1.34), is equal to 
U(5a, 1) =  14 iPji 5a**, so that a finite transformation U(a, 1) is

U(a, 1) =  e 'V ". (8)

Applying (8) to the states (1), when the momentum is diagonal,

U(a, 1)|/?, a) =  el'Pa\ p, a).

Apart from variables not connected with space-time symmetry, the states (1) exhaust the 
possible states of a free elementary particle with mass m and spin J. The completeness con
dition for the system of states (1) for given m and J  may be written in the form

Z  J  M p )\P> °) </»> °  I =  (9)o

where dp(p) is the invariant volume element in momentum space. Any state in (9) may be 
obtained from some chosen state using a Lorentz transformation, since by definition 
elementary particle states transform via irreducible representations. Bearing in mind that the 
value of the mass m2 = p2 is given, we find

dfi(p) = p0b(p2- m 2) d*p = fio—  (Po >  0), (10)
0

where /x0 is an invariant factor which we shall set equal to 1. For this choice of dp{p) the 
orthogonality condition for the states (1) must be written in the form

(p \ o'\p, a) =  2pob{p-p')baa- (p0 > 0 ). (11)

Any elementary particle state | W) may be represented in the form of an expansion in basis 
states | p, a ):

=  p > ° ) ¥ , p , o ) , (12)

where the function ip(p, a) may be called the Wigner wave function of the particle. The scalar 
product of two states | <P) and | W) may be expressed in terms of their Wigner wave func
tions:

(0 \ 5/> =  z J ^ ^ ( p , o ) V0»,er). (13)
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As is usual in quantum mechanics, for the existence of the scalar product (13) it is essential 
that the wave functions (p and y  be quadratically integrable. The four-momentum matrix 
p = o^p*1 transforms via the formula (see (3.17))

P ' = ApA+, p f̂  = A /{A )p \ (14)

Let us distinguish among the transformations A those A(p)  which leave the momentum 
matrix invariant:

A ( p ) p A + ( p ) =  p. (15)

The form of the matrix A(p)  will, of course, depend on the choice of p.  The product Ai(p)  X 
A 2(p)  of two matrices Ai(p)  and A 2(p)  with the property (15) also does not change p, i.e. the 
set of matrices A(p)  forms a subgroup of the unimodular group. This subgroup is called the 
stationary subgroup L(p) of the momentum p or the little group belonging to the momen
tum p.

Thus for every value of the momentum p  one may define the little group L(p) and, con
sequently, considering different momenta, we must introduce the set of little groups 
L(pi),L(p2). . . .

It is natural to expect that the little groups L(p) and L(p) belonging to the momenta p and 
p have the same form (i.e. are isomorphic), if the momenta p and p may be connected by 
a Lorentz transformation. In fact, let us set

p =  a(p,p)p<x+(p,p). (16)

It is easy to check that if A(p)  refers to the little group L(p), i.e. A ( p ) p A +(p)  = p, the matrix

A(p)  = a -^ p , p) A(p)oc(py p)

belongs to the little group L(p) of the momentum p, i.e. the relation A ( p ) p A +(p)  = p holds. 
Fixing a(p, p) we may form from every matrix A(p)  the matrix A ( p \  and vice versa. In other 
words, there exists a one-to-one relation between the sets of matrices A (p)  and A{ p ), while 
the groups L(p) and L(p) have identical structure. As a consequence of this, it is sufficient 
to consider the little group belonging to a particular chosen momentum p for momenta p 
with the same value of the invariant p2. The momentum f  is called the standard momentum.

The transformation (16) taking the standard momentum p into the momentum p is not 
unique. It is obvious that two transformations a(p, p) and a(p, p) A(p)  differing by a matrix 
A (p )  in the little group L(p) of the standard momentum will lead to the same result:

x(p,  p) A(p)  pA+{p)ct+(p ,  p)  =  oc(p, p )  p x+ (p ,  p).

We may, however, fix a(p, p) by demanding that it always be chosen in a definite way. The 
operator a is called the Wigner operator. Setting the form of the Wigner operator, we may 
find the connection between any unimodular transformation A and the corresponding 
transformation of the little group A(p).

Let the transformation A take the momentum p into p ':

ApA+ = p '. (17)
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The momenta p and p' may be obtained from the standard momentum p using <x(p, p) = x(p):

a(/»)pa+(/») =  p, a(/»')p*+(/»') =  P'- (18)

Inserting expression (18) into (17) and multiplying from the left by x~l(p') and on the right 
by a -1+(/>'),

a~1(p ) Ax(p) pa+(/>) A+oc~1+(p') = p.

This means that the matrix
*~'(p')A«(p) =  A(p,  A) (19)

belongs to the little group of the standard momentum p . From this we conclude that any 
unimodular transformation A may be represented in the form of a product of three matrices:

A = * (f)A {P 9A)*-*(p). (20)

Fixing the Wigner operator a, we have thereby established a one-to-one relation betwen 
transformations of the homogeneous group A and transformations of the little group 
A ( p , A). This fact is crucial in the construction of unitary representations of the Poin
care group.

The little group and the Wigner operator for m2 > 0

In this case it is convenient to choose the momentum in the rest state: pM = (m, 0, 0, 0) 
as a standard momentum p. Then the matrix of the standard momentum is p = mE, i.e. 
proportional to the unit matrix. Transformations of the little group L(p) belonging to this 
standard momentum must thus, by (15), satisfy the condition

A(P)A+(P) = E, (21)

which is just the unitarity condition for the matrix A(p).  Consequently, the little group in 
the case of timelike momenta is the subgroup of unitary transformations SUz, which is the 
covering group of the rotation group.

The Wigner operator a(p) is defined for m2 >  0 by (16) up to unitary transformations R in 
SUz \ specifically, the matrices a and ccR lead to the same results. We shall use this freedom 
and choose as a “standard” operator a the operator a (p) which takes the four-momentum at 
rest p** = (m, 0, 0, 0) into a given four-momentum pM using a pure Lorentz transformation 
without rotations. As we saw in § 3.1, pure Lorentz transformations are described by Hermi- 
tian matrices A; for this reason our choice of the operator a is equivalent to the imposition 
of Hermiticity on a :

«+(p) =  «(/>)• (22)

The transformation <%(p) ka(p) = K, where kp = 0, hence takes the three-dimensional 
plane orthogonal to the vector p (and consisting of the vectors k) into the three-dimensional 
plane orthogonal to the vector p (and consisting of the vectors K ). As one may show, the 
condition (22) means that those vectors k which are simultaneously orthogonal to the 
vectors p and p (i.e. which belong to both three-dimensional planes), do not change under 
the transformation.
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Equation (16) for a may be rewritten in the form

*(/>)P«+(/>) = =  P- (23)

Calculation of the operator a thus amounts to the extraction of the square root of the mo
mentum matrix p. To find a, we set, as in (3.28),

a(p) = cosh y+ (o*n) sinh y  (n2 =  1).

From (23) we find cosh /? =  po/m, n = pj\p\, from which we obtain the desired expression 
for the Wigner operator:

_  m + p o + ( o ' p )

a { P )  ~  [ 2 m ( m + p o ) ] 112
(24)

If, as a standard momentum, we choose a momentum k differing from the rest momentum 
p* = (m, 0, 0, 0), the most general expression for a in (16) is

a(p, k ) = <x(p) R<x-'(k), (25)

where R is any unitary 2 by 2 matrix, while a (p) has the former meaning (24). The operator 
(25) in general is not Hermitian. The choice of the operator a in the form (24) [(i.e. with 
the limitation (22)] is convenient for writing state vectors in the canonical basis. In the case 
of the helicity and E% bases a different structure is convenient (see § 4.3).

The little group and the Wigner operator for m2 = 0

The momentum of a zero-mass particle is light-like; p2 = 0. Let us choose the standard 
momentum in the form p" = k(l, 0, 0, 1) so that the matrix of the standard momentum is 
p = k(l+cr3). The little group belonging to this momentum may be found from (15), i.e.

^ (1+<t3M*+ = 1 + <t3. (26)

Let us obtain the unimodular transformation A in the form

A = £  c(p)oM, det A = 1.
M

We may find the coefficients c(p) from (26). In short,

A  = e~'^<9+ (̂cti— (27)

where z is any complex number while 6 is a real parameter (0 0 4.-i). The triangular
matrix (27) is a product of a diagonal unitary matrix u(6) = e~lia,e and a triangular uni
modular matrix t{z) = 1 +  -—(cri+ io2)z:

A=t(z)u(6).\ (28)

The unitary transformations u(6) form the Abelian subgroup U(l) isomorphic to the 
rotation group in two-dimensional Euclidean space (rotations around the third axis):

u (6i ) u ( 62) =  u ( d i + d 2). (29)
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The transformations t(z) also form an Abelian subgroup:

f(zi) f(z2) = t(zi+z2). (30)

The transformations t{z) and w(0) do not commute with one another:

u(B)t(z) = t(ze~w) w(0). (31)

If one introduces the real variables yv y2, (z =  yx+ iyj, then w(0) will describe the rotation 
in the coordinate plane (y±9 j>2) by an angle 0, while /(z) will describe a translation in the 
{yu y 2) plane. Formula (31) is the multiplication rule (4) for the case of two-dimensional 
Euclidean space.

Thus the little group (27) of a light-like momentum is isomorphic to the inhomogeneous 
group of transformations in two-dimensional Euclidean space. This group is the group of 
“generalized” rotations of the three-dimensional plane tangent to the light cone, which has 
the degenerate metric

Let us now find the Wigner operator a for a light-like momentum. For a standard mo
mentum matrix p =  fc(l + 03) the definition (16) may be written in the form

a(/0fc(l+<r3)a+(/>) = |/>|tfo+(a./>).
We note that when acting on the standard momentum matrix p =  k(l+as) the matrices 
y(ffi+/ff2) and (1 — <r3) giye 0. For this reason the Wigner operator may also be written as

a(/0 =  ^o^o-hy(l-h<r3)&3~hy(^i“ ^2)^ (32)

or, because of the unimodularity ofa(/>), in the form

with real a±i and complex a*i. The relation between the matrix elements of (33) and the 
components of the momentum may be found using ak(l+ff3)a+ = p, so that

f “ *  \ _  /p°+/73
(34)k\ 021̂ 21 I I px+ip2 pV-p3) '\  an  J

_  /»°+p3
flU “  k '

P1+ip2a21= k . (35)

Formulae (33) and (35) give the most economical expression for the operator a. Another 
frequently used form for a may be obtained if one chooses a as the product of a pure Lorentz 
transformation H(\p |) along the three-axis and a three-dimensional rotation F(/?)from the 
three-axis to the direction of p:

V(p)H(\p\). (36)
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The rotation matrix V(p) has the form

V(p) = exp {t|/3(o.n)};
__0 _ \P S\ _ _  [P*‘ 3]cos p — , n — - ■«, >

\P\ \[p*es}\

while the Lorentz transformation //(|/>|) is

» ( l , l )  = [ i f  + 1 + « . ( • £ - > ) ] •

Formulae (36)-(38) may be checked by the reader as an exercise.

(37)

(38)

§ 4.3. Unitary representations. Case m2 > 0

Let us turn to the construction of the special class of irreducible unitary representations 
U(0, A) of the homogeneous subgroup of the quantum mechanical Poincare group for 
m2 >  0. By (6) and (8) this allows one to obtain the unitary representations of the Poincar6 
group itself. Under a Lorentz transformation A a particle state vector in the canonical basis 
| p, a) undergoes the unitary transformation

Ip, o) -  U(0, A) | p, o),

where the state is normalized according to (11). Since the momentum p is transformed 
into p = A(A)p, the transformed state must belong to a new eigenvalue p'M of the momentum 
operator :

P M o, A) \ p, a) = U(0, A)A ;P v|p, a) = />;U(0, A) Ip, a). (39)

We have used here the definition (1.39) of the transformed operator PM:

u -^ o , ^)P^U(0, A) = A;(A)PV.

A Lorentz transformation A is accompanied not only by a change in momentum but 
also by a transformation in the space of spin variables a. The transformed state vector 
U(0, A) | p, a) thus may be written in the following form:

U(0, A ) \p, a) = £  I p \  a’) Va.a(p, A), p' =  A(A)p, (40)
o

where the matrix V(p, A) acts on the spin variables a. Let us find this matrix. First of all, 
we find the conditions imposed by the unitarity of the transformation U(0, A). Because of 
(9) and (40), we find

U(0, A) U+(0, A) = J  dfi(p) X  U(0, A) I p, a) (p, a | U+(0, A)
a

= f d*pb(p'- - n?) Y  V '-M -'p , A) I p, a'} (p, a" | V ^ A ^ p ,  A).
a, o', o"

Consequently, U(0, A) U+(0, A) = 1, if the matrix V is unitary:

Nov 6

V(p, A) V+(p, A) = 1. (41)
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The meaning of the matrix V(p, A) may be seen if one uses as A one of the matrices A of 
the little group of the momentum p, so that A(p) pA+(p) — p. Then (40) becomes

U(0, A(p))\p, o) = Y \p , a') Va>a(p, A{p)). (42)
a7

The matrices V(p, A(p)) = V(A(p)) form a representation of the little group L(p) belong
ing to the momentum p.

As we verified in the previous section, the little groups L(p) belonging to various momenta 
are isomorphic to one another, and the relation between their elements may be established 
using the Wigner operator a :

A(p) = «(p) A(p)x~1(p).

As a consequence, it is sufficient to consider the matrices V(A(p)) only for a standard 
momentum p , fixing the operator a(/>) from the start. We thus define the basis vectors of 
the states for momentum p differing from the standard one in terms of the state vector for 
the standard momentum, i.e. we shall fix the transformation U(0, a(p)) as one in which (by 
definition) the internal variables do not change. For a different choice of a (p) we would 
arrive, obviously, at a unitarily equivalent representation.

TfiiK WP cpt
\p ,a) = U(0, <x(p)) | py <r>, (43)

choosing oc(p) in a definite way.
Using the condition (43) we may express the matrix V(p, A) for any transformation A in 

terms of the matrix V(A(p)) for the standard momentum p. Multiplying (40) by U- 1(0,a(/>')) 
we find, in correspondence with (1.29), (4) and (43),

U-*(0, aQO) U(0, A) | p, a) = U(0, A*{p)) \ p, a)
= U(o, A(P))| A tr> = Z ip ,  a') V&o(A(p)). (44)

Comparison with (42) shows that the matrices V(p, A) form a representation of the little 
group of the standard momentum p.

The irreducible representations of the quantum mechanical group will be obtained if we 
choose the matrices V corresponding to an irreducible representation of the little group. 
Here each transformation A for a fixed p corresponds to a transformation of the little group 
A(p) of the standard momentum p :

V(p, A) = V(A(p)),
A(p) = o rx( / )  Ax(p) = A(p, A), 

P' = A (A)p.
(45)

As was shown in § 4.2, the little group of the momentum pM = (m, 0, 0, 0) is the unitary 
group SU2 considered in Chapter 3. The unitarity of the transformation A(p ,  A) is easily 
checked:

A A + = a~ \p ') A x\p ) A+a~1+(p') — x~ \p ')A  — A +<x~1+(p') = A +A  =  1.TYl
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The matrix V(A) thus coincides in the case of spin J  with the unitary (27+ 1)X (2 /+1) 
matrices rDJ{ A) of the group SU2, studied in Chapter 3:

V00,(A) = V U A ) .  (46)

One may now obtain the unitary representations of the quantum mechanical Poincar6 
group. Performing the translation (8) on (44) and substituting (45) and (46), we obtain the 
final formula for a unitary irreducible representation U(a, A) of the quantum mechanical 
Poincare group for spin J  in the canonical basis:

U(a, A)\p, a) = eip'a£  |p \  o') ^DJa.a(A(p)), (47)
o'

where is an irreducible (unitary) representation of the group SU2> A  is given by (45), and 
a is equal to the spin projection on the third axis:

Mz\ A o) = a\ p, a). (48)

In the rest state the spin operator /  is equal to the angular momentum M, i.e. it may be 
found from the polarization three-vector J = — (1 fm)tc. Using (43) to pass to state vectors 
with momentum p> we find a general expression for the spin vector in the canonical basis :(44)

where

J m w —p w°
p°~+m

wp 2 p .

(49)

To find the generators M mv in terms of known operators of a finite transformation is not 
especially difficult. The Hermitian generators M mp or Mk, Nk in a unitary representation 
were introduced by formula (1.33) so that in infinitesimal form the transformation U(0, A) 
was written as

U(0, A) = 1 - i \ M ^  = 1 + /M.u>+/Ar.{a. (50)

The parameters and (3 are the same in (50) as in the infinitesimal matrix A :

A — l + /yO»U> + yO»{J. (51)

To find an expression for M  and N  we must write the right-hand side of (47) for a** = 0 
and infinitesimal A , and the left-hand side must be rewritten using (50).

Let us first consider spinless particles (J = 0). In the absence of internal variables a the 
right-hand side of (47) depends on A only via the momentum p' = A(A)p. We thus obtain 
the following expression for the generators of the spinless representation:

M °\P ,J = 0) = —!•[/
_d_
dp \p, J  =  0 ) ,

N ° \p ,J  = 0) = - ip <>— \p ,J  = 0),

p° =

(52)

The quantities Af° and N° are the relativistic orbital angular momenta.
6*
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If the spin of the particle is nonzero, the state vector also changes as a result of the rotation 
of the spin basis which is described in (47) by the matrix A ). Let us write the infinitesimal
form of A(p, A) as

A(P, A) =  l + /|o .6(tu, P). (53)

Then an infinitesimal transformation *7)J is

4 )\A )  =  l+i9N.e(to>, P) = l+ iSN .w +m .p . (54)

Inserting the matrices a and A from formulae (24) and (51) into A(p, A) = cc~1(p') Ax(p), 
we find by a simple calculation,

A(P, A) =  1 + i -  {«.*>+ (55)

Consequently, the angular momentum in the canonical basis for a unitary representation 
has the following form:M4-48)

M  — M°+3K = M °+J, (56)

7V =  TV0+91 = N °+ - P*J  . (57)
po+m

One may verify by a direct check that the operators M  and N  can satisfy the commutation 
relations (1.41).

We present without proof a formula for a finite spin rotation A(p, A) induced by a Lorentz 
transformation. If A describes a rotation (A = A~1+ = R), then [as follows from (56) and 
(57)] the rotation A(p, A) coincides with the rotation R: A(p, A) = R. When A is a pure 
Lorentz transformation (A =  A+ =  characterized by a relative four-velocity
u" =  (cosh /?, n sinh pi), then the rotation of the spin basis is determined by the matrix

A(P, A) -  ( f ° + ™ )^ + i) - (« - r t+ f ( - .lp « « ) )  ,  M o ,  A)
[2(p0+m)(u°+1)((u.p) + m)]w  F 1 2 |[p>c«]| J

(58)

The matrix (58) describes a rotation around the axis p^u  by an angle Q:

where

sin Q = 2b
b2+\pxu\* I p*u\.

b = (tfi+l)(p°+m)+U'p.

As is clear from (58), the spin basis does not undergo a rotation if p  and u are parallel. 
This result also follows directly from the definition (43) of the spin basis for the momentum 
p, since in this case Ax(p) =  a(p').

Helicity basis

In a number of applications it is convenient to use the helicity basis, which differs from 
the canonical one in the replacement of J3 =  (1 lm)w*rfp by the helicity
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i.e. by the projection of the total angular momentum on the direction of motion. It is clear 
that the helicity is invariant with respect to three-dimensional rotations (and translations). 
The covariant expression for the helicity in terms of the pseudo-vector wx or the spin 7 has the 
form

1 = 1 ^ ) = / . # )  (59)
m

in which the unit vector ftp  is orthogonal to the momentum, ffippx = 0f (/i(3))2 = — 1, and 
belongs to a two-dimensional plane passing through the vectors pu and pM = (m, 0, 0, 0). 
It is obvious that the eigenvalues of A are the same as those of the spin projection: A = — 7, 
—74-1, . • 7.

Let the momentum form an angle # with the z-axis, and 99 be the angle between the pro
jection of p  on the (x, y) plane and the x-axis. We shall choose a in the form

oc(p) = R((p, 0, -  (p]eW = h(p) = h(p, 0 ,99), (60)
where

s i n h = \p\jm  (0 <  99 7t, 0 tt).

The operator (60) corresponds to that transformation of the standard momentum p  which 
first “boosts” the momentum \p\ — p  along the positive z-axis, using a pure Lorentz 
transformation and then takes it by the rotation

R(tp, 0, - 99) =

into the momentum p . Here the parametrization of the momentum has the form

pu = m(cosh /?, sinh /? sin $ cos 99, sinh /? sin # sin 99, sinh /? cos ft).

In the case of motion with momentum | p  | along the negative z-axis, R must be chosen in the 
form R(0, — 71, 0).

Thus the helicity basis consists of the 27+1 states with - 7 < A < 7  defined by formula 
(43) with the operator <%(/>) in the form (60), or

I p. A) =  | p, 0 , 9 , A) =  U(h(p, 0 , tp)) | A A), (61)

where A = 73 = a in the rest state. The general formulae (43), (45), and (47) also apply in 
the helicity basis, but the operator oc(p) is now chosen in a different way than in the canonical 
basis.

The rotations (45) belonging to the little group must be written in the helicity basis using 
the operator h(p) [see (60)]:

A{p, A) = h - \p ')  Ah{p), (62)

where p' = A(A)p. If A describes a rotation, A+ = A-1, then A(p, A) corresponds to a 
rotation of the spin basis around the direction of the momentum. Here the state | p, ft, ?; X) 
is multiplied by a phase factor (the helicity does not change).

If A is a pure Lorentz transformation along the negative z-axis, so thatp  = \p \e ,-~  —p, 
then V = Here the helicity basis (43) undergoes a rotation

'Dixie***’') = V i i io A  = ( - l f ’ t , ,

i.e. the helicity changes sign.
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The choice of a (p) in the form (60) singles out the positive direction along the z-axis. 
Passing to the rest state by (61) the particle helicity X always stays equal to the helicity 
projection J*e2 on the positive z-axis. Instead of (60) we could have defined a different 
operator h~(py #, cp) for which the negative z-axis would have been singled out:

h~(p, #, <p) = R(<p, #,

Acting with it on a state vector we would have obtained a particle with momentum — p, 
while the helicity X would have corresponded to the projection of — Jz in the rest state:

I -/>> =  U(A-(p, 0, <p)) |p, <t)\o=-a. (63)

We note that the operators h and hr contain the same rotations R(<py #, —qo). For <p = % =  0 
he relation between the states (61) and (63) has the form

I -/>> *>- = ( -  lY-'e-i"** |p, X). (64)

Consequently, the transformation from the state (61) to the state (63) includes not only a 
rotation by n around the 7-axis, but also the introduction of an additional phase factor. 
States of the type (63) along with (61) are used in describing two-particle states (see§ 4.6).

Other bases

In scattering experiments particles are characterized by their momenta. For this reason, 
the canonical and helicity bases, in which the momenta are diagonal, are most frequently 
used.

The expansion of a state in angular momenta corresponds to the angular momentum 
basis.(47) As variables describing the particle state one chooses the square of the angular 
momentum M2, its projection M 3, the helicity X, and the energy P0.

In another angular momentum basis—the L*J basis(48)—the states are characterized by 
the eigenvalues of the operators L2, £ 3 , and , where

L

is the orbital part of the generator M  [see (56)].
In some relativistic applications, and also in the theory of infinite dimensional multiplets, 

the basis of the homogeneous Lorentz group is used.(49, ^  In this basis the operators 
and ^ vAaM'iUVAfAa, (the invariants of the homogeneous group), and also M 2 and Af3, 

are diagonal.
In applications connected with the use of infinite-momentum rest frames, the E{2) 

basis(51) is convenient, in which the operators
Ei = A/01+ M 31 = Ni+M%, |
E% ~  A/o2~i~ A/32 = N%~Mi. j

are diagonal. Together with Af12 = Af3 the operators Ei and E2 form the system of gener
ators of the Euclidean subgroup E(2):

[ £ 1 ,  £ 2 ]  =  0, [Mzy £ 1 ]  =  z £ 2 , [Mz, £ 2 ]  =  — / £ i . (66)
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Transformations of the subgroup E(2) leave invariant the plane x° — xz = 0 tangent to the 
light cone.

Depending on the choice of the complete system of diagonal operators there are two 
different E(2) bases (for given 7 and m) :

yp — yp
E19E1,P e = P * - I* 9 Jf= p o Z I »  (^-basis),

Ely E2, F = G = \ e MVkrM»vM *  (£-basis). .

In the E-basis the operator 7f has the meaning of a spin projection. In fact, on the one 
hand, [7f, E J = 0, while, on the other hand, in the rest system 7f coincides with the pro
jection of the angular momentum M. The eigenvalues of JE are thus —7, —7+1, ...» 
7 — 1, 7. An expression for the components 7f and 7f may be found using the commutation 
relations (1.41) and (1.51), specifically:

=  (68)m

The operators 7f (k = 1, 2, 3) form an “angular momentum vector”, i.e. satisfy the relations

Uf> Jf] =  •

In contrast to the spin operator Jk in the canonical basis, the operator JE commutes 
with the generators Ei and E2. Since

w2 =  - m \ J Ef  = —m2J(Jp  1)

the eigenvalues of (JE)2 coincide with the eigenvalues of the spin, i.e. the vector JE deter
mines the spin in the .E-basis.

§ 4.4. Spinor functions and quantum fields for m2 > 0

The representation U(a, A) of the quantum mechanical Poincare group (47) depends on 
momentum. The same Lorentz transformation A in states with different momenta and spin 
7 ^ 0  may be associated with the unitary matrices A  = a _' 1(p') Aoc(p) describing rotations 
in spin space. If we had passed to coordinate space using a Fourier transformation we would 
have obtained a nonlocal transformation law. This dependence on momentum is, of course, 
purely kinematical in nature.

Let us pass to a new spinor basis of states whose transformation law does not depend on 
momentum. We consider first particles with spin -- and mass m  ^  0. The unitary matrix A  in 
this case is equal to A  = a-1^ ')  Aoc(p) (p' = A(A)p), i.e. the product of three unimodular 
matrices.

Let us introduce the spinor states(52,53) f

IP, o) = X \p, a’) ac^(p). (69)
a'

t  Let as recall that the nature of the indices of the matrices B and DJ{B) is defined by properties of the 
matrix B (see the end of § 3.3).
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From the transformation formula (47) or

U(0, A ) \p ,o )  = '£ I p \  a1) (x-Hp’) Ax(p))a.a
o

we conclude that the transformation of the states (69) does not depend on momentum

U(0, A)\p, ff) = £ |p \  o’)Aa.0, (70)
o'

and is given directly by the matrix A, as in the case of the spinor (fundamental) representa
tion of the homogeneous group.

The normalization condition for the states (69) is

(p \ a' [p, a) = <p\ a' \ p,

= 2p0b(p-p')  («~2)o'a = 2p0d(p-p') (a°Po ^ ' P^a'a >
m (71)

a "2 =  mp-1 =  -£• =  (aa+)-1 , m

i.e. in passing to simple transformation properties one has lost orthogonality. The complete
ness condition is now

In the case of particles with spin J >  -- and mass m >  0 the unitary matrix V(A) is equal 
to the matrix <7)J(A)  of the rotation group. The matrix <7) J(A)  is defined only with respect 
to the unitary matrices^; thus in calculating O y(a ~ \p ') Aoc(p)) with nonunitary a and A we 
cannot use the group multiplication law. However, as was shown in Chapter 3, the matrix 
Q \ A )  coincides with the matrix O (7,0)(^) s  D*(A)  for unitary A.  The matrices D J( A ) y 
being representations of the group SL(2, c), are defined here also for nonunitary unimodular 
matrices A. Thus, using the group multiplication law, we may decompose D J(A)  into three 
factors:

W (A )  = jy(A) = zy(*~i(p')A«(p)) = iy(oc-\pf))iy(A)iy(a(p)).

Acting further in analogy with the case of spin J  = we may introduce the new basis 
states152’53).

IP> = J )D JA * - \ p j ) .  (73)
o'

The transformation law of these states does not depend on momentum; for p — p’ =  A(A)p 
instead of (70),

U(0, A) |p, a; J) = Y,\P’> S \  J ) f t M Y  (?4>
o'

The normalization condition (71) is replaced in the general case by the condition 

(P, a; J \P \ o'; J) =  2p0fi(p-p ') (75)
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while the completeness condition for a given mass m > 0  and spin 7 is

06 )

The role of the momentum matrix p in the case of higher spins is played by the matrix 
.D^p), while

Z>1/2(p) =  P- (77)

The generators of infinitesimal transformations Mk and Nk in the spinor basis may be 
calculated directly from (74):

Mk = M$+Jk, Nk = m - i J k, (78)

where Jk is the (27+ l)-row spin matrix, T2 = 7(7+1), and Mk and Nk describe the orbital 
angular momentum. If A = is a 2 by 2 Lorentz transformation matrix, the
(27+ 1)X(27+1) matrix D \A )  is

D*(A) = (79)

In the particular case when + =  p/m =  e1®'9, formula (79) gives

where sinh /? =  \p\fm  and 7  is the spin operator.
Equations (73)-(76) describe properties of spinor states. The local nature of the trans

formations (70) and (74) of these states makes them very convenient as a starting point for 
the introduction of local quantum fields 9?(x) depending on the coordinates x  as parameters.

Let us now introduce creation and annihilation operators. The single-particle state 
\p, a\ 7, m) may be thought of as the result of applying a creation operator a+(jp, o; 7, m) 
to the vacuum state 10):

\p, a\ 7, m) = a+(p, a; 7, m) |0). (81)

Since only particles with mass m and spin 7 will be considered below, one may omit m and 
7 from the identification of the state.

The vacuum |0) is a homogeneous and isotropic state of lowest energy:

7*|0> = 0, ^ ,1 0 )  =  0,

and, consequently, is invariant with respect to relativistic transformations:

U(a, ^ ) | 0 ) =  |0>. (82)

Knowing the transformation properties of the states, it is not hard using (81) and (82) to 
find the way a+ transforms. In order that (47) hold:

U(a, A )\p , a) = Y,^°\P'>  <0 'Z& O *-V ) A<P% P' = A A)p,a'
a+ must transform according to

U(a, A)a+(p, a) U- 1(a, A) =  ^ ' aa \ p \  a') 0 ) iJ ^ - \p ')  A<x(p)). (83)
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The annihilation operator a is the Hermitian conjugate of a+ As a result of the normal
ization (p \ a \p y a) == 2p0bwfb{p —p'), the commutation relation between a and a+ is

[a(p, a), a+(p\ a')]T = 2p0bâ b{p-p%  (84)

where the sign 4= refers to commutation (anticommutation) in the case of Bose-Einstein 
(Fermi-Dirac) statistics. We shall assume that the statistics of the particles is known. In 
what follows we shall dwell on the connection between spin and statistics.

The Hermitian conjugate of formula (83) describes the transformation properties of the 
annihilation operators:

U(a, A) a(p, a) U~\a, A) = £  e-*°0)l<{s.-\p) A ~M P')) <P', o'). (85)

In (85) the fact that rf)1 is a unitary matrix has been used.
In what follows it will be convenient to have another way of writing the formula (83) for 

a+. Since A-1 =  C~1ATC (see Chapter 2), one may write instead of (83) the expression

I  U(a, A) D U C -1) a+(p, a’) U ^ a ,  A)
a'

=  ^ D ^ A C ' 1)a+{p; <7"). (86)

This means that DJ(C~1)a+(p) — ^ ^ ^ ( C -1) ^ / * ,  o') transforms in the same way as
o'

the annihilation operator.
One may pass from the operators a and a+ to the spinor operators Z/(a)a and DJ(ocC~1)a+9 

which transform locally according to the (/, 0) representation of the Lorentz group; for 
example:

U(0, A) [jy(cc(p))a(p)\ U-!(0, A) = D>{A~') [D*{o:{p j)a{p')\.

As a basis for the spinor operators Z>/(a)a and DJ(<xC~1)a+, one may construct the quan
tum fields cp(a+) and ^ -) :(54, SS)

9&(x) = 1 - 0 -  £  D M  a{p, o’)e~»*, (87)

& * * ) = ^  J ^ ^ D i A z C - ^ a + i p ,  (88)

where the form of the exponent is determined by formulae (83) and (85).
A unitary transformation U(a, A), when acting on the fields <̂ +)(x) and transforms

them into the fields

u (a. A) ?£>(*) U-Ha, A) = £  D U A ~ l) <p£>(Ax+a), (89)

i.e. U(a, A) produces translations and rotations in x-space corresponding to the element 
g  =  (a, A) of the Poincar6 group <J)\.

Up to now, when considering the Poincare group, we have not been interested in the 
difference between particles and antiparticles since their relativistic properties are the same.
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However, when constructing a local field operator cp(x) containing both creation and anni
hilation operators, it is natural to demand that the field <p(jc) have a simple phase transfor
mation law (p(x) — e*fy(jc). Under phase transformations the operators for creating particles 
a+ and antiparticles transform in an opposite fashion : if a* — a+e~id, then b+eld. 
We must, then, write the field 9? in the form

<p(x) = ?^Kx) + V?i~\x), (90)

where (p<b~) is given by the same formula (88) but with the operator b+(p, o) in place of a+ 
(p, a). Here j? is a phase factor.

Because of (89), the field <f{x) transforms locally under Lorentz transformations. Let us 
now see if the field may be considered local in the sense that the commutator or anticommu
tator [<p(x), <p+O0]T vanishes for space-like intervals (x—y f ,  i.e. let us see whether the 
causality principle holds for <p(x). Forming the anticommutator (commutator) and using 
(87), (88), and (90), we find

[?.(*), -  i s , *  J  f ^ ( £ )

-  w c-(-ir) J $
where we have used m aa+ =  p and DJ(— 1) =  ( —1)2/.

The right-hand side of [<p(x), 9>+00]± is equal to zero for (x—y)2<  0 if the bracket in the 
integrand contains the difference of exponents, i.e. if

± ( - l ) V = - l .  (91)
Equation (91) is possible only for

= h  ± ( —1)2/ = — i. (92)

Here the upper sign refers to the anticommutator or Fermi-Dirac statistics, while the lower 
sign refers to the commutator or Bose-Einstein statistics.

Formula (92) expresses the well-known connection of spin with statistics: particles with 
half-integral spin J  = - ,  -§-, . . . ,  obey Fermi-Dirac statistics, while particles with integral 
spin, equal to 0, 1, . . . ,  obey Bose-Einstein statistics. Thus the (2J+ l)-component fields

<pW = (2^ j ^  {D\*)a{p)e-»*+iy{xC~i) b+(p)e^} (93)

not only transform locally by virtue of (89),

U(a, A) cp(x) U- 1(a, A) = A- 1) y(A x+ a\ (94)

but also satisfy the locality condition in the form

[<P(*)> 9?+0’)]± =  0, { x - y f  < 0, for I fermions I (95)
( bosons J

This condition holds if the normal connection between spin and statistics exists.
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We note that the field cp{x) may not even have an energy-momentum density Tv̂ {x) or 
other local observables. In the case of higher spins 7 s*1 the definition of such local quan
tities meets with difficulties.

To conclude this section, we discuss the method used above for describing a system with 
m2 7̂  0 and spin 7. In this method we chose the rest state |0, a0; m, 7) as a standard state. 
States with arbitrary momentum | p, a0\ m, 7) and the same spin projection cr0 were obtained 
from the standard state by theLorentz transformation U(0, a(/>)). This corresponds to the 
fact that the same state |0, a0\ 7, m) given in a stationary system of coordinates may be 
observed from the coordinate origin of various frames of reference moving with velocities 
v = —p[po, where v takes on all values 0 <  |p| <  1 and all directions v/\v\. Rotating the 
frame of reference, we can obtain states |/>, a; m, 7) with various a{—7 a 7).

Thus to obtain a complete system of states \p, <x; m, 7>, it is sufficient to subject the stand
ard state 10, <70; 7, m) to all possible transformations of the homogeneous Lorentz group.

Passing from measuring devices placed at the coordinate origin of moving systems to 
devices in the same system at some point x, we perform the translation U(x, 1). For any 
creation operator a+(p, a) or annihilation operator b(p, a), we may then define the translated 
operators a+(p , a)eipx and b(p, o)e~ipx. The set of all translated creation and annihilation 
operators gives us a full description of a field. The invariant sum of all these translated 
operators U(x, 1 )a(p, a) U- 1(x, 1), taken with weight D(oc(p)), is just the field operator 
<p(x). Consequently, the existence of the field operator q>(x) is closely connected with the 
PoincarS group.

§ 4.5. Unitary representations in the case m — 0. Equations of motion

The Wigner method for constructing unitary representations*23* set forth in§ 4.3 [formulae 
(39)-(45)] holds as well for the case of particles of zero rest mass. The irreducible unitary 
representations for p2 = 0 and p0 >0 are also defined by the irreducible representations of 
the little group of the standard momentum. In § 4.2 it was established that the little group 
of a light-like momentum p2 = 0 is isomorphic to the group E(2) of rotations and transla
tions in the Euclidean plane [see formulae (28)-(31)]. If we find its irreducible unitary 
representations, we will at the same time obtain the behavior of a state vector of a massless 
particle under transformations of the PoincarS group.

A transformation of the group E{2) is given by a unimodular 2 by 2 matrix K  of the fol
lowing form [see (28)]:

K  =  t{z) u(0) =  (1 + j :(o1+ia2)z)e- i*<T*9, (96)

where z = yi+i)>2, the parameters yi, y 2, and 6 are real, and the standard momentum is 
equal to pp =  k( 1, 0, 0, 1).

Let Y|p, be the desired matrix of the irreducible unitary representation q of the group 
E(2) corresponding to the transformation (96) with parameters y i , y 2, and 6. The quantities 
|  are variables characterizing the components of the representation of the group E(2). 
As a result of the noncompactness of this group, its representations may be infinite-dimen
sional and the variables |  may take on a continuous set of values. The state vector of a 
particle with m =  0 may then be written in the form |/>, I; q).
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The transformation law of a state vector \p, q) induced by the transition to a new 
frame of reference x — x' = A(A)x+a is obtained directly from the general formula (40) by 
making the substitutions a — £ and

V A p, A) =  Va.„(Mp)) -  YA K ), (97)
specifically:

U(0, A) \p, | ; e) = £  \p', ; e> Y^{K). (98)

The form of the matrix K is given by (96), while the dependence of K on momentum and 
the matrix A may be found from (19) or (45):

K(p, A) = A(p, A) I =  kA p ’) A<x(p), p' =  Ap.
j m=0

Since the group E(2) is similar to (J)\ in the sense that E(2) is also an inhomogeneous group, 
one may use the apparatus developed in§ 4.3 to study its matrices.

To make the analogy more distinct, we denote a translation in E(2) by t(z) =  [y, 1], and 
a rotation in the (yu y 2) plane by u(6) = [0, u]. An element of the group E(2) is [yy u] = 
Iy> 1][0, w], while the matrix Y may be written in the form

Y(y, u) = U£[yy u] = U£[y, 1] U^[0, u]. (99)

The operator UE[y, u] acts only on the internal variables £ of the state vector \p> £; g \ 
which we shall write for brevity simply as |£), and is the analog of the operator U(a, A). 
The variables £ may be formally subdivided into two parts :£ = (/, y); the quantities /i, t2 
are connected with the representation of the translation subgroup UE[y, 1] in (99) and take 
the place of momenta, while the variables y characterize the “internal” state of the vector 
| /, y) and are connected with the little group of the standard “momentum” t.

In analogy with (47) we may write at once the general form of the unitary representation 
UE[yy u] of the group E(2):

UE[y, u] | /, y> = €>*' £  | />  u), (100)

where the matrix VEy acts only on the variables y and forms a representation of the little 
group belonging to the standard “momentum” t\ t’ =  A{u)ty yt = y \h + y2t2.

Under rotations in the Euclidean plane, the quantity t2 = ^ + 4  remains invariant, and 
thus the representations (100) fall into two classes: t2 >  0 and t2 = 0 (or t1 = t2 = 0). 
If t2 >  0, the “momenta” are different from 0 and take on a continuous set of values corre
sponding to the points of a circle of radius 111 in the (tu t2) plane.

If ̂ = 0 , then UE[y, 1] =  1 in (99), and the matrices U£[0, u] = T(0, w)form a representation 
of the rotation group in the plane, or, more precisely, of the group U(l). These represen
tations, as in well known, are one-dimensional and are characterized by integers or half- 
integers A, so that if u(6) = e"/(1/2)<r̂ , then

Y \ 0, u) = (0 ^  6 <  4tt; X = 0, ±  \ y ±  1, ± f , . ..).  (101)

It remains to clarify the meaning of the invariant quantity /2, and, consequently, the 
meaning of the quantities ti and t2. Since the second invariant of the PoincarS group is w \
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one must first of all find the polarization vector wM = for the state |p, t\ A)
with standard momentum pM = k( 1, 0,0,1):

w»(p) = k ( - M 12,, £ 2, -~Eu |  ^102^
£i =  M01+M 31, E2 = Mo2+M 32. J

The operators E19 E2, and M12 satisfy the commutation relations of the group E{2):

[£i> E2] = 0, [Mi2, £ 2] = — iEu [Afi2, -Ei] = /E2,

commute with the momentum p, and thus may be identified with the generators of the little 
group of a light-like momentum p. This means that ti and t2 are the eigenvalues of the 
generators E\ and £ 2. The invariant spin w2 in the state | p ,1\ A) is equal to

w2 |p, /; X) = - t 2k2 |p, /; A), p» = k( 1, 0, 0, 1).

Consequently, /2 is expressed in terms of the invariant spin operator w2.
Thus in contrast to the case of particles with mass w ^ 0 ,  for which only finite-dimensional 

irreducible representations <T)J are possible, for mass m — 0 the representations of the little 
group contain both finite-dimensional (for t2 = 0) and infinite-dimensional (for t2 >  0) 
irreducible unitary representations. The infinite-dimensional representations should be 
interpreted as a manifestation of infinite spin. But particles with infinite spin are not ob
served in nature, and thus we may discard such representations. The remaining physical 
representations are one-dimensional: = e~lWbx,X9 and may be characterized by the
quantum number A, which is, according to (102) the helicity: A = M*Pj\P\ ((102) is written 
in a system for which pM = k( 1,0,0, 1) and A = M 12).

Since the eigenvalues of the operators £1 and £ 2 are equal to zero for physical represen
tations, ti = t2 = 0, formula (102) implies w0 ~ -Apo, ^3 = — Ap3, i.e. in covariant form

wM= — XpM.

A change in sign of A in general means passing to another particle (which may not even 
exist). The absolute value of A is called the spin of the massless particle.

The physical states with zero mass (m = 0) are thus classified according to their helicity A. 
Each value of the helicity corresponds to one independent state (one polarization state). 
The helicity A may take on the values 0, ± - ,  ±  1, ± |- . . . .

Under transformations of the Poincar6 group, x — x' = A(A)x+a  the state vector 
|p, A) of a zero-mass particle acquires a phase factor, and the momentum changes:

U(a, A) |p, A) = |p \ A). (103)

Here the state with momentum p is defined in terms of the state with standard momentum 
p by (43):

|p, A) = U(0, a(p))|p,A>,

without the additional phase 6. The angle 6 = 8(p, A) depends on the momentum p and 
the transformation A . This dependence may be established in accord with (27) from the
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relation
e-W±{l+o3) =  ± { l + 0 3)A(p, A)±(l + a3)

=  i(l+<r3)or1(i>') Ax(p) i ( l  +<t3), (p' = A(A)p), (104)

since e >ie is equal to the matrix element An . When the Wigner operator a(p) is (32), a 
direct calculation of (104) gives

e-n« (Ap)u 
\(Ap)u\ ’ (105)

where Bi} = (Ap)v denotes the elements of the 2 by 2 matrix B.
In (104) i(l+ < r3) plays the role of a projection operator on the representation with 

v? = fl = 0. Indeed, multiplication of the triangular matrix K  by i ( l  + <r3) gives the matrix 
wi(l+<r3), and, consequently, “translations” in Euclidean space of the little group t(z) =
1 + y(<r1+ ia2) z do not change the state:

r(z)i(l+<r3) =  Id+ tfa).

Let us compare the representation of the Poincard group for a particle with m ^  0 (in the 
helicity basis) and for a particle with zero mass. For w ^ O a  particle with spin 7 has 27+ 1 
independent states differing in helicity X (—7 X ^  7); in the case m = 0 a particle with 
spin 7 has only one independent state with either left-hand helicity (X = —7), or with 
right-hand helicity (X = 7). A wave function for a particle with spin 7 and m ^  0 may 
be represented in the form of a (27+ l)-dimensional column vector formed from for 
m = 0 there remains only one function&j(p) or Under Lorentz transformations the
27+ 1 components of <pJx for m ^  0 transform among one another, since the helicity of a 
particle with mass is not an invariant quantity. In the case m = 0, the helicity is a relativis- 
tically invariant operator, and the only form of the transformation of0^ 7 consists of multi
plication by a phase factor.

We note that the one-dimensional helicity representation for m — 0 may be obtained 
via the limit m — 0 from a representation with m ^  0 and spin 7 = \X\.

The photon, as is well known, has two independent polarization states and not one, as 
would have followed from the classification via the irreducible representations of the Poin- 
car6 group. This means that the photon is described by a reducible representation. In fact, 
the left and right circular polarizations of the photon correspond to the helicities X =  ±  1. 
Under space reflection the left (right) polarization transforms into the right (left); the two 
polarization states of a photon will transform according to an irreducible representation 
of the Poincard group with reflection (see Chapter 6).

Let us find the generators Af and N  in a unitary representation for m =  0. Under an 
infinitesimal transformation

A = 1 + &A = l + /^-(o«a))+y(a*P)

the right-hand side of (103) varies as a result of both the variation of 8(p, A) and the vari
ation of the momentum in | p, X). The spin parts 9K and 9? of the operators M  and TV are 
defined by the variation of 6(p, A ):

-|(l+^3)6(^“,^) = 22(6a“1a+ a~ 16^a)-|-(l+^3)
= /(9R*cu+9l»/3) y(l + 0 *3).
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After inserting eqn. (32) for a we obtain<44)

m  =  ( t + 7 ’ 7 + 7 ’ l ) x’ 

( " 7 + 7 ’ 7 +7 ’ ° ) A\

(106)

All the operators 9K* and 9?* commute with one another; the generators Af =  Af°+9R 
and N  = N°+%  which include the orbital parts Af° and iV° [see (52)] satisfy the required 
commutation relations (see§ 1.3).

Spinor states and equations o f motion

In the case of particles of zero mass, one may also construct spinor states whose trans
formation law does not depend on momenta/56,57) However, for m =  0 there is an addi
tional condition distinguishing physical states, namely: only the one-dimensional represen
tations of the little group E(2) characterized by the invariant w2 =  t2 =  0 correspond to 
physical states. When one passes to spinor states, unphysical (2/+l)-dimensional non- 
unitary representations are introduced. One must thus isolate the physical part of this set of 
spinor states. The resulting supplementary condition is equivalent to an equation of motion 
for the spinor function.

Let X — To use the analogy with the case m ^ O w e  will consider the state vector 
| p , \ )  as a component of the row-vector <pf(p) with (pt±(p) = 0:

<ptip) = (I* t>, 0), <r=± b  (107)

Let us introduce an auxiliary row-vector &0 whose first component coincides with (p) :

<p+(p)=&(p)±(l+o3). (108)

The spinor state \p, a ; -■) for particles with zero-mass may now be defined in analogy with 
(69):

|p ,a ; ! )  = 'Z ^ A P ) ^ ( P ) .  (109)

Adhering to the analogy with the case m ^  0, we postulate that the spinor states (109) 
transform by the rule (70) or

IP\ k )  = U(0, A)\ p, or; £) =  £  |p ’, or'; (110)
a'

These transformation properties of spinor states must be consistent with formula (103) for 
the physical state vector | p, +), which may be rewritten in matrix form for the quantities 
<p„(p) using (104) and (107):

U(0, A) <p+(p) = Z<P$(P') {1(1 +03)<X~1(Pr) Act(P) 1(1 + ff3)}0'a •&
(111)
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Formulae (110) and (111) may hold simultaneously only when the spinor state (109) 
satisfies the relation

Ip, » ;£ )  = £  Ip, o'; i ) X-oip), )

A(p) = <x(p) !-(l + CT3)a Kp)- I
(112)

The matrix A(p) is a covariant projection operator on the component o = \ .  Equation (112) 
defines a light-like spinor.

The matrix A(p) is easily found if the whole calculation is performed using the Wigner 
operator a(/>) =  VH [formula (36)]; then

A (p)=  V H ^ { \+ o3){VH )~'=  V ± ( l+ a 3)V+ =  + (113)

Equation (112) is equivalent to the equation of motion for |p, a; —) when A =  — >  0. 
Multiplying (112) by o0fP — a»p and using (113),

£ 1P, o'; \)(Oop°-O>p)o'e =  0. (114)

The generalization of this result to arbitrary helicity X =  ±  J(J =*• 0) is simple if one notes 
that the matrix Z)ja,(-i-(l±a3)) has only matrix elements with a = a' = ± J .  (The matrices 
DJ{B) depending on the matrix B with det B =  0 were defined in Chapter 3.) We replace 
|p. A) by the (27+ l)-component row vector

ri(P , J) = (IP, A), 0, , 0), (A = J  >  0), (115)

and then introduce the spinor state with 27+1 components

Vtip, D = % \p,o'; 7 ) +a 3)).

whose transformation law is postulated to be

U(0, A )\p ,o ;J )  = YJ\P\ o'; J) D$a{A).
ct'

Instead of (111) the transformation properties of the physical states (115) according to 
(103) and (104) are described by

U(0, X)<pt(p, 7) = {<p+(p \  7)Z)J( i ( l+ a 3) / i ( l+ < r3))}0.

The covariant operator for projection on the component a =  7 of a spinor state is now 
equal to DJ(A(p)), while the condition that the spinor state be light-like reads

\P ,o;J) = Y \ P, o'; 7 )DJa.J(A{pj). (116)
a

Equation (116) is equivalent to the equation of motion for a light-like spinor of helicity 7:

£ |p ,a ;7 ) ( 7 .p - 7 p V  = 0. (117)<r'

Here J  is the spin matrix in the DJ representation.
Nov 7
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We now introduce the conjugate states. Omitting steps which repeat the derivation from 
(115) to (117) we give the result for helicity X = J:

(P, o; J | U-HO, A) = Z  D iA A -1) (p\ a’l J  |,o'
<P<Ap, J) =  E  £>i'(}( 1 +<r3)a-1) (p> J I.

o'

S DtAA(p))(p, a',J\  = (p, a; J |,
o'

where (p(p, J) is the state conjugate to the state (115).
Introducing creation a+(p, A) and annihilation a(p, X) operators via the same formulae (81) 

and (84) as for massive particles, one may obtain the rule for the transformation of these 
operators under the action of U(a, A) from (103) and the conjugate equation. The next 
step—the construction of quantum fields—also turns out to be trivial once one knows the 
procedure for constructing fields with m ^  0 (see§ 4.4) and light-like spinor states.

The neutrino equation

Experiments on /3-decay of pions show that the neutrinos ve and vM have negative, or left- 
handed, helicity (A(i>) = — y), while the antineutrinos ve and vM have positive, or right- 
handed, helicity (A(i>) = -). The states (107) thus describe antineutrinos. A two-component 
neutrino field i<x) may be written in the form [see (93)]

va(x) = (2J)3/2 J {(<x(p))o-ja(p)e-iPx+ (<z(p))a- j b +(p)eii’x, ( /  =  y j ,  (118)

where a(p) is the annihilation operator for a neutrino (A = — y), while b+(p) is the creation 
operator for an antineutrino (A = —). Under transformations x x' = Ax+a  the field 
va(x) undergoes a transformation

U(a, A) va(x) U-1(a, A) = % A£vAAx+ a).
o’

Equations of the type (114) for spinor states entail the Weyl equation for the field v(x):
(c V -d o M * ) =  0. (119)

We note that the choice (36) of oc(p) allows one to rewrite the “wave function” (a(p))<r_ ,  in the 
form

(«(/,))„_, =  (2\p\Y V(p).

As in the case of fields with m ^  0, one can check that for fields with m = 0 the general 
connection between spin and statistics must hold, i.e. particles with zero mass are bosons 
for X =  0, ±  1, . • and fermions for X =  ± ± . . .

§ 4.6. Multi-particle states

The asymptotic in- and out-states have properties of the states of free particles. Each 
particle r in the in- or out-complex is on the mass shell: p, = mj, while the state vector of n 
particles | <x1 . . .  a„) is the symmetrized or antisymmetrized (for identical particles) product of
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single-particle states (see § 1.4). Consequently the in- and out-states may be constructed 
using creation and annihilation operators (for free particles).

Let a+(p2, mJ) and a(pX> mJ) be the creation and annihilation operators for particles 
with spin J and mass m, having momentum p and helicity 1. These operators satisfy the 
following commutation relations:

In the case of bosons:

M M  ntJ\ a+(p'X\ =  6nw,djr 2p0d,yd(p-p%  (120)

In the case of fermions:

M M  m J\ a+(p'l\ m'J')\+ = Sw S^2/?o<5aaMp-M (121)

These relations assume that fermion operators for different mass and spin anticommute. 
(This result has been proven in axiomatic quantum field theory.<32> Then the product of n 
creation operators applied to the vacuum |0) gives a state with n particles:

\pih,  miJu • • • \PnK, WnJn) =  Aa^{p1Xu niiJ i) . . .  a+(pnAn, mnJn) |0), (122)

where A allows for the possible existence of identical bosons: for n identical bosons A =  
(k!)"1/2.

Under Lorentz transformations the states (122) transform as the product of creation 
operators. The explicit transformation properties of the states (122) are easily established 
using (47). These states, consequently, transform according to a reducible representation 
of the Poincare group.

To describe a multi-particle state from the point of view of the PoincarS group, we must 
find the basis vectors of the irreducible representations, depending in an invariant way on 
all specific degrees of freedom of the multi-particle state. Moreover, it is necessary to expand 
the state vector (122) in terms of these multi-particle basis vectors, i.e. to expand the 
product of representations in terms of irreducible representations/58"62* The case of n parti
cles may be studied in the simplest example n = 2.

Let us consider the two-particle state of non-identical particles

11, 2) = \pxku m i J u P ^  ™2J2) =  11)| 2). (123)

These states are normalized by the condition

<1\ 2' 11, 2> = 2p^pidw d ^ d (p 1-p[) d(p2-pQ9 (124)

arising from the normalization (11) of single-particle states.
The generators PM and M mv in the space of two-particle states (123) may be represented 

in the form of a sum:
PM = ^ ( 0 + ^ ( 2 ) ,  M mv = M mv(\)+ M mv(2\ (125)

where PM(i) and M ^ii) 0 = U 2) act only on the single-particle states |i). The mass and 
spin J{ of the state | i) are defined by the eigenvalues of the operators

P2(i) ] i) = mf | i), w \i) | j) = 1) | i), (126)
where

w(i) = (127)
7*
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The irreducible representations of the Poincare group are characterized, as we saw in 
§ 1.3, by the values of the mass m and spin 7. In our case

-  (P^l)  + P„(2))(P*(l) + P ^ 2)) = m2 > 0 (128)

and, consequently, the total spin 7 is equal to the total angular momentum in the center of 
mass system:

P = pi~\-p2 =  0;
here

w2 = w,#)* = -m 27(7+ 1), (129)
where

=  \e?vXr{MvX(\)+ Af”A(2)) (i*(l)+/*(2)). (130)

The canonical or helicity basis in the case of a single-particle state contains four variables: 
the momentum pt and the projection of the spin or the helicity Xr  In the case of a two- 
particle state the analogous variables—the total momentum P and the spin projection Ji3 
or the total helicity A  = J»P/\P\ —do not describe all eight degrees of freedom. These 
variables, together with m2 = s and 7, correspond to only six degrees of freedom, so that 
we must construct two additional variables in order to characterize unambiguously each 
two-particle state in an irreducible basis of the Poincare group.

Let us denote the two additional variables by y x and y2. The two-particle state vector may 
then be written in the form

| P, m\ 7, A; y u  72), (131)

where we have used the same symbol for the eigenvalue of total momentum as for the 
generator itself. The quantities yx and y2 must be measured simultaneously with all re
maining quantities in (131), so that the operators yx andy2 commute with each other and with 
all operators characterizing the basis of the irreducible representation of the PoincarS group. 
Consequently, yx and y2 must be invariant operators, i.e. commuting with all generators 
P x and M mv (i = 1,2):

[yi, P»] = 0, [yh Mfjv] = o. (132)

Let us construct from PM(i) and M^„(0 a set of two invariant operators which do no* 
reduce to single-particle ones, i.e. which do not contain PJJ) and M^ii)  with the same index 
i. It is easily checked that the operators

yi = W/«(l )Pfi, 72 =  w//t(2)Pfl (133)

satisfy these demands. Instead of yx and y2 it is convenient to choose other invariant oper
ators:

U/ =  [ (r fP ^ -m tm 2] -112 Yi. (134)

In the center of mass P = 0 the quantity A is the helicity of the ith particle.
Thus the two-particle basis state for an irreducible representation (m, J) of the Poincare 

group is
|P, m\ 7, A; A2>, (135)

where Xx and A2 are the helicities of particles in the center of mass system, while the remain
ing quantities are given by (125), (128), and (l29).Inthec.m.s.A1—A2isthe projection of the
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spin J  on the direction
P12 = iiP i~ P 2),

so that and X2 are bounded by the condition

U i - ^ 2|=6/ .  (136)

Under Lorentz transformations and displacements the quantities Xi and X2 remain un
changed, so that for J z » J \+ J 2 [when (136) does not limit Xi and X2 in (123)] there are 
(2 /i+1)(2J2+ 1) different states (123) transforming independently.

The invariant normalization condition for the states (135) will be written in the form

(P, m, J ; A; Xlt X2\P', A'; tri, J ’\ ^  b (P -P ’) b im -m ’̂ b j r b ^ b ^ .

(137)

Let us obtain the relation between the product of single-particle states (123) in the helicity 
basis and the basis (two-particle) state (135) of an irreducible representation of the Poincard 
group with mass m and spin J. We first pass to the two-particle variables P and p \2. Instead 
of the relative momentum of p i2 in the c.m.s., let us introduce the invariant mass m = a/ s 
of the two-particle state

Pi2 = ^  (s-K/Mj+Wj)2) p12 = \p12\, (138)

and two Euler angles <p and # describing the rotation R(<p, — <p) from the 2-axis to the
direction p i2. Then in the c.m.s. the product of single-particle states (123) may be written 
in the form

IP12, mu Ji) I pi2i m2, J2)
= U(R(<p, - (p)) {\pne2, Xi\ mu J i>I -Pi2?z, m2, J 2>}

= \ f —  |O,i»;9>,0;Ai,A,). (139)
1 Pi 2

Here we have used eqn. (61) for particle 1 and eqn. (63) for particle 2, so that any two- 
particle state in the c.m.s. may be obtained using the same rotation R{(p, — <p) from a
two-particle state having only momentum components along the 2-axis. The choice of the 
normalization factor in (139) follows from

p\pW(Pi -P'i)KP2-P2) = —I Pl2 \

A Lorentz transformation of the state (139) from the c.m.s. to a system moving with 
velocity P[P0 defines the general two-particle helicity state

| P, nr, <p, Xu X2) = U(h(P)) \ 0, nr, <p, fi; Xu X2), (140)

where h(P) is the Wigner operator (61) in the helicity basis. The states (140) are orthonormal 
in the sense that

(P, nr, y, 0; Xlt X2\P', n i\ <p', #'■, ;j> = b \P -P ')  b \Q -Q ')bXliib^ . (141)
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The desired connection between the bases (123) and (135) or (135) and (140) is expressed 
by the transformation function<58>

<P\ m'; J, A; Xu X2\P, nr, <p, 0; X[, X£ = —  N(J) S (P -P ') b{m-m')bXAb ^tn

X(0; J\ A\ U(R(<p, 0, -<p))|0; q> = # = 0; X i-X a = X)

= — N(J) S(P-P ') 6(m-m') -¥>)• (142)tn

To obtain (142) it is necessary to use (139), (140), and also (when the dependence on J, A 
and tp is desired) the Lorentz invariance of all normalizations [N(J) is a normalization factor]. 
We note that in the c.m.s., wherepn  = ez \pn \, the total helicity is

A =
J-P
I PI

1
IP1 2 I [/l»Pl2+/2*Pl2] — X\— X2 .

The expansion of the state (140) (i.e. the product (123) of single-particle states) may be 
consequently written in the form (2 =  Xi — X2)

|P , m; tp, 0; X» A2> = £  £  N(J) 0, -< p)\P ,nr,J,A ; Xlt X2). (143)
J A =  — J

To preserve the usual normalization (3.95) of the functions it is necessary to choose

N(J) = / 2J+ 1 \ 1/2
I 4* I

(144)

where we use the normalization (124) and relation (137).
Inverting (143) using (3.96), we find an expression for the basis state of an irreducible 

representation (m, J) in terms of a two-particle state with diagonal relative momentum 
p12(m, d, <p):

|P, m; J , A; Xlt X2) = N(J) f  D%(<p, 0, -<p)jP, nr, tp, Xu XjdQ. (145)

Let us now turn to the case in which particles 1 and 2 are identical. The rule for construct
ing states with given J  for identical particles may be introduced using (139) and (145) and 
proceeding from known properties of single-particle states.

Let A12 be the operator interchanging particles 1 and 2:

A\,2{\pu h \  1)IP2* X2\ 2)~} =  \pu Xu 2)|/>2* 2̂*» ! )“ •

Using (63) and (64) we find a phase factor arising from the interchange

Ait{\pe„ 1>| -p e zy X2\ 2>” } = ( - 1 ) ^ ( ^ ^ ^ { I pe„ X2; 1>| -p e zt Xu 2>-}, (146)

where j  = Ji = J2 and /  =  / i + / 2. But because of (145) this result means that

A i2\Py m\ J y A; Xu X2) =  ( -1 )2' + /|P , m\ Jy A; X2, Xi\ (147)
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since e‘nJ> | / ,  A) =  ( —l ) J x \ J , —A). Consequently, the symmetric (antisymmetric) combina
tion corresponds to the choice of the sign + (—) in

- — (IP, m; J, A ;  Xu  A2> ± (-1 )2'+ '|P, m \ J , A ;  A*, Ai»

=  -— =  (I P, « ; J, A ;  Ax, A2) + ( - l ) / |P , m ; / ,  A ;  A2, Ai». (148)

We have eliminated the signs ±  on the right-hand side of (148) using the fact that sym- 
metrization (antisymmetrization) is required for integral (half-integral) spins J , so that 
( -  l)v ( j  integral) = — (—1)2/ ( j  half-integral) =  1.

From (148) it follows that in the case of odd J  the helicities of the particles must be differ
ent (Ax Aj) both for bosons and fermions. For example, there does not exist a two- 
photon state with 7 = 1  and with the same polarizations Ai =  A2 =  ±  1. For exactly the 
same reason there does not exist a two-nucleon state with J  =  1 and the same nucleon 
helicities.



C h a p t e r  5

WAVE FUNCTIONS AND EQUATIONS OF 
MOTION FOR PARTICLES WITH ARBITRARY

SPIN

In the previous chapter it was shown that for zero-mass particles the equations of motion 
are conditions imposed on spinor functions so that they describe physical states transform
ing with respect to irreducible (one-dimensional) representations of the quantum mechan
ical Poincare group. In other words, the equations of motion for m = 0 were obtained as 
a consequence of the relativistic properties of these quantum systems. Such a relation 
between equations of motion and physical representations of the quantum mechanical 
group is a general feature of the approach, and is characteristic also of states with rest mass.

The role of equations of motion consists in the description of the time evolution of a 
physical state. Equations of motion always contain a time translation operator Po, and—by 
covariance—hence contain the spatial displacement operators Pk as well. But these operators 
are generators of the Poincar6 group, as is the angular momentum M mv with which the 
condition of relativistic invariance is formulated.

Equations (4.47), (4.89), and (4.103) for irreducible representations of the Poincare 
group also define the time evolution of the state of a free particle, i.e. they solve the problem 
which is usually posed after writing equations of motion. For this reason, equations of 
motion, as a source of information about non-interacting systems, are not of independent 
interest. Their construction proceeds backwards from a known solution—the field operator 
W(x) or the wave function

u(p> °) — (27r)3/2 (01 ^ (0) | /7, cr), (1)

i.e. in the final analysis, from the properties of the states | p, a). However, knowledge of 
various forms of wave functions and the equations corresponding to them is very useful for 
parametrizing matrix elements and introducing phenomenological interactions.

Equations of motion were first investigated as a basic source of information about the 
properties of relativistic particles. Beginning with the work of Dirac, Fierz, and Pauli,(63' 65) 
many linear equations of various types describing particles with higher spins were proposed.

We shall consider only the Duffin-Kemmer,(66, 67) Rarita-Schwinger(68) and Bargmann- 
Wigner(69) equations, although equations of other types(70~74) also have their merits.

90
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In the past decade the problem of describing particles with higher spins has taken on 
practical significance in connection with the discovery of resonances. It has also revived 
interest in equations of motion (see, for example, refs. 75-79).

§ 5.1. Wave functions, bilinear Hermitian forms, and equations of motion

Let us consider a general method for constructing the wave functions (1) and the derivation 
of equations of motion for them. Under the coordinate transformation x -*■ x' =  A(A)x+a 
the annihilation operators a(p, a) and b(p, a) of particles and antiparticles with mass m and 
spin 7 both transform according to the rule (4.85)

U(a, A) b(p, a) U-Ha, A) =  e ~ * °  £  A ~ ^ { p ' ) )  b(p', o'), (2)
o

p ’ = A (A )p .

The operators
E b+(P , O’), Y % (C ->) a+(p , o')
o' <r

containing the creation operators and a+ also transform analogously under homogene
ous transformations.

Let us introduce the field ^ (x )  for particles with mass m and spin 7:

f 'rM  = ^  J  ^  a P̂' a ê~iPX+V'(P' ff) b + (P’ Oypx}, (3)

which differs from the spinor fields considered earlier (see § 4.4) by the replacement of the 
matrices Dja(oc) and /^ (a C " 1) by the (still undefined) “wave functions* ur(p, o) and vr{p, <*)• 
These wave functions must be such that the field V^x) has the following properties :

1. Under a Lorentz transformation x' = A (A )x  the field ^(x) must transform according 
to a finite dimensional (nonunitary) representation L  of the homogeneous Lorentz group. 
Here

U(0, A) T O  U-HO, A) = Y L r A A - 1) Vr'(Ax) (4)
r'

(the representation L  may be reducible, and the number of components of xFr (x) may exceed 
27+1).

2. The field ^ (x )  must admit the construction of an invariant bilinear Hermitian form. 
This condition is equivalent to the demand that there exist a Hermitian operator g such that

«?(*) grr-VA*) = VAAX) grrVAAx). (5)

The operator g is assumed to be independent of momentum.
3. The field Wr must satisfy a covariant equation of motion in momentum or coordinate 

space and supplementary conditions limiting the number of independent components of 
V, to 27+1.

Condition 1 allows for a broad class of fields. The use of representations of the homoge
neous Lorentz group in constructing fields is motivated by the desire to have locally trans-
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forming quantities instead of the nonlocal transformation law (2). As was already discussed 
in § 4.4, to get rid of nonlocality in the transformation law it is necessary to subdivide the 
matrix V ) entering into (2) into the product of three matrices of different types
depending respectively on a ' 1, A ~\ and a'. These other matrices must refer to a represen
tation of the Lorentz group, but not to the rotation group, since the rotation group does 
not contain the unitary transformations a and A. Thus the Lorentz group plays here the 
role of an auxiliary group essential for the convenient representation of transformation 
properties.

The most economical construction leads to spinor fields <PJ(x) (see§ 4.4) with 2(27+1) 
components.

Spinor functions transform with respect to the representation (0,7) or (7,0) of the Lorentz 
group. If one considers only irreducible representations of the Lorentz group, the wave 
functions ^ (x )  for spin 7 may transform according to the representation ( ju j 2) of the 
Lorentz group, as long as 7 lies between the numbers | j \  —j 21, | j i  —j 2 | - f1, . . . ,  j i  -f j 2. The use 
of reducible representations L opens up broad possibilities for introducing various wave 
functions. A particle with spin 7 may, for example, be described in terms of a tensor of 7th 
rank or a spinor of 27th rank.

Condition 2 significantly limits the possible representations of the Lorentz group by 
which Wr may transform. In accord with (5) the matrix L must be such that

L+gL = g. (6)

holds. Consequently, the matrices L and L“1+ must belong to the same representation of the 
Lorentz group used in constructing the field W. As was shown in§ 3.3, this representation 
must have the form (7,7) or (71,72) + (72,7*1) or must be the direct product of representations 
of this type.

Let us obtain the relation between the matrices L in the transformation rule (4) of the 
field W(x) and the wave function ur(py a). Let er(L) be our choice for the basis of the 
representation L. The vectors of the rest state form a basis for a representation of the rotation 
group: 10, cr, 7) =  ea(J). The matrix taking the basis er(L) into the basis ea(J) is

(er(L), ea(J)) =  crff(L, 7).

If L refers to the representation (7,0), then

(e^J), er((J, 0))) =  (er((J, 0)), ea{Jj) = b„.

Thus the matrix <1)J in (2), describing a spin rotation, may be written in the form

A -H P ’)) = I  c„(J, L) M a -K p )  A -^ ip '))  cr.J L , J). (7)rr'

But the Lorentz matrices L are defined also for the nonunitary matrices a and A, and we 
may decompose L ^x^A ^W )  into three factors, as in the case of spinor fields (§ 4.4). The 
wave function ur(p> a) for a particle with spin 7 is thus

Wr(p, a) = £  Lrr{oc(p)) Cr a(Ly J) = £  Lrr (cc(p)) Ur-(0, a). (8)
r' r'

Here cc(p) is the Wigner operator, so that A(<x) is the Lorentz transformation from the rest 
state pu = (m, 0, 0, 0) to the momentum /A
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Using (2), (7), and (8) it is easily checked that the operator

Ur(/>) = Z  U'(P’ o)a(p, a) (9)

transforms under x — A(A)x according to the rule

U(0, A) Urip) U-HO, A) = u'r{p) = Y.LrriA-1) Ur { P ' ) ,  p '  = A(A)P.
r'

( 10)

The operator
M f)  = Z  vr(p, a) b+(p, a).

a (ID

also transforms analogously, where

V r(P , O) =  Z  L rr ’i & i p y ? - 1 ) C,’a( L ,  J ) .
r‘

( 12)

It is obvious that the properties of the field ^(x) are fully defined by the wave functions 
ur and vr. According to (8) and (12) the construction of the wave functions then reduces 
to calculating the matrix L(<x(p)) of the Lorentz transformation <x(p) in the representation 
Land to establishing the relation cra(L, J) =  wr(0, a) between the basis of the rotation 
group (spin J, component a) and the basis of the Lorentz group (representation L, compo
nent r \  i.e. to the choice of the wave function ur(0, a) in the rest state.

The choice of the correspondence ur(0, a) = cra(L, J) defines the equation of motion and 
the subsidiary conditions which are satisfied by the wave function u(p, a) for any momen
tum. These equations of motion and conditions are just a covariant expression for the rela
tions defining the basis w(0, a).

As an example, let us derive the equation of motion for u(p, a). Let the wave function in 
the rest state w(0, a) be the eigenstate of the operator g, introduced in formulae (5) and (6):

This is the equation of motion for u(p, a). For a suitable choice of the representation L this 
equation may be linear in p.

Equation (14) is covariant by construction, starting with (13). However, to verify the 
relativistic invariance of (14) in the usual way, it is necessary to know the transformation 
properties of the wave functions u(p, a). So far we have considered the transformations 
U(a, A) in the Hilbert space of state vectors | />, a) and not in the space of functions u(p, a)

gu(0, a) =  yu(0, a \  

where y is a real number. Keeping in mind eqn. (8), i.e.

u{py a) = L(a(p))u(0, o \  

we may rewrite the condition (13) using (6) in the form

L(oc(p)<x+(p))gu(p, a) = yu(p9 a)

(13)

or

(14)
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and v(p, a). But it is the transformation properties of the wave functions that are used to 
introduce spinor amplitudes (see§ 7.5).

The transformed wave function may be introduced by starting from eqns. (9) and (10) as 
that function which defines the transformed operator u'(/>):

Ur'(/>) =  £  u'rip, a) a(p\ a), p =  A(A)p.
a

Consequently
ufr(p,o) = L'r'(A~1)ur,(p\o). (15)

But the transformed wave function (15) does not in general have the same form as u(p, a) 
since the relation A<z(p) =  <z(p') holds only for a special class of matrices A.

In the general case [see (4.19)]
Aoc(p) = oc ip ')* -^ ') Aoc(p) =  <x(p')A(p, A \

so that Aoc(p) differs from a(/>') by a spin rotation A(p, A \  undergone by the functions 
ur(0, a). Thus u may be expressed in terms of u' as follows:

a) = £  ur(p', a') <T>ja(A(p, A)), (16)
o'

where we have also used (7) and p' = Ap.
One may construct the conjugate wave function of u(p9 o) : u(p9 a) =  u+(p, o)g. Because of 

(6) and (15) this function transforms according to the rule

w'O', o) =  u(p, e r)!,^ -1),

so that there exists an invariant bilinear Hermitian form

u'(p\ o )u \p \ a) -  u(p, o)u(p, a).

Let us turn to the equation of motion (14). To verify its invariance, it is sufficient to 
learn how the matrix L(p/m)g transforms. We have

where p' =  A(A)p. From this equation and (15) it follows that after the substitution p — p',
(14) will hold for the transformed function u (p \ a), which was to be proven.

In the next section we shall examine in detail the introduction and properties of wave 
functions using the example of Dirac wave functions.

§ 5.2. The Dirac equation

In the case of spin—— particles, the simplest field y>(x) with the invariant density (5) will 
transform according to the reducible representation (--, 0)+(0, A) of the Lorentz group.

The two-component spinor field <p{x) transforming via the representation (—, 0) has 
already been studied in § 4.4:

U(0, A)<pa(x) U-HO, A) = ZA~l<pa.(A(A)x).
o'
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Using only the field cp(x) it is impossible to form an invariant bilinear Hermitian form of the 
type (5) with momentum-independent coefficients, since there does not exist a 2 by 2 matrix 
g with the property gAg"1 =  A~1+. Thus the condition (6) may be satisfied only when the 
number of components of the field is doubled by passing to a reducible representation 
(- , 0) 4- (0, -) , and g is described by a 4 by 4 matrix. Consequently we must consider, along 
with the field cp(x\ also the field %{x) transforming via the matrix A+:

U(0, A )Xa(x)U-1(0, A) = ZA + 'Xa,(A(A)x).
a'

If one now passes to a four-component (bispinor) field y>Jix) (a = 1, 2, 3, 4):

then it will transform according to the representation (y, 0)+(0, y):

U(0, A)V(x) U-KO, A) = S(A-1)ip(A(A)x), (18)

where the matrix S(A) is

Let us introduce the 4 by 4 matrices:

where, as in (19), each number denotes a 2 by 2 matrix. The matrix y5 distinguishes the 
representations (y, 0) and (0, y), while the matrix y4 interchanges them. Consequently, the 
matrix y4 replaces the matrix S(A) by the Hermitian conjugate of its inverse 5“1+(^4):

Y4S(A)y4 = S(A~1+) =  S~1+(A). (21)

Here the conjugate bispinor y = y>+(x)yi transforms by the rule

U(0, A) y(x) U-HO, A) = ip(A(A)x) S(A) (22)

and the bilinear Hermitian forms

ip(x)y)(x) = y)+(x)yty)(x), if(x) ysy(x) (23)

are invariant in the sense (5) with g =  y4, /y4 y5.
The fields y>(x) and y(x) may be expanded in terms of creation and annihilation operators 

for particles and antiparticles:

1 f  d3D 1
¥«(*) = -(2̂ )312 E  2 ^" a) a(P' <*)e~ipx+v*(p, a) b+(p, a)??*},

f i x )  = -(2̂ 3/2 Z  J  ^  {“*(/'* a+(p> o W + V iP , O) K p , o)e-ipx}.
(24)
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In these expansions we have introduced new quantities wa(/>, a) and vj^p, a)—the four- 
component wave functions.

Let us first consider wa. This wave function is defined by the expression (8), or, in our 
case, by

M P ’ °) = s / '(x(p )) M0’ a)- (25>
The wave function in the rest state ŵ (0, a) is characterized by the spin projection a. It has 
twice the number of components needed to describe spin y. The upper and lower compo
nents of w(0, a) (for diagonal y5) transform identically under rotations R  since R  =
Thus, choosing £(cr) as an independent two-component function, we may write w(0, a) in the 
form

The usual Dirac function is obtained for the positive choice of sign if one subjects ŵ O, a) 
to the supplementary condition

y4w(0, a) = w(0, a \  (26)

eliminating the two superfluous components of w(0, a). As we shall see below, the choice of 
the eigenvalue y4 = — 1 leads to the function v(p, a).

Let us find an equation of the type (14) whose solution is u. For this we insert into (26) 
the expression w(0, a) = 5 -1(a) U(P> a) from (25):

a) = {|(l+y5)y4aa+ + y(l-y5)y4(aa+) - 1-l}w(/?, a) = 0.

But the 2 by 2 matrix oc(p)oc+(p) is just the momentum matrix p\m = (llm)(a0p°+o*p). 
Thus if we pass to y-matrix notation (y° = y0 =  y4) :

Yk = YiYs°k =  ( °  ***), yp) = (27)
\<Jk 0 /

this relation takes the form of the Dirac equation in momentum space:

(p — m)u = (y4P°-Y'P-m)u = 0. (28)

Thus the condition (26) which isolates the physical two-component function from a four- 
component quantity is equivalent to the Dirac equation.

The conjugate bispinor u = u y 4 satisfies the equation

u(p—m)  =  0 .

If we had limited ourselves to the two-component field (p(x) (or x(*))> a covariant equa
tion would have been impossible to write. Indeed, a 2 by 2 momentum matrix p, with 
which one would try to construct an equation for<p(/>) =  ( t )  O + V s ) t r a n s f o r m s  as 
p' = ApA+, so that the transformation properties of p<p and my do not coincide with one 
another. A covariant equation is possible only when m = 0 : in this case the Dirac equation 
breaks up into separate equations [cf. the Weyl equation (4.119)] for the components
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v = (—)(l + y5)y and v = y5)y. The functions v and v, of course, are two-component
only in a representation of the y matrices in which y5 is diagonal.

An explicit expression for the Dirac function u(p, o) may be found by substituting a 
concrete expression for a(p) into (25) [under the condition (26)]. For example, in the canoni
cal basis, in which a is given by (4.24),

*(,,„) = l  )  V m  = /('»+P”+(..,))SW\ (29)
v*“1+(/>) £{o)j \ /2  \(m+p°-(o*p)) |(<r)/

Here £(<?) is the normalized spin wave function in the rest state, whose components a = ±  — 
differ by the eigenvalues of the spin projection \ o Z9 so that

sa'fa) = o9 o' = ± \ .

The wave functions (25) and (29) are orthonormal:

u(p9 o') u(p9 o) =  0 {p 9 o') Uf}(p9 o) = 2mb^ , \ 
u*(p9 o') u(p9 o) = 2p0b̂ . j

Another expression for w, which corresponds to a representation of the y matrices with 
diagonal y4, is frequently used. Diagonalizing y4 using the unitary transformation e(vmnli)9

I sw \i<P>o) = {m+p0y 12 j O.p . (31)

Equation (28) for the wave function u(p9 o) allows one to write [using (24)] an equation 
for the part of the field y)(x) containing this function. The equation for y(x) must be the 
same for the part with creation operators as for the part with annihilation operators. Con
sequently, \p(x) satisfies the Dirac equation

(iyM -  m) y)(x) = 0, (32)

and the conjugate field y(x) must satisfy the equation

(id/Jp(x)yfI-\-mip(x)) = 0.

Let us now turn to the study of the wave function v(p9 o) contained in the field y(x). 
Its explicit form may be found from the same expression (8) since the operators

u/3GO = L  Û P ' ff) a(P’ a) and v?(p) = E  v?(p > b+(P> (33)

have the same properties with respect to homogeneous Lorentz transformations. Then

Vfi{p, a) = s/'(a(p)) vfi,(0, a). (34)

From expression (24) for the field ip(x) and from the Dirac equation (32) it is clear that 
v(p, a) satisfies the equation

(p+m) v(p, a) = 0. (35)
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If one follows the derivation of (28) for u(p, a) in reverse, one may easily find the condition 
on v(0, a) (picking out the physical components), equivalent to (35). This condition has the 
form

y4v(0, a) = -v(0, a), (36)

i.e. v(0, a) must belong to a different eigenvalue of y4 than m(0, a). If one does not refer to the 
Dirac equation (32) but demands that the functions w(0, a) and i>(0, a) be independent for 
the rest state, (36) will follow uniquely from (26). It is obvious that the functions u and v are 
orthogonal:

m°(/>, a) va(p, a') =  ua(0, a) i>o(0, a') =  0. (37)

Expression (34) for v(p, a) may now be written in the form

v{p, a) = (  *(' )C™  )v ™ ,
\ - « - 1+(/>)CIV)/

(38)

where C =  — io2, and the spin functions |(a) are the same as in (29). In (38) it is assumed 
that the function v(p, a) is normalized according to

v(p, a) v(p, o') = -2m baa>, 1 
v+(p, a) v{p, a') = 2p0doo'. J

(39)

The functions u and v are sometimes called the Dirac wave functions for states with 
positive and negative energy.

Transformation properties o f wave functions

So far we have been considering the transformation rules of state vectors or field opera
tors constructed linearly from creation and annihilation operators. Let us turn to the trans
formations of wave functions.

The operator u(/>), which involves the wave function u{p, a) [formula (33)] transforms via 
the general formula (10), or, in the case of a bispinor,

U(0, A) u(p) U-HO, A) = SiA’ 1) u(p'). (40)

Let us define the transformed function u'(p, a) by

U(0, A) u(p) U-H0, A) = £  u'(p, o') a (p o ')  (41)

and let us calculate the matrix element of both sides of formula (40) between the vacuum 
10) and the single-particle state \p \ o\a) = a+(p \ o) 10). We have

ufa , o)2p08(p-p") = S f(A ~ x) uy(p\ o)2p'0d(p'-p").

Since 2pod(p—p') is invariant with respect to Lorentz transformations, we find the following 
expression for ufa , o):

u£p, a) = (U(0, A)u\{p, a) = S ^ (A ^ )u y{p\ a). (42)
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This is the transformation ruleforthe wave function u(p, a). Another convenient form of (42) 
is

u£p\ a) =  S /(A )uy(p, a).

With this definition of u' the bilinear Hermitian forms

u (p \ a)u'{p', a) =  u{p, a)u(p, a), 
u (p \ a)y&'ip', o) =  «(/>, a)ytu(p, a).

will be invariant.
Let us consider the infinitesimal transformation ;c“ — x''* =  x*4-coM,x ' and find the gen

erators for Dirac wave functions from (42). This transformation corresponds to the 
matrix

A -  1 - i^ e ,kl Y<r/co'fc-  jO/W0' . (43)

Calculating S{A) by (19) and (27),
S(A) = l —ijo^copy, (44)

= ' i l r .  y” 1- (45)

In the case of the infinitesimal transformation (43), the left-hand side of (42) may be 
expressed in terms of the generators as follows:

Up(P, o) =  (14-i^M ^ 'Y p U ^p , a).

Consequently, the generators M Hr in the case of Dirac functions u(p, <r) have the form

1 1 / 9  9 \
-  ~2at"+ Y  y >f‘ dp' PvW ‘) '  46

i.e. --a^ may be called the spin part of M ^.
The commutation relations between the matrices and yx are the same as between the 

generators M ^  and Px :

[yx, <vl = 2i(gx»yp-gx,y»),
O pr 1 =  4- g>.»0Qv g^ffiX v gX r^pfi)•

Consequently, in a linear transformation of the matrices y*

= S (A )rS ~ \A )  = (48)

the coefficients coincide with those of the Lorentz transformation of a vector AMr(A). This 
means that the matrix p does not change if, along with a Lorentz transformation of mo
menta p* — p'M = AMp(A)p*, one also replaces the matrices y11 by y'M according to (48):

/ " K  =  yMP? = P-

We may conclude from this that the Dirac equation is invariant with respect to transforma
tions of the Poincart group

(y ^ ;-m )  u \p \  a) =  ( y ^ - m )  S~lu(p, a)
= S~1S(y,>‘pM- m ) S - 1u(p, a) =  S~1(yt‘pfl-m)u(j>, a) =  0.

Nov 8
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Since [by (48)] the index p of the matrices yM may be considered as vectorial, transforma
tions of products of matrices yMyv . . .  are easily defined if these matrices stand between 
Dirac wave functions. The quantities uu, wŷ w, and ua^ji are respectively scalar, vector, and 
tensor, and, as we shall see below, the quantities uyBu> uy^y^u are pseudo-scalar and pseudo
vector.

Using the generators Mmv one may write an expression for the covariant spin operator. 
According to (1.50) it is defined as

J i = wyif/) * =  j  e ^ M ' y ,

where
= -  &!k. Prfk) =  0.

Substituting (46) into the expression for we find

Ji = -  2 ^  =  -  2m ' {49)

In the rest state p  = 0, = 0, and the spin projection is

h  =  -ihsV ko  = - b t f f f A t i  =

Here the matrix Ek is to be taken as the matrix akX 1, which in the representation (20) and 
(27) of the y-matrices has the 2 by 2 matrix ak in both diagonal blocks.

Completeness o f the system o f Dirac wave functions and projection operators

The Dirac wave functions u{p, cr) and v(p, o) form a complete set of four-dimensional 
functions for a given momentum p. This follows from the fact that the four independent 
functions w(0, a) and v(0, cr), a = ± ~ , are complete in the rest state (p  = 0). The functions 
w(0, o) and t{0, a) differ by the eigenvalues of the matrix y4 and may be distinguished by the 
projection operators

^±(0) =  i(l± y< ),
/ l+ ( 0 ) w ( 0 ,  o) =  z/(0, a).

States with spin projections cr = ± -  on the direction n maybe distinguished by the projec
tion operator

A(0, ± | )  = |(1 + S .« )  = iO.-tyjjvr*'*)- 

Let us choose a representation of the y-matrices in which y4 and Z*/i are diagonal:

Then the functions u and v take the form

Up(0, \ ) — a / > ̂ (0, y ) ~  \ /r2mdp3 , I
up(0, - y )  = y/2mb&, vp(0, - | )  = y/2mbfii. J

(50)
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The normalization and orthogonality conditions (30), (37), and (39) hold automatically, 
while the projection operators A±(0, a) are equal to

^ y(0, 2 ) J 2 (1+2,,,) 2 (1 + r^}p 2m Up(0, 2 ) wV(0, 2 ) ’

A+m  =  | / i +(o, - ) + / i +(o, =  — E ^ o , o )m p ,0 %

A-fiv(0) = ~ 2 ^ Z v*°> " ) ^v(°> *)•

The completeness of the system of functions w(0, a) and i^O, a) follows directly from its 
explicit form. The unit 4 by 4 matrix is

fy  =  — E{m/0, a)uy(0, a )—v^O, a) t?(0, a)} =  p l+(0)+/L(0)J .

To pass to the case of arbitrary momentum, one may use relations (25) and (34) by which 
all expressions for p  = 0 are subjected to the transformation 5(a):

A±(J>) =S(a(p)) A±(0)S-i(*(p)) =  . (51)

The completeness condition now takes the form

ty -  2^  % a) “vCp> ct) ~  M p> °) &(p > ff)}- (52)

Transforming the projection operator / l+(0, —) to a state with momentum p, we find

A +(p, - j  = %(/>))/l+(0, S ~ y ( p ) )

=  4L  ( ‘ +  r s H  m )  ( p +  m )  =  4^  (1 +  y s H )  ( p + m ) ■ ( 5 3 )

Here the vector r f  satisfies the same conditions as in (49). Since n and p are orthogonal, the 
matrices n and p commute with one another. Thus for p  ^  0 each of the functions u(p, a) 
and v(p> a) is an eigenfunction of the operators p/m and y5n, with eigenvalues ±1.

The normalization conditions for the wave functions (30) and (39) are correlated with 
(24) for the field y(x) and the commutation relations between creation and annihilation 
operators

{a(p, a), a+(p', a'} = 2p0daa-d(p-p').

In short, the equal-time commutator of the fields y(x) and y>+(y) may be written in the usual 
form:

<5<*o-.Vo) {v>J.x), f +fi(y)} =  <5£64(x-.p).

When writing (54) one must use expressions (51) for the projection operators.
8*

(54)
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Properties o f Dirac matrices

The matrices y" and oXr are examples of 4 by 4 matrices acting on the Dirac functions u 
and v. Let us study the properties of such matrices. There are sixteen independent 4 by 4 
matrices yR which may be chosen so that the quantities uyRu are real :

y* =  {1, y ,  o*\ at =  y"y5, iys}. (55)

The matrices yR are orthonormal in the following sense:

Tr (yRy*') =  0, R *  R \
Tr (y Y )  = "T r  K<rJ) =  4gT,

Tr =  4
Tr y*2 =  4.

Any 4 by 4 matrix O may be expanded in the complete set yR:
16

(56)

(57)

The Hermiticity condition for O has the form
0 + = ytOyi, (58)

which by virtue of (55) reduces to the reality of Or .
The matrices yR in (55) are just the matrices and all of their products up to four factors,

since
ys = - i y Y f n  •

The matrices yR in the set (55) may be classified according to their transformation proper
ties. The concrete form of the matrices yR depends on which of them are chosen to be 
diagonal.

It is convenient to have a set of fixed basis (Hermitian) matrices r R. These matrices may
be expressed as a direct product of two systems of Pauli matrices ak and qh as well as the
unit matrices cr0 and g0:

-Too =  £oXffo, -fW =  (?oX<r ky r  iq — QiXtTo> r ik =  QiXOk. (59)

Of the sixteen matrices r R, six are antisymmetric: r o2, T12, T21, r 32; the remaining
matrices are symmetric.

A Lorentz transformation S(A) decomposes into two blocks (19) in the representation in 
which

ys = Q3 X (To, Vi = Q1X (To, yk =  -  iQ2 X ak. (60)

It is just the matrices (60) that were used earlier [see (20) and (27)] in introducing the four- 
component field y(*)* The wave functions u(p> a) and v(p, cr) are given by (29) and (38). 

In the standard Dirac representation of the gamma matrices,
ys = QiX(To, yi = (?3 X(T0, yk = —iq2.X<yk . (6 1 )

Here the wave function has the form (31).
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In the Majorana representation

ys = - e 2x<73, y1 =  QsXoo, y2 = Q2 X 0 2 , 
y3 = -Q 1 X 0 0 , yx =  QiXO!.

Any two sets of 4 by 4 matrices yM obeying the condition (y ,̂ y' } = 2g^v are connected by a 
similarity relation

y'» = X Y X -'x* (63)

where X  is some 4 by 4 matrix. If, moreover, the condition y° = y4 = y f ,  yJ =  — yJ+ 
[conserved under transformations (63)] is imposed, then X  will be a unitary matrix. We shall 
consider the conditions y4 = y4 , y; = — yJ+ always to hold.

Let us turn to symmetry properties of the matrices y*. The symmetry of the matrices 
yR depends on the representation since, like the Lorentz matrix Sjf(A \ they have mixed 
indices.

Let us introduce the special matrices 6 “1/3y and for raising or lowering spinor indices:

vP -  vp =  &pYvv.

This notation implies that the bilinear combinations &~lpvupvy are invariant with respect to 
transformations ua = S /up  vy = S*vQ. This imposes on & the condition

=  (6S1)"1,

which holds if
(64)

Let S(A) be written in the quasi-diagonal form (19). Then there exist two operators

e , “ (o “ )• &  =

where C is the 2 by 2 matrix (3.5) of the spinor group, with which one may satisfy (64). 
The matrix C has the property that A =  C~1A~1TC.

Both operators and are antisymmetric and unitary:

g+g = gg+ = 1 , gT _  _ g . (65)

This symmetry property of the matrices g  is preserved when passing to another set of 
matrices / '  by means of the unitary transformation (63); here g  transforms into

&  = X@XT,

while the condition (64) holds for the new y'M and g'.
The matrix gj does not change the eigenvalues of y4 and p while the matrix g 2 changes 

their sign. Consequently, g^ can connect the functions u(p,a) and v(p,a'): g ^ 1pg2 = — pT. 
Using operators ua(p) and vfi(p) of the type (33) with identical Lorentz transformation 
properties let us construct the bilinear form g -1^ua(^) \^p ). This form will be invariant
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with respect to translations only for & =  6^. It then makes sense to choose &2 as the 
metric matrix &. Thus

e  = for y5 (66)

One may now formulate the symmetry properties of the matrices y R. As a consequence 
of (64)-(66), the matrices

o“"& (66a)
are symmetric, while the matrices

<§, ysyjl, ys<2 (66b)
are antisymmetric.

The connection between the functions u and v related to solutions with positive and 
negative energy has the form

^  = (67)

Relation (67) may be checked by resorting to the explicit form of w, v and the matrix Q. 
Let us also give an expression for the matrix & in the case (61):

g  = i£>iX<t2. (68)

In the Majorana representation (62) the matrix & is
& = iqzXoi = iyi (69)

We also list some commutators and anticommutators containing the matrices yR:

\.GqX* SahSq*) ^̂ QXfivyŝ  (70)
\iy$. v l +  ~  i£»vQX<*6X>

Together with relations (27) and (47), eqns. (70) give the rules for multiplying any two ma
trices yR.

Case m = 0 and Hermitian fields

In concluding this section let us dwell briefly on the description of particles of zero mass 
using the Hermitian bispinor field r)(x) = rj+(x).

Let tp(x) be a non-Hermitian field with m = 0. In the representation (27) of the matrices 
y“ with diagonal y5 this field, by (19), may be split up into the parts

V =  i(l+ y s)v \ V =  y(l -ys)y, (71)

which transform separately (and differently) under Lorentz transformations. The Dirac 
eqn. (32) thus takes the form

/ 0 9o+ o .0 \ Mx)\ _  Q
\do -o -d  0 / \?(x)/

and consequently decomposes into two separate Weyl equations for the neutrino field 
r(x) and the antineutrino field v(x). These equations were obtained earlier in§ 4.5.
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Instead of the non-Hermitian fields y, tp one sometimes considers the Hermitian fields

n 1 = y-f V>+, 7)2 = f) = 7)yi .

For the Hermiticity to be maintained under Lorentz transformation, one must have

yiS~1(A)yi = ST(A)f or ( y ^ y i ) 7 = aMV. (72)

This is equivalent to the condition that the yk be symmetric matrices, and y4 antisymmetric. 
Here y5 is also antisymmetric. The Majorana representation (62) is such a representation of 
y-matrices. Since y5 is not a diagonal matrix in the Majorana representation, S(/4) does not 
decompose into 2 by 2 blocks, and relativistic invariance demands that the Hermitian field 
rj(x) have at least four components even in the case of particles with zero mass.

The operator p or f  becomes real in this representation and, consequently, the Dirac 
equation indeed allows real functions or Hermitian fields as solutions.

In the case of particles of zero mass, one can make a relativistically invariant distinction 
between non-Hermitian fields describing, for example, the neutrino v(x) and antineutrino 
v(x) and a single overall Hermitian field of the type ^ ( x )  or r fc (x ) .  In fact, by virtue of (71) 
the fields v(x) and v(x) satisfy the relativistically invariant conditions

Ysv(x) = v ( x ) ,  ybv(x) = -v(x).

These conditions, of course, do not depend on the choice of representation of the matrices 
y". Thus if t)(x) (=  r]i(x)) is a Hermitian neutrino field, the respective neutrino field v(x) and 
the field of the antiparticle v(x) may be obtained from r](x) by their projections with respect
to y5:

v(x) = i ( l  + y5)r?(x),
Kx) = iO -y s M * )  =  v+(x).

One may also verify directly that v(x) = v+(x) in the Majorana representation. In this 
representation, the matrix y5 is antisymmetric and Hermitian. Consequently, if we consider 
the condition Hermitian conjugate to the condition y5v(x)=v(x), we obtain y5v+(x) = -  v+(x), 
defining the antineutrino field v(x).

§ 5.3. 2(2 J A-1 )-component functions for spin J

In § 3.3 spinor functions were constructed which transformed according to the (/, 0) 
representation of the Loren tz group. To be able to construct bilinear Hermitian invariants, 
we must, according to § 5.2, double the space of functions, including those quantities which 
transform via the representation (0, J). In the previous section, the steps in proceeding 
from a spinor field to a bispinor field were followed using the example of the Dirac equation 
and its solutions. 2(2/-f l)-component fields are introduced in an analogous manner/54, 

Let us rewrite formula (4.94) for the transformation of the spinor field <p(x) of particles 
with spin J :

U(a, ^)9?(x )U -1(a, A) = DJ(A-')cp(A(A)x+a\ (74)
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where D1 is the (7, 0) representation of the spinor group (see§ 3.3). Along with cp(x) we shall 
consider also the field %(x) transforming via the representation (0, 7):

U(a, A) X(x) U -^a, A) =  D*+(A) X(A(A)x+a), (75)

where D1 is the same matrix as in (74).
Let us now form the 2(27+ l)-component field

which by (74) and (75) will transform as

U(a, A) ¥{x) U-1(a, A) = SiA-^W iAx+ a), 1

If we now introduce the matrices

0 Viy+ iA -1)/

H U  H U

(76)

(77)

(78)

where each number denotes a (27+ l)-row matrix, then

y tS H A -ty t = S(A). (79)

The matrices S~1+ and S  are equivalent. Thus, as in the case of the Dirac field, one may 
define the conjugate field ¥  = ¥ +yt, so that

U(0, A) ¥{x) ¥(x) U-^O, A) =  ¥(Ax) ¥(Ax).

An explicit expression for the field ¥{x) may be written at once if one notes that passing 
from spin -- to arbitrary7 entails replacing the Wigner operators a(/>) by Z/(a) and a(p)C~1 
by DJ{a.{pyC~1). Then we may write Xa(x) in the form

M  a ') e ~ ipx

+ ( -  1 ) W b \p ,  o'yo*}, (80)

at the same time writing the former expression (4.93) for

VJL*) = ( ^ J | ^ £ { ^ ( « ( l O ) « ( l > ,  o')e~ipx+D i^aijiyC-1) b+(p, (81)

Expression (80) is defined up to a phase factor r) by the condition that the commutator 
[Z(*)> X+(y)]± vanishes for spacelike intervals. If one imposes the further demand [jj(x), 
T,+(J')]± =  0 in the space-like region (x—y f  <  0, one obtains

[*(*), T’+OOk =  J { e -« * -* > ± (-l)" ij^ - '> } ,

or rj = 1.
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The field ¥*(x) obeys the wave equation

(□ - m 2)W(x) = 0. (82)

To obtain the equation of motion which takes the place of the Dirac equation in this case, 
let us repeat the derivation of the latter, replacing a(p) by DJ(a). The wave functions of the 
positive-energy states

* , )  = ^  (82a)

satisfy the condition (y4—1 )u(p) = 0 when p  = 0. Herecp(o) is a (27+ 1 ̂ component spin 
function. Since u(p) = 5(a) t<(0), in analogy with (22) we find 5(a) (y4—l)5 " 1(a)w(^) = 0. 
This means that u(p) is the solution of the equation

{1(1+ys) y jy ti fPoo+ O•/>)+i (  1 -75) yi&ijPoo -  a ./)) -  m2*} u(p) = 0, (83)

where we have used maa+ = p°a0+a*pt and DJ(m) =- m2J.
The wave functions of the negative energy states

/iy (x (p )c -i)
( - l ) u  (p§ **(o))

satisfy the condition (y4—( — 1 )2/) K0) =  0. From this it follows that v(p) is the solution of the 
equation

{io+ ys) yiDJ(p0o o + vp )+ i(l -  ys) yiiy(p0oo - o  *p) -  ( -  l)2Jm2J} v(p) =  0. (84)

Both eqns. (83) and (84) correspond to the same equation in coordinate space for the field
W(x):

l - n F  iy(idy 
\iy(id) - m 2*,

[5 = <r05° + o*9]. (85)

since the factor (— \ f J is absorbed when replacing D\id) by D \ —id) by virtue of the fact 
th a t//(  — l) = ( -1 ) !;

Thus the Dirac equation is the only linear equation of the type (85) containing derivatives 
in first order. In the general case, (85) contains (id)2J. Moreover, only in the case of spin 
is the wave equation a consequence of the Dirac equation. For J  >  \  one cannot obtain the 
wave equation (82) from (85), and the former must be postulated in addition.

§ 5.4. Particles with spin J  =  1

As the next example let us describe particles with spin 1 using the vector representation 
(-§•, y) the Lorentz group. The wave function of a vector particle is a four-vector which we
shall denote by ej^p), i.e. the index r in (8) has the sense of a vector index fi, while L„, is the 
usual Lorentz transformation A * . The transformation function from the basis of the little 
group for p  = 0 to the four-vector basis is e^O, a ) :

r̂a("2» "2» *1) =  1
'V (a ) «,(0, a) =  e^p, a), J

(86)
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where, as earlier, AJ(<x) is a Lorentz transformation from the rest system to the system 
moving with velocity v = plpo.

The quantities eJO, a) forming the basis of the vector representation of the three-dimen
sional rotation group are easily found from the relation between spinors and vectors of the 
rotation group [see (3.49) and (3.62)]:

e„(0, 1) = ~ ( 0 ,  1, /, 0),
V 2

eM(0, 0) = (0, 0, 0, -1 ),

e„(0 ,~ l) =
1

V 2
(0, - l , / , 0).

(87)

It is obvious that the zero-th component e0 of all spin projections is equal to 0, or 
p°eo(0, a) = 0, in the rest system. The covariant form of this equation may be written as

o) =  0. (88)

Here it is assumed that the momenta pM obey p^p11 =  m2.
The normalization condition for eM may be obtained from (86) and (87), since it does not 

depend on the particle momentum

g^’etip, a) £,(p, a') =  -  baa, . (89)

The explicit expression for eM(p) as a function of momentum, by (86), has the form

P^+go^m e(0)p
siXp) = e„(0) —- Po+m m (90)

We give the expression for projection operator on the state with spin 1:

X„, =  a) = • (91)
a P

The tensor X ^  has the property

X p jr o =  X „ , (92)

characterizing it as a projection operator; moreover, of course,

P*Xp, =  p*XMV = 0. (93)

The functions eM(p, a) transform according to

e'p(p) = A js v(A~lp), (94)

under Lorentz transformations, from which one may find the angular momentum operator
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The second term in (95) gives the spin part of the angular momentum; in the rest system, 
the spin angular momentum is equal to the spatial part of this quantity:

(Jk)u = —ieku. (96)

In the general case, the spin projection on the direction nM, = 0, nunp = — 1, is equal to 
J„ = ( l/« )w ^ ; its matrix elements are equal to

V n ) oe =  i \ ^ atn x P v . (97)

Thus a particle with spin 1 may be described both within the framework of a formalism 
with three-component wave functions (§ 4.3) and using the four-vector function In the 
latter case, the function satisfies the supplementary condition (88) guaranteeing the absence 
of particles with spin 0.

Introducing creation and annihilation operators for particles a+(pt cr), a(p, a) and anti- 
particles and bearing in mind that the wave function for antiparticles is also e^p), one may 
write the field operator in the usual way:

B„(x) = ^  E  J {£>lp> °(p> o )e 'ipx+ £l(p> O) b+(p, o)eipx}, (98)

where the operators a, a+ and b, obey the standard commutation relations

[a(p, o\a+ (p\ a')] = [■b(p, a), b+(p \ a')] =  2p0d(p-p')daa' . (99)

In place of the operators a(p, a) one sometimes uses their linear combinations

—  7 ^ w , , + *<- ,)M  000,
a3 = a(0), a(p, a) =  a(o).

The expression for the field then takes the form

B,(x) =  — 2 I  J *) {^(P)e-Ipx+ bt(Py p*}, ( 101)

where the vectors £ (̂0, X) have the components e^/0, X) — — <$̂ (2 = 1 ,2 ,  3).
Under the transformation g = (a, A) of the Poincare group, the field BJ^x) transforms 

according to
U(a, A)BfX(x )\J -1(a, A) = A j iA - 1) BP(Ax+a), (102)

which is easily checked using the formulae written earlier.

§ 5.5. Rarita-Schwinger wave functions

In the Rarita-Schwinger formalism the wave functions of particles with half-integral 
spin J — j -h -- are described using functions transforming as a product of a Dirac spinor 
and a tensor of rank j. In the case of integral spin J  it is assumed that the wave functions 
have the transformation properties of a tensor of rank 7.(ft8)
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Spin 4

Let us first discuss the wave functions of particles with spin The wave function f x/d(p, o)
has one Dirac index a and one four-vector index p. Consequently, in the transformation 
matrix cro(L, J) the index L  denotes the direct product of the representations L  =  ((4> 0) X 
(0,4))x(y> D ' while r =  (a, p). Let us use formula (8). In constructing ipx/I(0,o) = 
caft' „(L, -|) we shall use the wave function of a particle with spin 1, c^(0, y), and a Dirac 
spinor in the rest system, uJO, A). By the rule for addition of angular momenta

o(L, 4) =  z  <ilAy | i  1 ia )  e^O, y) «.(0, A) a  f x,(0, a). (103)
y. *

Thus, performing a Lorentz transformation from the momentum pM = (m, 0, 0, 0) to the 
momentum p11, we find

rpjip, a) =  a) S /(a) a) = £  ( \ l Ay 1 | l-f<r> eM(p, y) «.(p. A). (104)
y. *

The form of the matrix x(p) depends on whether one is using the canonical or helicity basis 
(see §4.3).

By construction does not contain spin J =  This means that it is impossible to form
a spinor from rpXft by multiplying by the vectors y* and p*. It is easily checked directly that 
y'V/XO) = 0. Passing to the function yj^p, o) using (104) and keeping in mind that by (35) 
y* transforms as a vector, we find

y"W(p, a) =  0. (105)

From formula (104) it is clear that by virtue of p*ejip, y) =  0 one has
P ^ttlP *a) = 0- (106)

Since the Dirac spinor u(p) satisfies the equation (p—nt) u(p) =  0, is also a solution of 
the equation

(p- m ) / f PM(p, a) = 0. (107)

Equation (106) is not independent; it follows from (105) and (107).
Let us define the conjugate function

O) = v i(p , ff)y« - (108)

Then the normalization condition may be written in the form

?*(/>, o)y%(p, o') -  -2m baa,\ (109)

it holds because of the properties of Clebsch-Gordan coefficients.
The projection operator on the state with spin -| is equal to

X „ = ^ p , o ) U P ^ ) { 2 m ) - ^  = - ^ — - (U0)

here Xft,X ,x — —X ^.
Thus the Rarita-Schwinger wave function for spin 4  may be defined as a solution of the 

Dirac eqn. (107) with the subsidiary condition (105).
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Spin 2

The wave function for a particle with spin 2 is conducted in the same way. The wave 
function in this case may be described by a tensor of second rank 0 /ir{p, y), where y is the 
spin projection J3 or the helicity. The wave function in the rest state 0^(0 , y) = c^r> y(L, 2) 
is constructed from the spin-1 wave functions ej(), and e„(0, Aj).

Coupling the two spin angular momenta to spin 2,

<M 0, v) = £  <1 UiXt 1112y) e„(0, h ) e+0, X2). (111)

By construction this function is symmetric: 0 MXO, y) = 0 r/J(O, y).
Passing to a moving reference frame, we find

y) = A /(X ) AS(oc)0^(O, y) = £  <1I W ,  (112y> e,(p, h )  eXp. h ). (112)
Aj, Xt

The wave function does not contain lower spins (7 = 0 and J = 1) if all vectors and scalars 
constructed from 0 ^ ,  px, and vanish identically. Indeed, by construction,

p*0n. =  0
and (as is easily checked for p = 0)

= 0

The equation of motion in this case is the wave equation

(p2—n f)0 /tXPy o) =  0, (115)

since in (112) the momentum lies on the mass shell.
The normalization condition has the form

y)0*’(p, y’) = (H6)

(113)

(114)

which follows from (112) and properties of Clebsch-Gordan coefficients.
The projection operator on the state with spin 2 is equal to

X". i. =  v)4>Up , r) = -  t X„x Xq , (ii7)
y

where X ^  is the projection operator (93) on the state with spin 1.

Half-integral spins

The generalization of the method just presented for constructing Rarita-Schwinger 
wave functions in the case of arbitrary spin presents no problems. A state with half-integral 
spin J  =  j±  \  is described by the function yaAii (p, y)(—/  y J), where y is the spin
projection Jz or the helicity. The function ... ^ may be constructed inductively from 
Vafu... ^_i an(* wave function e^ for spin 1:

... Vi(p, y) = £  <1J -  1AA' 11/-1 jy ) e ^ p , X) ... ^  ,(P- *)■ (118)
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The simplest function xpaft, describing spin f ,  is already known to us and because of (118) 
is fully determined. Forp = 0 the expression (118) reduces to the (27+ l)-component basis 
of the rotation group with angular momentum 7.

By construction y>n ^ is symmetric with respect to ^  . . .  jj.p so that the condition

= 0 (119)

holds if it holds for spin 7 = -|. The symmetry of ̂  ^  also may be checked directly, if
one uses the explicit expression for the coefficients (1j — 1AA'| 1j — 1jy) for adding the angular 
momenta j — 1 and 1 to the maximum angular momentum j. Then, expression (118) for the 
wave function takes the form

X E  l(l + A i) ! ( l -A ,) ! . . . ( l  + Aj)!(l-Ay)!]-w
*1 • • •

X s^ip , Aj) . . .  e^ip, Xj) ua{p, y - X j -  . . .  -A,). (120)

The wave function (118) or (120) satisfies

(p—m)y„,... ^(p) =  0. (121)

As a consequence of (119) and (121) one has the relations

P,‘VMMt ...MJ(P)=  0, (122)
r-lfV ... ,,(/>) =  0. (123)

If the conjugate function is defined in the usual way: ip = f +y4, the normalization condi
tion reads:

... *//»> / )  =  ( - » H  V -  d24)

It follows from (118) and the properties of sM(p).

Integral spins

In the case of integral spins J we choose as a basis the tensor of 7th rank <&Mi (/i, y) 
which is constructed inductively as in (118):

... y) = IXJ- XJy) ... A). (125)

In the rest state (p =  0), „ reduces to the (27+ l)-component basis for the angular
momentum 7. As above, 0 ^  ^(p) may be obtained from &Mi MJ(0) by a Lorentz trans
formation given by the operator a, whose form depends on the meaning of the quantum 
number y (spin projection or helicity):

MJ(P, y) = . . .  AMp (« )0 A ... „«,(<), y). (126)

<PMt is symmetric in the indices y.x ■ ■ ■ p}, since the angular momenta j — 1 and 1 are
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coupled up to the maximum angular momentum j  ( j  = 2, 3, . . J). For this reason, the 
condition

= 0 (127)

holds in general if it holds for J — 2.
Since each vector index originates with the wave function of a particle with spin 1, it is 

always true that
= (128)

Equations (127) and (128) are a consequence of the fact that ^  does not contain 
lower spins 7 —1, 7 —2, . . . .  1, 0. The wave functions (126) are normalized according to

K ... ,//> , y ) ^ 1 " mj(p , / )  = ( - 1 ) X -  d29)

Both for integral and half-integral spins, the projection operator on a state with spin J 
may be written in general as

j

*&x»)= E  y ) y ) >  030)
y=-J

where f  = y+y4 for half-integral spins and f  = y + for integral spins. It is obvious that 
as a consequence of the normalizations (124) and (129) we have

(XJT = ( - i  y x j 
( - 1  y ~ * x J

for integral spins 
for half-integral spins.

The equations for wave functions of particles with higher spins were obtained above as a 
consequence of the fact that the initial function (for the rest state) describes particles with a 
given spin. The use of the wave functions (118) and (125) for parametrizing matrix elements 
is a significant convenience as a result of the simplicity of the equations and their tensor 
character.

§ 5.6. Bargmann-Wigner wave functions

In the rest state, when the spin angular momentum coincides with the total angular 
momentum, the wave function of a particle with spin J = nj2 is a symmetric nth rank 
spinor <pai ar, where or may take on two values: or = 1, 2 or ar = ± ( s e e § 3.2).

In the case of spin -  we associated the function cp{o) with the Dirac wave function u(0, a) 
restricted by the condition (1 — y4)w = 0, specifically y  = -  (1+y4) w(0), if y4 is chosen as a 
diagonal matrix. Analogously, the spinor y ai,.m0k may be associated with the Bargmann- 
Wigner wave function in the rest state, or the symmetric Dirac spinor of nth rank uai ^  (p)
which satisfies the condition (y4- l ) / ' ^(0) = 0 in each index & . . .  pn and for a 
diagonal matrix y4 coincides with cpai> % aj|.(69)

The wave function of a particle with momentum p  may be obtained from uPi ^(0) 
using the standard Lorentz transformation

Uh ... pSP) =  SP,%(P)) ■ ■ ■ SPn'MP)) Ufii .. . /S'„(0). 

where S(A) is the matrix for the transformation of the Dirac wave function.

(131)



114 INTRODUCTION TO ELEMENTARY PARTICLE THEORY

By construction, the function (131) satisfies the Dirac equation in each index (see§ 5.2):

(p —m )f upfr... pK(p) = 0. (132)

Under Lorentz transformations and translations g =  (a, A) the wave function 
transforms into the function

" ft... ft.G>) =  e~,p% f \ A ) . . .  S ^ { A )u h ... AU~V). (133)

Let us introduce the conjugate function

i f 1 ■■■*'= ” • A(yiV,ft • • • (yikf* • (134)

Then is invariant in the sense that

«'(/>)"'(/>) =  u iA -^ u iA - 'p ) .

Since the Dirac spinor u(p) obeys u+(p) u(p) = (pojm)u(p)u(p), the function (131) is 
normalized as

M+ f t  • • • f^p) Pn(p) =  « * •  e*(p) en(p). ( 135)

Consequently, the scalar product must be defined by the formula

(uu u2)=  f  &  ■■■ H p) uPl... fin(p), p0 >  0. (136)
J 2Po

With this definition of the scalar product, the transformations (133) are unitary.
The angular momentum tensor MMr may be found from (133) as a direct generalization of 

expression (46) for MMr in the case of spin j .  The spin part of is equal to

(137)
r = l

where the matrix acts only on the rth index:

(«O S (<v)£; a £ : ; . . . a £ .

To find an expression for the case of negative energies, one may use relation (69) connect
ing solutions with positive and negative energies in the case of the Dirac equation, or 
formula (38) for v(p). When p  — 0 the function v(p) satisfies the condition (y4+ \ ) f  X 
*Vft ,.(0) =  0 in each index, while in the general case vfii eJj>) obeys

(p+ m )/‘vpi,t . . .h  = 0. (138)

in each index. vfil ^  is symmetric in ^  . . .  fin.
Knowing vfii and ufii ^  we may construct a quantum field for particles with 

spin J  =  n/2 in the standard way:

Wh... />.(*) =  {“«»(*’ y)<*(p > y) e lpx+  • • •)» (139)
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where the creation and annihilation operators satisfy the usual commutation relations 
(4.84).

The parametrization of the symmetric spinors ufii is much easier if one uses the 
symmetry properties (66a) and (66b) of the matrices y^  For example, the general form of the 
symmetric spinor of second rank is

u*p = (140)

since yj& and aMV& are the only symmetric 4 by 4 matrices with lower indices. The Barg- 
mann-Wigner equations

( p - m ) /  = 0, (p - m ) f  = 0 (141)

after multiplication by (6“1o,/U„)a/3 and i & ^ y ^  and contraction of indices, are equivalent 
to the following equations for a spin-1 particle:

P t̂Puv =  P iSPv-~PSP» — imtPfiv ( 1 4 2 )

Thus while if a particle with spin 1 is described by a tensor in the 2(2/+ l)-component 
formalism, and by a four-vector in the usual formalism (corresponding in spirit to the Rarita- 
Schwinger formalism), according to the Bargmann-Wigner equation these particles must be 
described simultaneously by a vector cpv and a tensor tp^.

In the case of particles with spin -|, the Bargmann-Wigner wave function is a symmetric 
third-rank spinor, which by virtue of the symmetry properties of the matrices yM may be 
written in the form

UaPy = Va»(yf‘@)f)r+ . (143)

In (143) only symmetry in /? and y has been taken into account. The antisymmetric matrices 
g -i, g - 1̂  and Q^y^ys must give zero when contracted with the symmetric spinor u ^  
From this it follows that uâ  is symmetric in its remaining indices:

7 ^  tip) = Y ^ A P ^ f y i P )  = 0- (I44)

Analogously the equation
(p -m )*'ua'to(p) =  0 (145)

may be written as a system of equations for the spinor-vector and the spinor-tensor y MV:

(p ~m)y)fX = 0, p ptpr/i = -imipM, p^v~PvW^ = imxp^. (146)

Comparison of the system (146) and the conditions (144) with the Rarita-Schwinger 
equations (105), (106), and (107) shows the equivalence of the two descriptions.

In the rest state the wave function must become an irreducible (i.e. symmetric) spinor of 
the rotation group describing a given spin. If we wish to describe several spins using one 
higher-rank spinor we must, in general, use reducible spinors. Cases are also possible for 
which spinors of higher rank n must be used in describing lower spins J  < n/2. In particular, 
in the quark model, baryons with spin must be described using a third-rank spinor of 
mixed symmetry, and particles with spin 0 by an antisymmetric second-rank spinor.
Nov 9
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Let be a second-rank spinor. Let us expand the 4 by 4 matrix in a complete set of 
matrices (y*)/:

= (<P + WPs + V  - (147)

and use the Bargmann-Wigner equations (132) whose validity does not depend on symmetry 
properties of the spinor:

= 2m&, [p,tf>]+ = 0. (148)

The first of eqns. (148) leads to (142) for the functions cpM and cpMV and also to the following 
equations for 9o5 and 9om5:

PJP* =  im p # , p M(pM 5 =  - in v p b . (149)

The second eqn. (148) gives only one new relation cp = 0, while the remaining equations are 
satisfied identically as a result of (142) and (149). Thus, in the general case, the second-rank 
spinor (147) describes both particles with spin 1 (the symmetric part of (#<§)a/3), and particles 
with spin 0 (the antisymmetric part of

§ 5.7. The Duffin-Kemmer equation

In the case of particles with spin 0 and 1 the equation of motion may be written in the 
form of a single equation reminiscent of the Dirac equation but with different matrices 
instead of Let us return to the second-rank spinor (147) and write it with lower indices 
$  =  assuming that cp = 0. For the spinor 0 ^  the first of equations (148) may be re
written in the form

(p S + p f  f a r  = (150)

while the second equation (148) may be discarded, since it is a consequence of the first when 
cp = 0. Let us introduce the 16 by 16 matrices :

A. = t M '+  l^ )- 051)

where the unprimed matrices 1 and yM act on the first index in and the primed on the 
second. With this notation, eqn. (150) takes the form

= 0. (152)

It is called the Duffin-Kemmer equation.166, 67)
The matrices /?" satisfy the commutation relations

=  gl‘vP>-+g'xPM, (153)

which follow directly from the properties of the matrices y“ and (151). In particular (not 
summing over /0

C W P  = °. ( v  *  /“)• (154>
From the second of eqns. (154) one may conclude that the matrices /?" do not have inverses.
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(155)

v l=  1, V»V* = VrV>*,\
fiffllv Vvfi/J J} (156)

(not summed over p, v ^  p).
Using the matrix rjA one may define the conjugate function 3> = #%, which satisfies

From the properties of the matrices yM and (151) it is clear that the matrices ft* transform as a 
vector:

Here S(A) and S\A )  act respectively on the unprimed and primed matrices yM in (151). Let 
us denote SS' = 5. Then, when#' =  5 #  we will have # ' =  (PS-1, so that 0 0  is invariant. 

The wave equation

is a consequence oi the Duffin-Kemmer equation (152). This may be seen directly from the 
fact that eqns. (152) and (150) or (148) are equivalent.

The 16 by 16 matrices fiM maybe decomposed into five-dimensional and ten-dimensional 
irreducible representations as well as the trivial one-dimensional representation ^  = 0. 
The five-dimensional representation corresponds to spin 0 and the ten-dimensional one to 
spin 1. In terms of Bargmann-Wigner functions, the five-dimensional matrices ^  act on an 
antisymmetric second-rank spinor, and the] ten-dimensional matrices on a symmetric 
spinor 0& with the trace o f0  equal to zero: Tr 0  =  0.

0iP"pM-m ) = 0. (157)

5," 1(̂ 4) S"” 1̂ )  fiMS(A) S'(A) =  AM A)?. (158)

(p2—m2)0[= 0 (159)
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REFLECTIONS

Space and time reflections are included in the transformations that leave the square of the 
interval s2 =  (x—y)2 invariant. Together with transformations (a, A) of the proper ortho- 
chronous Poincare group they form the full Poincare group <J).

In contrast to the group the full group is not a symmetry group of the laws of 
nature. In 1956 the breaking of symmetry with respect to spatial reflections was discovered(80) 
(anticipated by Lee and Yang,(81)), and in 1964 a reaction was found(82) in which invariance 
with respect to time reversal was broken. However, the degree of breaking of both symme
tries is small. In phenomena due to the strong and electromagnetic interactions, the group 
<p may be considered a symmetry group, and there exist quantum objects whose properties 
are determined by this group.

In§ 1.3 and Chapter 4 we considered the transition from the classical proper Poincare 
group to the quantum mechanical Poincar6 group and found the unitary representa
tions of the latter. Starting from these results, we will discuss in this chapter the full quantum 
mechanical Poincar6 group <J) (including reflections), and will find its irreducible represen
tations.

There is a profound difference between transformations of the group and reflections.
Lorentz transformations and displacements are continuous, and we can ensure that an 

object be the same in different reference frames by applying consecutive infinitesimal trans
formations. This procedure is impossible for spatial reflections, where we cannot compare 
the same state in different reference frames (original and reflected) but always compare 
different states (in different reference frames) with one another. In the case of time reversal 
the corresponding inertial reference frame does not even exist in the literal sense. Time 
reversal is usually understood in the sense of reversal of motion. The identity of an object 
under direct and reversed motion also cannot be guaranteed.

In quantum theory the state of a system is described by a unit ray in Hilbert space. Trans
formations of vectors connected continuously with the identity transformation are always 
unitary (see§ 1.3). Discrete transformations may be either unitary or antiunitary. As we 
shall see below, transformations must be antiunitary when the initial state transforms into 
the final one, i.e. undertime reversal. Continuous transformations of the group connect 
states of the same coherent subspace; discrete operations may connect different coherent 
subspaces, but the square of a reflection cannot take a state vector out of a given coherent 
subspace.

118
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In the presence of internal symmetries, there are generally ambiguities in defining reflec
tion operations, since if one performs an internal symmetry transformation the state thus 
obtained will be indistinguishable from the initial one.

The operation 0, related to total space-time reflection xM — — x^, occupies a special place 
among the discrete symmetry operations. In theories symmetric with respect to spatial 
reflection P, time reversal T, and charge conjugation C (the operation which substitutes 
particles by antiparticles) the operation 0 is equal to the product CPT. By the CPT the
orem129, 83,84) a relativistically invariant local theory is automatically invariant with respect 
to the discrete transformation 0. This theorem is well supported by experimental data. 
It has been proved in axiomatic quantum field theory185,86) and is one of the basic postulates 
of axiomatic S-matrix theory. It has also been shown in axiomatic field theory that the 
transformation 0 commutes with internal symmetry transformations G:

0G = GO. (1)

We shall consider 0-invariance as a basic postulate. One should note that so far no self- 
consistent theory has been constructed in which 0-invariance is violated. The degeneracy 
of states in quantum mechanics associated with the complex nature of the wave function 
was first noted by Kramers(87) and formulated by Wigner(88) in the language of antiunitary 
time-reversal operators.

§ 6.1. Total reflection 0, or CPT

In classical physics, space-time reflection I  changes the sign of the coordinates

/ 2 = 1 , (2)

but does not change the Lorentz transformation matrix

i a ;  i - 1 = a ;  y

so that the effect of I on an element g = (a. A) of the Poincare group is

/ ( a , =  ( - a , / l ) .  (3)

Adding the reflection /  to the proper orthochronous group <J)\ we arrive at an enlarged 
group

p + = m ,  m i

Time reversal must be understood not as a transformation to a reversed sense of time 
but as a reversal of motion. Instead of motion with momentum p  from the point q to the 
point q\ where the particle has the momentum p \  after time reversal one must consider the 
reversed motion from the point q' with momentum —p f to the point q with momentum —p. 
Adding spatial reflection, the inversion I finally leads to motion from the point —q' with 
initial momentum p f to the point — q> where the final momentum is equal to p.

In quantum theory the probability of the transition from the state a to the state b is 
characterized by the matrix element

(b9 out | a, in) = (h |5 |a) .
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The reversed process, obtained by replacing the initial state by the final one, is described by 
matrix elements of the type

(ae, out | be, in) =  (ae \ Se | be).

Here ae and b9 refer to states arising as a result of the inversion /, while Se is defined with 
respect to the states | ag) :

Se | a6, out) = | ae, in). (4)

If the probability of the transition a — bis  invariant with respect to the inversion /, then

| <b, out | a, in) |2 =  j (ae, out | be, in) |2. (5)

The replacement of the initial state by the final one is a nonunitary operation, for which

(b, out | a, in) = (a®, out | be, in). (6)

For the scattering matrix we obtain from (4) and (6) the relation

(h |S |a )  =  (ae \Se\be), (7)

defining the transformed operator Se. A formula of the type (7) will also be used to give 
a meaning to any operator He acting on the states | ae) :

(b\H \a) = (ae\He\be). (8)

The transformation from the states | a) and the operators H  to the time-reversed states 
| a9) and operators He [respecting relations (6) and (8)] may be carried out in two ways: 
using an antiunitary operator (Wigner),(18*89) or using a transposition operator (Schwin
ger)/8̂  We shall use the Wigner treatment of the inversion /; its relation to the Schwinger 
treatment will be shown at the end of this section.

An antiunitary operator A is an operator with the following properties:

A.{c-i\a^)+cz\azj) =  c*A\ ai)+c%A\ ai),
(Aa | Ab) = (b\a ),

i.e. A includes complex conjugation, which may be symbolically written as Ac = c*A or 
Ai = —iA. An antiunitary transformation A leaves the transition probability | (h |a) |2 
invariant.

In contrast to the square of a unitary operator, the square of an antiunitary operator A2 
is invariant with respect to a phase transformation: when A' = e""A one will have A 2 = A“. 
According to (9) the operator A2 is unitary.

An antiunitary operator A may be represented in the form

A = pK, K2 = I, A2 = (10)

where K  is the complex conjugation operator, while /? is unitary.
The space-time reflection (2) in the Hilbert space of states will be described by an anti

unitary operator 0:
| ae, out) =  0 1 a, in), | b9, in) =  0 1 b, out).
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assuming here that the vacuum 10) is invariant with respect to total reflection 0:

0|O) = |O*) = |O>.

The transition amplitude in this case satisfies the condition (6):

(<a$, out | be, in) = {da, in | 8b, out) = {a, in | b, out)*.

Let us now find explicitly the transformation of the operators H  — H0 determined by (8). 
According to (6) and (11)

{ae, out \He\be in) = {d^Hebe, in [ out) =  {d^da, in | d^Hedl b, out)*
= (b, out | (d-'H edn a, in),

which, along with the definition (8), leads to the formula

He = bH+d-K (12)

Consequently, the condition of invariance of the operator H with respect to reflections d in 
the Wigner treatment has the form

He = H = bH+8-1. (13)

To find the transformation of the generators of the Poincar6 group, we shall use the group 
multiplication law (3), rewriting it first for the quantum mechanical group :

/(a, A)I~X = ( —a, A). (14)

Passing to the operators d and U(a, A) acting on the state vectors, we obtain

0U(a,A )d ^  = U( —a, A); (15)
so that

f l e 'W 1 = e - 'V " , (16)
QeiMuy re- i  =  ei M ^  ( l7)

Since an antilinear operator d “anticommutes” with /, relations (16) and (17) are equivalent 
to the following rules transforming momentum and angular momentum under reflections d :

PQiU = bPMb~i = PM, Meuv = b M ^b '1 = —Mmv. (18)

Thus the reflection d does not change the invariants of the Poincare group—the mass m 
and the spin J, as well as the sign of the energy. Under the reflection 8 the momentum does 
not change, while the spin vector J  changes sign. If the reflection d were not represented by 
an antiunitary operator, the sign of the energy would have changed, in contradiction with the 
observed positivity of the energy. In fact, if d had been unitary, from (16) it would have fol
lowed that bP^b"1 = — PM.

The transformation rules (18) do not contradict the commutation relations. Let us apply 
the reflection d to both sides of the commutation relations of the Hermitian operators M, 
M \  and M":

[M, AT] = iM
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Then the commutator of the transformed operators is

[Afo, Afi] = —/Af^,

so that the operators —Me when applied to | ad) and the vacuum 10) have the same proper
ties as the operators M  acting on | a) and 10). It is easy to see that the operators (18) satisfy 
the transformed commutation relations (1.41).

The condition (1) that the reflection 0 and internal symmetry transformations be independ
ent allows one to introduce the transformation law for self-adjoint generators Fr of an 
internal symmetry group ®. Inserting into (1) the expression u(G) = exp [iFrctr] for a uni
tary representation of the group ©,

Qeipr*r 0-1 =  ei**r9 OFrO'1 = - F r (19)

(the parameters ar are real). In particular, all additive quantum numbers, i.e. all charges Q 
change sign under the reflection 0. This leads to an important conclusion: under the reflec
tion 0 a particle goes into its antiparticle.

From the group theoretic point of view our problem consists in finding the irreducible 
representations or, more precisely, “co-representations” of the quantum mechanical Poincare 
group with the reflection 0. Co-representations take the place of representations when the 
group contains both linear and antilinear transformations. The unitary equivalence of the 
representations R and R' means that

R f = Ui£U+, UU+ = 1. (20)

In the case of co-representations, the transition to another unitarily equivalent basis 
entails (for antiunitary A) a transformation

O (A) = O'(A) = UO04)UT, (21)

reducing to a similarity transformation for real U. A co-representation is called irreducible 
if it cannot be broken down into diagonal blocks using the transformations (20) and (21).

If we fix the operator 0 in the space of states, we may pass from the classical group <p+ 
to the quantum mechanical group with reflection

V + =  {<p+,0 0 ! J .

However, although there is only one classical group in the quantum mechanical case 
there exist several groups differing from one another by the values of the operator 02.

The square of the classical inversion 12 is unity; it takes into itself each physical state and 
consequently, also each unit ray in the Hilbert space of state vectors. This means that the 
square of the quantum mechanical inversion operator 02 = ed must be a phase factor. 
Because of the unitarity of 02 the phase factors must be the same in each coherent subspace. 
Because of the relations 03 = ee8 = 8ee = ej0, the quantity e0 is real, and, consequently,

02 = ee = ±  1. (22)

The sign of ee may be different in different coherent subspaces.
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Let us temporarily assume that the system we are considering does not have an internal 
symmetry. The form of the operator 0 is then determined only by the Poincare group. Let us 
apply the reflection 0 to the Lorentz-transformed state and recall that as a consequence of 
the antiunitarity of 0 the transformation matrices must be replaced by their complex con
jugates:

O e - w ^ l p ,  fii> =  e ^ ® i x(A)\p \  X\  0 f> -  &>, (23)

where (DJ(A) is a unitary matrix of the rotation group depending on the Wigner rotation A  
[we have used (4.47)].

Thus when we include the reflection 0 we must, along with the basis states | a) of an 
irreducible representation of the group <pf+9 consider the states 0 | a) which transform via the 
complex conjugate matrices.

The matrices and <1)J* are unitarily equivalent:

n)J\A )  = W iC -1) <V\A) < V\C \ C = -  ior2, (24)

Thus, applying the operation 0 once more to (23), we find

d2® J(A)d-2 = (®J(CC*))-l <7)J(A)<7)J(CC*\

from which we conclude that

e0 = d*=±W (CC*) = ± ^ ( - 1 )  = ± ( - l ) 2J. (25)

Depending on the choice of sign in (25), we obtain two characteristic types of operators 0 
1. For the choice of sign + in (25) (type 1) the transformation 02 belongs to the Poincare 

group
fl2 = U(0, - E ) =  ( - l ) 2*'. (26)

Here E  is the unit matrix. The number of states does not change; the states 0| a) refer to 
the same representation of <J)\ as the states | a). In fact, according to (10) and (25) one must 
set (for spin J )

0\p, A; Qr = 0> = £ (* !* ,  Qr = 0» (27a)

which may be written symbolically in the form

0 = <7)J(C*)K. (27b)

Here K is an antiunitary operator satisfying the condition

K\p,  Qr =  0, in) = \p9 A; Qr = 0, out), (28)

which defines K  uniquely (since it is applied to states of neutral particles).
2. For the sign — in (25) (type 2) the unitary transformation 02 =  — U(0, — E) does not 

belong to the Poincare group, and the number of states is doubled although | a) and 01 a) 
transform in the same way under Lorentz transformations. We shall distinguish these states 
from one another by a new quantum number rlf 2 = ±  1, so that the basis states are now



124 INTRODUCTION TO ELEMENTARY PARTICLE THEORY

1 a, rx = + 1) and | a, r2 =  — 1). In this basis a Lorentz transformation 0(a, A) has diagonal 
form

0 ( .,  A) = ( U(a- A) °
\ 0 U(a

while the reflection 6 (in the case of spin / )  is

0 = (  °  = 
•) 0 /

(29)

(30)

Thus for type 2 a neutral particle (in the sense Qt = 0) does not transform into itself under 
the operation 0 but transforms into another particle differing by the sign of the quantum 
number r. In other words, if one includes the quantum number r in the characterization of 
particles (ri = 1) and antiparticles (r2 = — 1), then in the case 02 = — ( —1)2/ no neutral 
particles exist (in the sense Qr = 0, rx = r2).

The case of physical interest is type 1. It is these reflections that are observed in experi
ment and are the only possible ones in axiomatic quantum field theory.C86) The CPT the
orem applies only to this case. We shall thus choose operators 0 only of type 1, where 
02 = ( —1)2/ does not depend on whether or not an internal symmetry exists.

We have thus obtained the irreducible co-representations of the quantum mechanical 
Poincare group <J)+ with reflection 0. Under the reflection 0 a neutral particle with spin 7, 
momentum/>, and helicity A changes helicity to — A; here the initial and final states are inter
changed and [by virtue of (27)] acquire a phase factor :

6\p, A; 7, m\ Qi = 0, in) = ( - I ) 7-*!/*, -A; 7, m; Qt = 0, out). (31)

For stable particles the single-particle states in (31) do not require the symbols in, out, 
since they are stationary and do not depend on boundary conditions. Nonetheless, we shall 
continue to retain these symbols in all formulae for reflections 6 (and later for time-reversal 
T. This allows us to pass automatically from formulae of the type (31) for single-particle 
states to analogous formulae for multi-particle states.

We note that because of (26) the group tf)+ will be only the semi-direct (but not the direct) 
product of the quantum mechanical group and the finite inversion group (in contrast to 
the classical group ^ +).(90)

Internal symmetries

The most general invariance group includes internal symmetry as well as 6 and (p \.
Let us return to (23) and take account of internal symmetry,(91) setting 02 = (—1)2/. 

For simplicity, we shall consider a particle at rest. To eliminate double-valuedness, we intro
duce the operator

0O= 0 ^ ,  0O2 = 1 ,  (32)

describing the reflection 0 with a rotation by n about the second axis. In spin space, 0O is 
equivalent to (DJ(C)Q and, as a result of (24), commutes with rotations

(DJ(C) 6<7)J{V) = aV(C)<r>J(V*)d = ®\V)<T)J{C)d.

Consequently, the operator 0o is a scalar in spin space; when it is applied to a multiplet of the
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rest state the result depends only on the internal symmetry properties connected with the 
group Q&. Omitting the spin variables and the momentum, we obtain analogously to (23),

dUG)\P) = ^ d ^ G )d 0\P), (33)

where a denotes the component of the multiplet transforming via the irreducible represen
tation d of the group Q&. Thus the states 0O I a) form the adjoint multiplet—the basis of the 
adjoint representation d*.

Let us find the representations d  of the internal symmetry group ® with the reflection 
0o or the group

©0 = (G, 0oG},

containing the transformations G and 0OG as elements. According to (33) the multiplicity 
of the co-representation d  will be different from d if the set | a) does not contain the states 
0O | a)

Depending on the properties of d and */*, three types of co-representations of the group 
<$>e are possible.

If the representations d and d* are unitarily equivalent,

d\G ) = p-hH & h  #?+ = 1, (34)

then applying 0O once more to (33),

d(G) = ( W 'r id iG W ,

which, because of the irreducibility of d and the unitarity of /?, means that

/ r = ± i .  (35)
Here three cases are possible.
1. If/?/?* = -f  1(/? =  /?+), then 0O|a ) is contained in the set |a) and, consequently, the 

operator d(d0) = 0o acts inside the multiplet. The irreducible co-representations of d have 
the form

d(G) = d(G), *7(00) =  £+ . (36)

Examples are the regular and other real irreducible representations of finite-dimensiona 
compact groups, in particular of the groups SUz and SU3 (see Chapters 8 and 9).

2. If /?/?* =  — 1, then in analogy with the case 02 = — 1 for the Poincare group [formulae 
(29) and (30)], the number of states must be doubled, since otherwise it would be impossible 
to construct 0O. Let us perform a unitary transformation of states 0O | a) -> | a2) = — 0O/? | a ) . 
Then, with respect to the column vector formed from [ ai) = | a) and | a 2>, the irreducible 
representations d  will have the form

d{G) = d(G)X d(d0) = /? X ^  (37)

where, of course, d(G60) =  d(G) d(8o). Here the following group relations will hold: 

d(60G) = d(60) d\G ), d(6l) = d(90) J*(0O). (38)
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Illustrations of this case are the representations of the isospin group SU% with half-integral 
isospin (see Chapter 8).

3. The representations d and d* are not equivalent, so that it is impossible to find a unitary 
operator /? with the properties d* = fidf}"1. This case has no analogy for reflections 6 in the 
Poincare group. The irreducible representations d then have doubled dimension:

while the basis of the co-representation is the column vector

In cases 2 and 3 the second row of the set of states describes antiparticles. Consequently 
particles and antiparticles may be placed in the same multiplet only for representations of 
internal symmetries satisfying condition (34) in case 1.

Case o f exact symmetry

The simplest example of an internal symmetry leading to type 3 is the internal symmetry 
group ®° whose transformations have the form

d{y, 5, Qt, qm) =  exp {i(Qy+B6+LtQe+Lmqm)}, (41)

where Qt = Q, B, Lt and LM are, respectively, the electric, baryonic, and leptonic charges, 
while y, 6, gc, and qm are parameters of the transformation.

The irreducible representations of each of the four one-dimensional unitary groups in 
(41) are one-dimensional; for example, the values Q and —Q characterize different irredu
cible representations of the group C^O^Thus, limiting ourselves to irreducible representations, 
we cannot connect the representations d and d* via a unitary transformation (34); the oper
ator (} does not exist. The state | a) in the case of an exact symmetry group is determined by 
the charges Q, = Q, B, Lc, and L^\ if |a) =  \Q'i9 in), the state 0o|a) is then 0o|a) =
| -Q i, out).

Formulae (39) and (40) give the matrices of the irreducible co-representation of the exact 
symmetry group with reflection 60:

e p' ’ \oexp t - i ( e r + B b + L , e, + L , ej )  I

4 W s « . =  (°  ') ,  ! « > - (  i a : in>l\1 0/ \| - Qi, out)/

(42)

All internal symmetry states | a) were defined for particles at rest. Let us now turn to the 
full operator 8 = 0o exp {inMz\} [see (32)] and pass to a reference frame in which the particle 
has momentum p  using the Lorentz transformation. Then the column vector | Qt) in (42)
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c1P, A; J, m; Q,', in) '
|/7, Q,’, out),) (43)

the operator 0 takes the form (for spin J)

/ 0 4)'(C)\ _  /0 012\
W )  o /  lest o ;

(44)

Usually the operator 0 refers to both 0i2 and 02i in (44) [which does not lead to confusion 
since 0i2 and 02i act on different lines in (43)]. In the usual notation (helicity basis)

Formula (45) defines the transformation 0 for any particle-antiparticle pair independent 
of the presence of other internal symmetry properties [which will be approximate, since all 
exact symmetries are exhausted by the transformation group (41)].

If one considers an approximate internal symmetry (the group ©'), the particles will be 
connected with the irreducible representations/ of the group ©'. These representations may 
lead to an operator 0O of any type. Denoting by a the component of the multiplet/of the 
approximate symmetry group and writing separately the exactly conserved charges Qi9 we 
obtain, by virtue of (36) and (37), for types 1 and 2,

where /  refers to the antiparticle multiplet, while = f t  = /?+ for type 1; fif  = — $  = /9 
for type 2. On the right-hand side of (46) the multiplet/  of antiparticles is summed over the 
states <%'. By (36) and (37) the multiplets /  and /  transform in the same way.

Comparing (45) and (46) one may find the antiparticle state for any particle. If the quan
tum numbers (/, a) denote the particle a in the multiplet / ,  the antiparticle will have the 
quantum numbers (/, a) and will be described by the state

As a consequence of the unitarity of the matrices /? these matrices vanish when calculating 
probability amplitudes.

Let us denote the set of invariant quantum numbers of particles and antiparticles by 
a,b, . . . , and a, 5. . . .  The many-particle in- and out-states

transform under the reflection 0 as the product of single-particle states. For example, for 
the two-particle state

This composition rule for transformations 0 may either be postulated, relying on the proper-

0|/7, X\ 7, m\ Qi in) = ( - l ) / - A| Jp, -A ; 7, m; - 0 \, out). (45)

I Pay Pb* by •• • , in (OUt))

0 | Pa, a\pby \ by b\ in (out)) = ( - l ) ^ + ^ - ^ - ^ | ^ ,  -X a, a \p by -X b, h\ out (in)). (48)
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ties of asymptotic fields, or introduced from quantum field theory, based on the explicit 
representation of multi-particle states in terms of creation operators.

The invariance of the S-matrix with respect to the reflection 0 means that S0 = S', or

s  = 6S+6-1.

The reflection 6 connects the amplitude for the process 0+ 6+ . . .  — c+d+  . . .  with the
amplitude for the process . . .  — a+5+  . . . ,  with opposite helicities:

(,pcy Ĉy c , Pd, Xrf, d , . . .  I | pay Aa, a , pi), b , . . .  )
~~ T]d(pay ây Q y Pby ^ b> By • • • | S | pcy Ĉy C y Pdy d̂y ̂ y • • • ̂)y ( 4 9 )

where r)e is equal to the product of the factors (—1)/_ A for all particles in the process. Accord
ing to the CPT theorem, invariance in the sense of (49) is an automatic consequence of 
relativistic invariance and locality (for positivity of the energy spectrum).

The transformation law of creation and annihilation operators which follows from (46) 
has the form

8aUp, X)8~1 = & ( -  i f ' - ' b U p ,  -A), <»)

where a+ refers to a particle and b+ to an antiparticle. Consequently the (non-Hermitian) 
2(27+ l)-component fields & J(x) (see § 5.3) transform according to the rule

MYntofl- 1 = j  = 0, 1, 2, . . . ,  1
7 =  i f , . . .  . J }

We note that according to (51) the (27+ l)-component fields f ( l± y 5)^ J transform sepa
rately. In the case of the vector field reflection entails

(52)

Knowing the reflection properties of the vector and spinor field, one may easily write the 
reflection rule for the Rarita-Schwinger field:

= n (- 1 )'"* *.(-4 J =  n + h  (53>
(fi = 0, 1, 2, 3; n an integer).

For the Bargmann-Wigner field

...pn(x)6 1 = (+)&"' • • • ... «.(_ *)> (54)

which is easily derived from the properties of the spinor field (n is an integer).
The Schwinger treatment of reflections follows from the same relations (4), (6)-(8), but 

the transformed state here is defined using the operator 6s with the properties

8s | a, in) =  (ae, out|,
8s | a, out) =  (ae, in ]

(8sa, out 18sb, in> =  (b», out | ae, in) = (aou11 biD).
(55)
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The operators 6s may be represented in the form of a product

0s = U T, (56)

where U is unitary and T is the transposition operator: T\a) = (a |. A transformed operator 
He> by (8) and (49), is defined by the formula

He = dsH{ds)~ \  (57)

and instead of the invariance condition (13) in the Wigner treatment, we now have 
H = dsH(6s)~1 for a 0-invariant operator. The order of operator multiplication is reversed 
through the operation 6s :

(MN)e— N0M0. (58)

Comparison of (13) and (57) shows that Hermitian operators transform in the same way 
in both treatments, and the formulae for transformation of specific operators via 6s may 
be obtained from the respective formulae with the operator 0 by removing or adding the 
Hermitian conjugation operation. For example, instead of (50) we have

dWn(p, A)(0s) -1 =  W - l ) V ' M p ,  -A), (59)

while the transformation of the boson field now has the form

= <%*(-*)■ (60)

The transformation properties of fields are summarized in Table 6.1 (p. 144).

§ 6.2. The operations P, C, and T

While the classical inversion lx  = —x does not change internal symmetry variables, the 
quantum mechanical reflection 0, by virtue of its antiunitarity, exchanges particles and anti
particles. Let us discuss separately the transformation C which exchanges particles and 
antiparticles and the “geometrical” reflections P and T, describing the reflection 0 as the 
product of three discrete operations:

0 = CPT, (61)

where C and P are unitary and T is antiunitary.
Charge conjugation C transforms a particle into an antiparticle but does not act on the 

variables of the Poincare group:

[C, M ,x] = 0, [C, j y  = 0. (62)

The operator P describes “geometrical” spatial reflection, i.e. that transformation of states 
or operators (induced by the coordinate reflection x  — —or), which commutes with C:

CPC- 1 = P. (63)

The operation T when combined with CP gives the total reflection 0. From the definition of 
C, P, and T it is clear that the effect of the geometrical reflections P and T does not depend 
on the charges of the particles. The operations P and T connect state vectors in the same
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coherent subspace (characterized by the set of charges Q{). Charge conjugation C takes 
a state vector from one coherent subspace into another differing from the first by the sign 
of all charges Qv

Parity

The commutation relations of the parity operation P with momentum and angular 
momentum in classical physics are easily derived from

P(a, A)P~i = (a', o2A*o2), a' =  (<fi9 - a \  (64)

where (a, A) is a transformation of the Poincar6 group. The parity operation P anticommutes 
with spatial components of vectors and commutes with time components, e.g.

PP*P-i =-/>*, PPoP-1 = Po 1
PM^P- 1 =  AT,*, PMofcP”1 =  - M ok, J ( }

These commutation relations also hold in quantum theory, where P is a unitary operator.
According to (63) and (65) the operator P takes a state of a particle with momentum p 

into a state of the same particle with momentum —/>, without changing the three-dimension
al angular momentum. The rest state vector in the canonical basis thus acquires at most 
a phase factor rjl under the action of P :

P |0, a\ a) = 7?p(fl) 10, cr; a), (66)

where a is the projection of the spin on the z-axis and a is the type of the particle (a set of 
invariant quantum numbers); rj^(a) in the case of bosons is called the (intrinsic) parity of the 
particle a.

Passing to a moving reference frame using the Lorentz transformation a(/>), we find the 
effect of P on a state vector in the canonical basis:

P |p, a; a> = PU(0, a(j>))P-xP |0, a; a)
= r&(a) U(0, a (-/?)) |0, a\ a) =  rj&a) \ - p 9o; a), (67)

since PU(0, a{p))P~l =  U(0, a (— p)) by virtue of (65). For the antiparticle a we shall write

P |p 9 a; a) = fj&a) \- p ,o ;  a). (68)

In the helicity basis, the application of P changes the helicity state of a particle for p ^  0. 
Since in this basis the momentum is introduced along the z-axis to start with, it is convenient 
to use instead of P the operator

y  = e-i*M9lp9 (69)

which commutes with a Lorentz transformation along the z-axis. Since in the case of spin 
J(p = 0)

e-™** 10, A; J) = ( -1 ) '-* |0 , -A ; J).

for nonzero momentum p along the z-axis

r | j U ; / >  =  ^ (-- l) '-* ||> , —A; J). (70)
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Performing the rotation R(<p, —<p), we find the effect of P on a state of a particle in the
helicity basis with momentum p = (p, 0, <p):

P Ip, <p. X; J) = r)P( - \ y - xeinM*‘\p, -<p, -X ; J). (71)

Assuming that the vacuum is invariant with respect to P,

P|0> = |0>, (72)

we find from (67) the transformation of the creation and annihilation operators, e.g.:

Po(*(r)P-l = »?pfl(-j>,<r). (73)

Let us find the transformation of the (27+ l)-component local fields <p and % under P. Accord
ing to (5.80) and (5.81)

(fix) = —  {DJ{<P)) e-»*a(p)+D'(oc(p)C-') e“*b+(p)),

— w  J  ̂  { ^ ( « - 1+(p)) e~"*a(p) + ( -  l)2'  +OOC-1) ̂ b + ip )}.
(74)

Let us apply P to the field <p; by virtue of (73)

Pfpix)?-1 =  rj?x(aKxo, - x ) + ( - l ) 2;) j p ^ K  - X),

where %(a) and %(b) arc the parts of the field % containing respectively the operators a and b+. 
Let us demand that the transformation of the field 9?(x) be local, i.e. that the field P<pP-1 be 
expressible in terms of the field %:

This is possible when
PfpMP""1 = -*)•

V pV p =

(75)

(76)

Consequently, for fermions the product of the parities of particles and antiparticles is nega
tive.

Analogously we find
P^OOP- 1 = r)F(a)<p(x0, -x ) , (77)

so that P connects upper and lower components of the 2(27+ l)-component field

0  = P0(x)P“1 = r)pyA&(x0, -* ) , (78)

where the matrix y5 is assumed diagonal (see§ 5.3).
Consequently, when taking into account the operation P the irreducible object is a 

2(27+ l)-component field 0 . Earlier, in§ 5.3, such a field was introduced to enable the con
struction of a bilinear Hermitian form. The two conditions (the condition of the existence 
of P and the condition of the existence of a bilinear Hermitian form) are related to one 
another: according to (78), under the parity operation the same matrix y4 appears which
Nov 10
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enters into the bilinear Hermitian form and changes the sign of the generators of the Lorentz 
transformation Mok.

The parity rjF was required to satisfy |rjP| =  1, but since P does not depend on the charges 
of the particles, the parity r\P is equal to the parity of a neutral particle. Consequently, one 
must have fjF = rjF, so that by (76)

f]F = V? = ± i for fermions fjv =  ??P = ± 1 for bosons. (79)

The parity of bosons and the spin J  are usually combined in the combination Jv (where 
the superscript denotes the eigenvalue rjF of P in the rest state). Pseudo-scalar mesons 
(pions, kaons, etc.) have / p =  0“ , vector mesons (g and co mesons, etc.) have J* =  1", 
pseudo-vector (A \, K*9 etc.) have / p = 1+, and so on.

In the case of fermions, where the choices ± i  are equivalent, since the state vectors of all 
fermions are defined up to a sign (see§ 1.3), one may discuss only the relative parity of 
particles. For example, the notation / p =  \ + for a A  particle reflects the fact that its parity 
is the same as that of the neutron, which is taken as a standard for baryons.

Performing the parity operation P twice, we must obtain a state differing from the initial 
one only by a phase factor. Since the operation P is the same as for a neutral particle, this 
phase must be related only to the Poincar6 group. In fact, according to (79)

P2 = U(0, -E )  =  ( - f  for spin / ,  (80)

where U(0, -~E) = z is a transformation of the spinor group corresponding to a rotation 
z =  eiMlt2n by an angle 2n.

The imaginary factor ±  /, as a phase factor t]F for fermions, entails the anticommutativity 
of P and 0 for fermions, since 0 is antiunitary; for bosons P and 0 commute, so that, in 
general,

P0 =  (-1 )^0 P . (81)

The parity r\\(a9 b, . . . )  of multi-particle states is equal to the product of the parities 
r\F(a)r&b) . . .  of single-particle states. For example, in the canonical basis, we have, for 
a two-particle state,

p I < V ,  Pi, ab) =  Vvia) Vvib) I - p a, a„\ - p b, ab). (82)

In the helicity basis when constructing a two-particle state (see§ 4.6) two types of helicity 
states were used: (4.61) and (4.63). In one of them the momentum was first introduced 
along the positive r-axis, while in the other the momentum was first directed along the 
negative z-axis. It is obvious that these states may be obtained from one another by a reflec
tion. For the momentum |/>| ez we find from (4.63) and (71), using (4.64),

PIp,0 ,o,xy  =  nl\p,0 ,o, -a> =  ( - i)J+A/ ,AN ; \p, o, o, - x y .
For the two-particle helicity states (4.139) in the center of mass system and with relative 
momentum along the z-axis (i.e. & = (p = 0), the parity transformation thus has the form

P 10; p9 0, 0 ; l a l h) =  P{|p9 0, 0; \p9 0, 0; A*>-}
= t]l(l)riU 2)(-l)J,+Ji' Xm+XieiMnn\0; P, 0, 0; - X a, - X b).
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Since the operation P commutes with rotations, we may rotate the relative momentum 
from the z-axis to the final direction p  = (/?, <p):

P 10 ; /?, <p; Xa, Xb) =  PR((p, - y )  |0 ; /?, 0, 0 ; Xa, A*)
=  7^1) 7^2) ( -  R{(p, #, - y )

XR(0, -jr, 0) 10; p, 0, 0; - l a, — A*). (83)

The effect of the parity operation on the state 10, A; J, nr, Xa, Xb) with definite (two-par
ticle) spin J, mass m, and spin projection A (in the c.m.s. P = 0) we find, inserting (83) into 
the general formula (4.145) to be:

P |0, A; J, nr, Xa, Xb) = tj^o) rj^b) ( -  l / ~ w * 10, A; J, nr, -X a, -X b). (34)

Thus the spatial reflection of a two-particle state with spin J  differs from the initial one 
by the sign of the helicities of the particles.

The superposition of states with opposite helicities (and the same total spin J)

\ . . . - ,Xa, Xb) ± VUa) I . . . ;  -A„, - V ,)

will have definite parity.
If the 5-matrix is invariant with respect to spatial reflections:

P5P”1 =  5,

then according to (82) the following relation will hold between its matrix elements

{Pa<*a\Pb0b\ . . . ] S\pa'Oa'\Pb^b'\ • • •) =  *?p(fl, b9 . . .)*??(<*'> . . .)
X ( PaQa \-Pb<Jb\ • • • I S  I ~Pa'<*a'\ -~PvOb'\ •>• (85)

Here t)P(a\ b\ . . . )  and t)P(a, b, . . . )  are the products of the parities of the particles in the 
initial and final states. The right- and left-hand sides of these relations refer to the same 
reaction occurring under different conditions. Equation (85) thus constitutes a restriction 
on transition amplitudes.

Charge conjugation

Charge conjugation C is defined as a unitary operation replacing particles by antiparticles:

C \p,a-,a) = ric\p ,a \d), CC+ = 1, (86)

which by virtue of the charge invariance of the vacuum (C 10) =  10)) may be formulated 
via creation and annihilation operators for particles (a+, a) and antiparticles (b+, b) as 
follows:

Ca(p, 0 )0 - ' = r\cb(p, a), rfcnc = 1> 1 ^
Cb(p, <r)C-1 =  ftca(p, a), fj%rjc =  1- J

The operator C commutes with the generators PM and M^v, and also with the parity opera
tion P. By virtue of (86), C anticommutes with all charges Qp.

10*
CQi = -Q,C, (88)
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and, consequently, connects different coherent subspaces with one another. Only when all 
charges are equal to zero does the operator C act within one coherent subspace.

We note that charge conjugation C, being a unitary operator, cannot change the sign of 
all generators Fr of an internal symmetry group if they are noncommuting generators with 
commutation relations of the type

(for real antisymmetric cjJk). Indeed, substituting Ft — —F, leads to a different algebra of 
generators.

If a particle is neutral (a =  a), i.e. all its charges Q, =  0, then according to (86) and (88), 
it is characterized by an additional quantum number—the charge parity rfc =  r)c =  ±  1, 
showing how the state of a neutral particle behaves under charge conjugation.

The charge parity C of neutral particles is indicated along with their spin and parity in 
the combination 7PC. For example, the particle has even charge parity, 7PC = 0-+ , the
meson co has negative charge parity, rj^co) =  — 1, JK  =  1 . Any neutral state may have
a charge parity. Such a state must contain the same number of particles and their antipar
ticles.

If the scattering matrix is invariant with respect to charge conjugation, CSC-1 = S, and 
the initial state has a definite charge parity Tjc(in), then the interaction will not change »?c(in), 
so that ffc(out) =  Vc(in). If the initial state is not neutral, then the C-invariance of the scat
tering matrix does not entail a conservation law but allows one to express the amplitude 
for the process with particles a+b+  . . .  — c+d+  . . .  in terms of the amplitude for the 
process with antiparticles a+B+ . . .  — c+3+

where Tjc(in) is the product of the phases rjc in the in-state. The momenta and helicities of all 
particles and antiparticles in (89) are equal in pairs.

Let us perform the C-transformation on the 2(27+ l)-component field 0  of the form (78). 
According to (87) the field 0 C =  C0C-1 will contain annihilation operators with the factor 
r)c and creation operators with the factor f\*c . In order that the field 0  transform as a whole, 
it is necessary that

[F,-» Fy] — icijkFk

(c, d, . . .  \S\a, b, . . . )  =  r?c(in)i?c(out) (c,d, . . . \ S  \ a, 5, .. .>, (89)

Vc = Vc-

Bearing in mind that Ca~1TC-1 = a and CC* =  — 1,

(90)

0 c(x) =  r)c@jysyi0+(x)
0 d x )  =  rjc@j0+(x)yi

(91)

where the matrix <§, is

In the case of the Dirac bi-spinor, DJ(C) = C, so that

y>c =  n c&p.

(92)
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where the matrix & was introduced in (5.66) and has the properties (5.64) (with the choice 
of the lower sign) and (5.65).

It was shown earlier (78) that the parity operation P interchanges the upper and lower 
components of the field 0  : tp ■«- %. Charge conjugation expresses <p in terms of and % in 
terms of <p+. For this reason, the combined reflection CP separately connects the upper 
and lower components 0  and 0 +:

c?0(x) (CP) -1 =  -* )  (bosons), 1
CPi>(jt) (CP)”1 = —r]c7]'p@j0+(x°9 - x) (fermions), j ( ^

According to the definition (63), P commutes with charge conjugation: PC = CP. The 
choice of the phase = ±  i for fermions [see (79)] guarantees the independence of the 
operations P and C.

The commutation relations of C and CP with total reflection 0 may be introduced via 
(45), (71), and (86):

6C = CO, 0(CP) = ( -  1)2̂ (CP)0. (94)

Time reversal

The antiunitary time-reversal transformation T may be found by comparing formulae 
(45), (71), and (86) for 6 = CPT and the operations P and C:

T = (CP)”1 0, T2 = P2 = ( -  1)2J. (95)

Bearing in mind that in the canonical basis the reflection 0 acts according to (45), or 

0\p, a\ a, in) =  ( - l ) ;«“a| />, - a ; a, out),
we find

T |/>, a\ a, in) =  r?T( -  I -p> a, out), (96)

where the phase factor rjT does not depend on p or a. As in the case of reflections 0, we have 
retained the symbols in and out in the formulae for single-particle states to facilitate the 
transition to multi-particle states and quantum fields.

Time reversal changes the sign of momentum and spin projection of particles, and also 
takes an in-state into an out-state and vice versa. The particle type remains unchanged here: 
all charges and other internal symmetry quantum numbers are invariant with respect to 
time-reversal T, which justifies the treatment of T as a “geometrical” time reflection.

The commutation relations for T may be found by comparing the commutation relations 
for 0, P, and C :

TiYT- 1 = —Pk, TPoT”1 = Po, 
TMijT-1 = - Mtj , T A f o / T ” 1 =  M0j, (97)

TQfT-1 = Qf .

From these relations it is clear that the operation T does not change a helicity state. Thus 
in the helicity basis with momentum p along the z-axis,

T | /?, 0, 0, A; a, in) =  t?t  I P> rc, 0, X; a, out) =  | /?, 0, 0, X; a, out). (98)
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Rotations commute with T :
TR(tp, #, y ) T ~ l = R  (<v , #, y),

so that (98) leads to the general transform ation:

T | p, #, <p, A; a, in) = TR(<p, #, -<p)\p, 0, 0, A; a, in)
= r?T/?(̂ , 0, - 9?) R(0, ?r, 0) | p, 0, 0, A; a, out). (99^

This formula remains valid for the other single-particle helicity state, | p, A)“ [see (4.63) 
and (4.64)].

The transformation of multi-particle states under time-reversal T may be found as a prod
uct of the transformations (96) or (99) of single-particle states. The effect of T on a two- 
particle state with definite total spin /  in the helicity basis may now be found in analogy 
with the way in which the effect (84) of P was found. Using (99) we obtain instead of (83) 
the expression

T10; p, #, <p; Afl, A*) = rfi{a)rft{b) R{tp, 0, - 9?) R{0, n, 0) 10; p, 0, 0; l a A*),

from which, by (4.145), we may introduce the desired transformation law

T |0, A; J, m; Afl, A,) = ijKa) 1̂ (6) ( - 1 ) ^ 1 0 ,  - A ;  / ,  m; Afl, A,), (100)

where A  is the projection of the total spin J  on the z-axis.
The transformation of operators for antiunitary T is defined by a formula of the same 

type (12) as in the case of total reflection d. If the 5-matrix is invariant with respect to time 
reversal, then the condition

5 =  Sr =  T 5+ T '1.

holds. This condition is known as the reciprocity theorem, and in detailed notation reads 

(Pc> Ac * pdf Aj, . . .  | 5 | pai Aa > pbf Aft, . . . )
— ± (  P a ,  Aa, pft* Aft, . . .  j5 1 Pc, Ac* p d f  A<*, . . . ) .  (101)

The reciprocity theorem connects the amplitudes for the processes a-f-6-f- . . .  — c+d+  . . .  
and c+d+  . . .  — a+fc-b . . . ,  where in the second process the momenta of the particles 
differ in sign from the momenta of particles in the first process. For elastic processes when 
the initial and final particles are identical, the condition (101) limits the possible form of 
the transition amplitude.

§ 6.3. Reflections and interactions. Decays

Writing the total reflection operator in the form 0 = CPT implies that each of the opera
tions P, C, and T may be defined separately. If the 5-matrix were invariant with respect to 
the operation C, P, and T, i.e. if the conditions

C5C- 1 =  5, P5P- 1 =  5, T5+T"1 = 5 (102)

held, then the formulae of§ 6.2 would have defined these operations. However, in reality, 
all the symmetries P, C, and T are only approximate. In the case of broken symmetry, the
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definitions of the operations P, C and T presented in § 6.2 are, strictly speaking, unsound 
or useless.

The operations P, C, and T were defined in § 6.2 both in terms of state vectors and by 
commutation relations. Two cases are possible in which these operators lose their meaning.

1. The definitions (67), (82), and others assume that the application of the operation P 
to the physical state | a) leads to another physical state. But if symmetry with respect to 
spatial reflections is broken, the vector P | a) may not correspond to a physical state—it may 
be missing in the Hilbert space 76. The space 76 will then be noninvariant with respect to 
reflections P. The operation P thus loses its meaning. Analogous considerations hold for 
the operations C and T.

An example is the neutrino. The operations P and C when applied to the state vector of 
a neutrino have no meaning since both P and C take a neutrino state into a nonexistent one 
and only the operation CP connects physical states—the neutrino v and the antineutrino
y .  (92,93)

CP | p, Xv> v) =  7]v \ -p , -A„, v). (103)

The helicity of the neutrino is equal to Xv = — - ,  while the helicity of the antineutrino differs 
in sign: X- — —Xv. As was shown in § 4.5, from the point of view of the Poincare group, 
the neutrino and antineutrino are associated with different irreducible representations.

2. The vectors P | a, in) and P | a, out) exist among the set of physical in- or out-vectors 
and, consequently, a definition of the type (67) has meaning, but the condition (102) for 
P does not hold (the 5-matrix is noninvariant with respect to spatial reflections). In this 
case, one can introduce two different operators P^ and Pout in the overall Hilbert space 
76 = 76^ = 76oxlt. These operators will be defined correspondingly with respect to in- and 
out-states. The connection between the operators P^ and Pout is established via the 5-matrix:

P i n  =  5 P 0 u t‘S* 1 .

Such operations Pin and Pout will be characterized by the properties of the initial and final 
configurations of the system but not by the symmetry of the laws of motion or interactions. 
For this reason the operators Pin and Pout are useless in classifying states and introducing 
selection rules for transitions.

Analogously, for a C-noninvariant 5-matrix one may introduce the operators and 
Cout, and for a T-noninvariant 5-matrix, the operators T^ and Tout* Since the theory is 
always invariant with respect to total reflection 0,

0  =  C in P inT in  =  C 0 u t P o u t T o u t •

When the 5-matrix is symmetric with respect to P, the operators Pin and Pout coincide 
(P^ = Pout) and are spatial reflection operators. If this symmetry is lacking, the operators 
P^ and Pout do not satisfy the commutation relations for a spatial reflection operator, ac
cording to which the energy operator should remain unchanged under spatial reflections. 
In other words, when the 5-matrix is not symmetric with respect to P and T these operators 
do not correspond to the geometrical meaning ascribed to them.

These general theoretical considerations do not diminish the importance of C, P, and T 
as approximate symmetry operations. The possibility of introducing approximate discrete



138 INTRODUCTION TO ELEMENTARY PARTICLE THEORY

symmetries is based on definite properties of interactions of various types with respect to 
reflections and on the sharp subdivision of interactions with respect to strength.

All present experiments indicate that the strong interactions are invariant with respect 
to P, C, and T separately. In processes with only electromagnetic interactions P, C, and T 
may also be considered as symmetry operations. The weak interactions break C- and P- 
invariance separately, but in nearly all processes induced by the weak interactions CP is 
conserved, which by virtue of the CPT theorem also implies T-symmetry. CP is broken in 
decays of K-mesons, in which the effective constant of the CP-violating interaction is 
approximately 1000 times smaller than the weak interaction constant. Thus if one neglects 
the effects of the weak and the CP-violating (superweak) interactions, the scattering matrix 
will be invariant separately with respect to all three operations C, P, and T. In cases of the 
weak interactions, one may use those results of § 6.2 which refer to CP- and T-invariance. 
When taking account of the superweak interaction, the total reflection 0 is the only exact 
symmetry operation.

An approximate treatment of the reflections C, P, and T is easily formulated in the La- 
grangian approach. The full Lagrangian

L — Lo + Z,s+ Ly-{- Lvt^- Z/sw

is invariant with respect to the reflection 0 = CPT:

0L0- 1 =  L.

The terms L0, Ls, and Ly describing free fields and their strong and electromagnetic inter
actions are invariant separately with respect to C, P, and T, e.g.:

CLgC" 1 = Ls, PLsP- 1 = Ls, TLsT' 1 =  Ls.

The Lagrangian for the weak interaction Lw has only CP- and, consequently, T-symmetry:

CPLwlCP) - 1 = Lw, TLwT- 1 = Lw.

The Lagrangian for the superweak interaction Lsw is invariant only with respect to the total 
reflection 0.

An approximate treatment of discrete symmetries—with respect to interactions—is an 
indispensable element of the theory of unstable particles. The results of §§ 6.1 and 6.2 refer, 
strictly speaking, only to absolutely stable particles whose lifetime is infinite, since the in- 
and out-states may be defined rigorously only for such particles. However, absolutely stable 
particles are a small fraction of the full set of particles and resonances. In the case of un
stable particles, symmetry properties with respect to reflections may be defined aproximate- 
ly, i.e. with respect to the symmetries of the interaction under which the particle is absolute
ly stable. Inclusion of the remaining part of the interaction induces the decays of these 
particles. Assuming that the decay interactions are much smaller than the interaction 
“forming” the particle, we may consider decay processes in the framework of perturbation 
theory. The symmetry properties of the decay amplitude are defined by properties of the 
corresponding parts of the Lagrangian or Hamiltonian.

Let particle a be absolutely stable if one neglects the interaction energy H' in the total 
Hamiltonian H  = Ha+H'. The state vector of the particle is an eigenvector of Ha (see
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Chapter 2). The transition probability for a b is defined by the matrix element of the 
perturbation H'. To first order in H', the decay matrix is

©o
2 n 6 \p -p b)(b \M \p ,X ,d ) = j  (b, out | H'(x?) |p, X, a)dx° . (104)

—  © e

The probability for the decay w(a — b) is expressed in terms of the formula (see § 2.3)

w(a -  b) = —  f |(fc, out | M \p y A, a)|2 d \p - p b)d% , (105)
ma )

where | fc, out) is the final (multi-particle) state of the decay.
Expressions (104) and (105) allow one to determine the behavior of the amplitude and 

probability of the decay a — b under reflections. The conditions

Ptf'P- 1 = H \ C H C - 1 = H \ TZ/'Otoyr- 1 -

entail the invariance of the decay amplitude with respect to spatial reflection P, charge 
conjugation C, and time-reversal T, respectively.

The total decay probability, or the inverse lifetime 1 jx{a\ is obtained by summing (105) 
over all possible decay channels and helicities of the final particles and averaging over the 
helicities of the decaying particle a :

-  £  1 K + T  ?  ?  11<*■ °" t I" I ' • “> ^  (,06)

By virtue of the CPT theorem, the lifetimes of a particle %(a) and antiparticle z(a) are 
the same regardless of the interaction under which they are stable or the interaction causing 
their decays.(94) We shall prove %(a) = x(a) to first order in the decay Hamiltonian H \ 
using the expression (104) for the decay matrix in formula (106) for the mean lifetime.

Let us pass from particles to antiparticles using the reflection operator 8 :

| /U ,  fl) = ( - l ) ^ H | p ,  -A, a),
(b9 out | = <b$, in | 8.

In comparison with | b, out), the state | b$, in) has all particles replaced by antiparticles. The 
helicities have the opposite signs, and to each particle there corresponds the phase factor 
(— I)7*” *1 [see (48)]. Then the right-hand side of (104) takes the form

J (b, out |//'(x°)|p, A, a) </*° = ( -  l)y‘- A f  (be, in \ 6H\x°)8~'\ p, -X ,a )d x°
— oo — o©

= J  (be, out IS ^ h Xx0) \p , - X ,  a)dx° .

where So is the S-matrix in the absence of the interaction H'. But the expression

£  £  | J (be, out | S o 1 H’(x°) | p , - X ,  d) dx° |2
A b
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does not depend on the operator S0 (since S0 is unitary) or on the signs of the helicities of all 
particles (since they are summed). Consequently, the particle and antiparticle lifetimes are 
equal:

r(a) = r(a).

This result may be obtained to any order in perturbation theory.(95) From the proof it does 
not follow, however, that the relative probabilities of various decay channels and polariza
tions must also be identical for particles and antiparticles.

Let us turn to some consequences of reflection symmetries for decays. Rapid decays are 
due to the strong interactions; hence rapid and electromagnetic decays posses P-, C-, and 
T-symmetry.

The simplest consequences are those of C-invariance, by which charge parity is conserved. 
Recalling that the particles 7r°, rj, AJ, and A£ are charge-even, while the particles y, g°, co,
and (p are charge-odd, we may easily write reactions forbidden by C-invariance, e.g.:

rf -k g°+7t°, co° -K wr°(all n).

In the case of charged particles the probabilities and angular distributions for charge-con
jugate reactions will be identical. If, for example, a charge-even neutral particle decays to 
charged particles, the distribution of charged products of the decay must not depend on the 
sign of the charge. By studying the charge distribution of pions in the reactions

rj -► 71++7Z-+7Z0, rj — 7r+4-7r~4-y, r\ -► 7t+4-7r~4-y,

one may check the accuracy of C-symmetry. According to experiment the asymmetry of the 
pion distribution does not exceed ~  \° /0-(W) The P-invariance of strong and electromagnetic 
interactions leads to a condition for the decay amplitude

(Pu %u bupz, b2; . . .  \M \p, A, a)
= (-P u  -Ai, bi; - p 2, -A 2, bi\ . . . \M \  -p ,  -A, a).

Let the particle a at rest with spin Ja — 0 decay into two spinless particles b± and b2. Then 
the total spin J  of the final state is equal to zero. According to (84) the application of P to a 
two-particle state with zero total spin gives a factor rj^bj ^P(&2)* The P-invariance of the 
decay amplitude for a spinless particle into two spinless particles is thus equivalent to the 
conservation of intrinsic parity :

7?P(a) = r?p(foi)77p(fc2).

If the spin of the particle a is different from zero, then this formula is replaced by another:

7?P(tf) =  rjg(bi) rjF(b2) ( -  l)/a.

Both P- and T-invariance forbid a particle from having a nonzero electric dipole moment 
d. Under the spatial reflection P the electric field E , being a polar vector, changes sign: 
E — —E, while the particle spin remains unchanged. Hence the energy of a particle at rest 
undergoing dipole interaction with an electric field changes sign: PdJ'EP-1 = —dJ*E. 
This contradicts the assumption of P-invariance and, consequently, d must vanish.
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Under time-reversal T the electric field E does not change sign (we write, for example, 
E = (ejr^r and recall that r and the charge are not affected by the transformation T). 
However, T/^T-1 = — /*., so that the dipole interaction energy changes sign in this case as 
well: T dJ*EY~l = —dJ*E. Consequently, under T-invariance one must also have d — 0. 
The measurement of the dipole moment of the neutron gives d ^ 5 x  10“24£ (97,9S’244). 
While the decays of resonances generally are due to the strong and electromagnetic inter
actions, the decays of “stable” particles (see Table A.l,p. 359) are mostly due to the weak 
interactions (slow decays). For this reason, slow decays have only CP- and, consequently, 
T-invariance. As an interesting illustration of processes of this type we shall now consider 
decays of the neutral K-mesons K° and K°.(99*100)

K-mesons, or kaons, are pseudo-scalar particles, i.e. have spin-parity 7P = 0“ . Kaons 
are produced in strong interactions, e.g. in the reaction n~ + p -*• K0+A, and decay vi- 
weak interactions (into pions and leptons). The properties of the neutral kaons K° and K° 
are defined by the strong interactions; K° and K° are defined as the particle and antia 
particle, respectively: one may set

C | K0) = | K0), C | K0> = | K0).

Here and below, | K°) and | K°) denote the state vectors of kaons in the c.m.s.
The neutral kaons K° and K° are neutral only in the electrical sense—they differ with 

respect to hypercharge and isospin projection:

T(K°) = 1, Y(K°) -  -1 ,  Q = h + \ Y  = 0.

The weak interaction does not conserve hypercharge, and thus, with respect to the weak 
interaction alone, the particles K° and K° are indistinguishable. But the weak interaction 
is CP-invariant and can distinguish the CP-symmetric combination of K° and K° from 
the CP-antisymmetric one. Let us form the two combinations:

|K?> = -----L ,( |K °> -|K °» ,
V 2

Klj) = ——  (l K°)+1 K°».
V 2

Since P| K) =  — | K), then CP | Kj) = | K?). The states | K?) and | K°) are orthogonal: 
<K?|K°> = 0.

Because of the conservation of hypercharge in the strong interactions the transitions 
K° K° are impossible; such transitions are admitted by the weak interactions, which, 
however, do not have matrix elements connecting the states Kj and K°. For the strong and 
electromagnetic interactions these states are also different—there are no transitions between 
K? and K°. Hence, when taking account of the weak interactions, K?, K°2 must be considered 
as particles; specifically, Kj and K® will be characterized by definite values of mass and 
lifetime.

Since Kj and K® belong to different eigenvalues of the operator CP, the decay modes 
of K? and K® are different. States of two pions (n+7z~ or7z°7z°) with total angular momentum
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J  = 0 are even with respect to spatial reflections P [see (84)] and even with respect to charge 
conjugation C [since, according to (90), f?c(jr+) ) =  1], Consequently, this state has the
same CP eigenvalue as Kj, and the two-pion decay channel is possible only for K?:

K? — n++n~, 2jr°; K§ -(► +n~ , 2 °̂,

The three-pion state is even with respect to C. By virtue of the pseudo-scalar nature
of the pions (j?P(jr) =  -1 )  it will be odd with respect to P if the pions are in a state with zero 
relative angular momentum, and will be even if the relative angular momentum of one of the 
pairs is different from zero. Hence the decay Kj — 3n is suppressed by a centrifugal barrier, 
while for K® this is the main pionic decay channel.

The lifetimes of Kj and differ significantly from one another:

r(K?) = r s =  (0.8947 ±  0.0033) X10- 10 sec,<M4> 
r(K®) =  t l  =  (5.18 ±  0.04) X lO" 8 sec,<8>

which is largely related to the difference between two- and three-particle phase space.
In reality the decays K® — 2n, in which CP invariance is broken, do exist. The amplitude 

for these decays is small in comparison with the CP-symmetric amplitude. The violation of 
CP invariance in kaon decays will be examined in § 15.6.

§ 6.4. Summary of formulae for reflection transformations

1. Total reflection 0 (Wigner treatment) or 0s (Schwinger treatment):

02 =  (0S)2= ( _ i ) w .

The operator H is invariant:

H = 0H+0-1, H = 6sH(es)~1- 

If one introduces separately the operation P and C, then

0 =  CPT, 0s = CPTS.

0 and T are antiunitary, while P and C are unitary:

CP = PC, P2 = T2 =  (Ts)2 = (-1  )2J,
T = 0(CP)-1, P0 = (— 1)2J 0P,

Ts =  O^CP)'1, C0 = 0C, C2 =  1.

2. Transformation of single-particle states:

0 1/», A; a, in) =  ( - l ) J-A|p, -A ; a, out),
0s |p. A; a, in) = ( -1  Y~ x(p, -A ; a, out|,

C |p. A; a) = r]c(a) |p. A; a).
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The above formulae do not change when one replaces the helicity A by the spin projection 
on a fixed axis a = G/3)'.

P | p, a\ a) = rjp(a) \ - p ,  a\ a)y 
P |p, A; a) =  r)l(a )(--iy -xei7lM>l\py #, - 9p, -A ; a),

T |p, a\ ay in) = ??f(zz)(-l)/ - ff| -p ,  a, out),
T |p ,  A; ay in) = rfie-i7lM« |p, #, —q>9 A; a, out),

Ts |p, <x; a, in) =  ( ““ l)7”0( —P* - o \  ay out[.

The transformation of two-particle states:

P |0 , A; J, m; Ax, A2> = ^ 1 ) ^ 2 )  ( - 1 ) ' - * - ^  A; / ,  m; - k u -A 2>.

The phase factors satisfy the relations

rj^a) ritia) =  ( - 1)27, rjP(a) =  r?p(d),
*7c(a) Vda) = 1, ^c(fl) yv(a) Vt(a) = 1.

For a neutral particle rj^aQ) = =  ±  1. In formulae for helicity states the momentum
is parametrized using the angles # and <p: p  =  (p, #, <p).

3. Scattering matrix. The initial process is a+b+  ...-** c+*/+ . . .
0-invariance:

(Pc> Ac, c, Pdy Arf, t/, . . .  |S'] pay Ad, iz, pt, At, b y • ■ •)
=  7?5<Pa, Afl, IZ, P t ,  A^, By  . . .  | 5*1 P c ,  Ac, C , Pdy  Arf, J ,  . . . ) .

P-invariance:

<Pc, Ac* Cy pdy Ac/, d y . . .  | S'| pa, Aa, iz,pt> At, • • •) ^p(in) 7̂ p(out)
Pcy Pdy Ac/, d y . . .  I S'I Pay Pfr> At, . . .)■

C-invariance:

<Pc, Ac, c , Pdy Ac/, d , . . .  | S' | pay A a, tz, pt, At, b , • . • )
= 77c(in)7?&(out) (Pc, Ac, c; pdy kdy 3; . . . \ S \  p fl, Afl, d; - p t ,  At ,  £ ; . . . ) .

T-in variance:
<Pc, Ac, C , P d y  Ac/, d y . . .  I 5* I Pay  Aa> ^  , P6> At, b y  • • . )

i  ^ Pay  Aa> ^  , P6> A t ,  b  , . . .  | | P c ,  Ac , C , P d y  ^mdy d y  • • • )

Here r\e is the product of the factors (—l)J-Afor all particles; r?P(in) and ^p(out) are the 
products of parities for initial and final states, and r\c{in) and r?c(out) are the analogous 
products of the phase factors rjc . All formulae are shown for the helicity basis.

4. Transformation of fields. &J(x) are 2(27+ l)-component fields with spin / ;  the field 
0 v\x )  coincides with the Dirac field y(x); Wafii mam/tu(x) is the Rarita-Schwinger field, and 
^  an(x) is the Bargman-Wigner field.
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One of the possible representations for the matrices y4, y5, and has the form

/0 1\ /I 0\ a  /ZV(C) 0 \
" " ( >  „)• n = (o - l ) '  M  o - J ^ o ) -

The results are shown in Table 6.1.

T a b l e  6.1

t(x) J ece-» 0W ) - '

0J(x) 0, 1, 2, . . . 0J+(-x)yl y p 1
0J(x) I 32> l» * * * ®/+(-*)y*

/f+|, n = 0, 1, 2, ... (-1  /" * « £ . . .  *.<-*)y.

£III n = 0, 1, 2, ... (—1) 0Mt... x)

• «.(*> \ n V+(-xyy?} ... yini yV . .. yi"V(-x)

Ux) Cfc-* pjp-i 3 H 1
<P(x) %&Jviy P '+(x) V V 1̂ * 0* -* ) T]t&-'0J(-X°, X)

<F(x) n S jy p ’+i*) Tiryt0J(x°, -  x) ^ / ‘y ^ t - x 0, X)

Mi • • ( X)  • 7 r>„€y. V  (x) #C • A,' 7
^ ( - i ) * y ^ i . . . ^ ® , - x > ,  

* 0 'T '  5

III •e.

?yjp+ (x)'C /<i... /i*v 7 /t, ^  0

a, .. • • • (€ y 4)«">^+(x) j?Py ( , ) . . .  y^Vix0, - x ) . . .  y ( - x ® ,  x )

5. Transformation of bilinear Hermitian quantities (“currents”) in the case of the Dirac 
field (J = The bilinear Hermitian “currents” /*  are defined by the formula

/ ( * )  =  i i r t o .  n(x)] (y V , j R+ = j R,

where y* is one of the Dirac matrices (5.55) satisfying the condition yR =  y4y*+y4.
Under reflections the “currents” /*  acquire the factor eR = ±  1, e.g.

Qj\x)6~l =  eRj R{xe), e? = ±  1,

where xe denotes the transformed coordinate. The quantities j R transform in the same way 
under the Wigner and Schwinger treatments of the reflections 0 and T. The factors e* for 
the reflections a = 6, P, C, T, and CP are shown in Table 6.2.



REFLECTIONS 145

T able 6.2



C hapter  7

THE SCATTERING MATRIX. KINEMATICS

The properties of the scattering matrix may be divided into kinematical and dynamical 
ones. Kinematical properties are based on space-time symmetry or the invariance of the 
theory with respect to transformations of the quantum mechanical PoincarS group. Dynam
ical properties of the 5-matrix are determined by particular features of interactions. In 
this chapter we shall examine kinematical properties of the 5-matrix.

§ 7.1. The problem of kinematics

In Chapter 4 we studied the description of asymptotic particle states from the point of 
view of the PoincarS group. For free particles, and hence for asymptotic states in the theory 
of interacting particles, this approach permits a full description. The element of the 5-matrix 
corresponding to the process 14-2+ . . .  l ' 4-2'+  . . .  is equal (in the helicity basis) to

</ |5 | i>  = (p[, X[9 I';/?* Ag, 2'; . . .  \ S \p u Xu 1; P2, X2, 2 ; . . . ) ,  (1)

where for brevity the particle number (k =  1, 2, . . . )  denotes its relativistic properties—the 
mass m,, spin Ji9 as well as other quantum numbers.

In experiment one measures directly noninvariant quantities (such as energies, angles, 
etc.) which depend on the reference frame. Consequently the initial and final asymptotic 
states change under translations and rotations:

I 1 0 -!*»>•

But by relativistic invariance the matrix element for the transition (1) cannot depend on the 
reference frame:

( fg \S \ig) = ( f \ S \ i ) 9

i.e. the elements of the 5-matrix must be functions of the invariants (expressed in terms of 
measurable noninvariant quantities). This condition of relativistic invariance of the 5-matrix 
allows one to display part of the dependence (the kinematic dependence) of the matrix 
elements (1) on invariant quantities: specifically, that dependence which may be obtained 
from the transformation properties of asymptotic states.

The transformation of any state vector induced by translations and Lorentz rotations,
146



THE SCATTERING MATRIX. KINEMATICS 147

g = (a. A), is described by the unitary operator U(a, A), e.g.:

\fg) — U(a, A) |/>.

Hence, the condition of relativistic invariance of the 5-matrix is

5 =  U- 1(a, A) 5U(a, A).

If one writes U(a, A) in terms of the generators PM and M ^,

U(a, A) = ,
we obtain

S) = 0, [M ^  S ] = 0,

from which the conservation laws for PM and M^v follow.
The asymptotic states transform as the product of single-particle states (see §§1.4 and 

4.6). The transformation properties of single-particle states were established in § 4.3 [for
mula (4.47)].

Under the coordinate transformation x1* -► x ,f* = AMv(A)xv-\-afA the particle state vector 
undergoes a unitary transformation U(a, A):

U(a, A) | /»,£> = ^ p'a £  I P'-> £'> A)),

where p' = A(A)p, is a matrix of the rotation group for spin J  (see § 3.5), and A ( p , A) 
is the 2 by 2 matrix (4.45) of the Wigner spin rotation, which accompanies Lorentz trans
formations; this rotation depends on momentum via the matrix a(p), corresponding to the 
Lorentz transformation from the rest state (p = 0) to the momentum p :

A(p, A) = a(p') Aa~\p).

In the helicity basis £ is the helicity X, while the operator <x(p) is chosen in the form 
(4.60) or (4.63): a(/>) =  h(p) or x(p) = fr(p). In the canonical basis £ is a—the projection 
of the spin on a given direction n  ̂ orthogonal to the momentum: p MnM = 0. In this basis 
the operator x(p) is usually chosen self-adjoint: oc{p) =  a +(/j) [see (4.22) and (4.24)]. Thus 
the condition for relativistic invariance of the ^-matrix

( fg\S \tB) = < /[U-1(S) SU(g) 1 /> =  </ i5 1 />
means that

(Pi* î» 19» • • • IS I Pv 1 * • • •)

(M. if)
X <T>i\n(A(pi, A ) ) . . .  exp [iaA(px + . . .  - p i -  . . . )] . (2)

If all particles in (1) are spinless, then according to (2) the matrix element (1) can depend 
only on the relativistically invariant variables p rpj  formed from the momenta of particles. 
If the particles have spin, the problem of subdividing the matrix element (1) into independent
Nov 11
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relativistically invariant “scalar” amplitudes F, and kinematic factors Zt, connected with 
spin, arises:

( f \ S \ i ) = ^ Z l( fJ ) F l(prPj), (3)

where Ft depend only on the invariant momentum variables prpj.
An expansion of the type (3) allows one to separate the kinematic and dynamical aspects 

of the theory: the kinematics determine Z/9 while the dynamics establish the dependence of 
the scalar amplitudes Ft on the scalar momentum variables. The kinematic factors Z, are 
found relatively easily; they may be considered as known. On the other hand, the calculation 
of the functions Ft relies as a rule on unsolved theoretical questions.

The expansion (3) of the transition matrix element in terms of scalar amplitudes is not the 
only means of kinematical analysis. The multi-particle states | i) and | / )  may be expanded 
in terms of irreducible representations of the PoincarS group (see § 4.6) characterized by the 
total mass m and total spin J. As a consequence of relativistic invariance the operator S  is 
diagonal in m and / ,  so that the matrix element (1) also may be written (symbolically) in 
diagonal form:

</l S \i)  = ^  S if(J, m) Yjm(i,f) , (4)

where S(J, m) describes the scattering with a given J, m, and the known functions Y]m are 
determined by the Poincari group. The multi-particle states | J, m) may be given in various 
bases, and for this reason there are various expansions of the type (4).

To find expansions (3) and (4), i.e. to find a set of quantities Z, and YJm, is the basic prob
lem of the kinematics of the scattering matrix.

§ 7.2. The variables s, /, u

The scalar amplitudes F, in expansion (3) for the transition matrix element depend on 
invariants formed from particle momenta. We shall examine in this section the construction 
of such variables for processes with a total of four particles in the initial and final states. 
Then there are four momenta pT(r = 1,2,3,4) on the mass shell p* = m* and related by the 
conservation law

P\+P» = Pz+P4- (5)
Depending on the sign of the time component p° these momenta are involved in the kine
matics of one of the three following reactions:

1 + 2 -  3+4 (j-channel), (6)
1 + 3 -  2+4 (/-channel), (7)
1+4 -  3+2 (w-channel), (8)

where the symbol r denotes the antiparticle of the particle r.
Reactions (6)-(8) are called crossed reactions of one another. Each one of them may be 

obtained from any other by replacing a particle in the initial (final) state by an antiparticle 
in the final (initial) state. The fact that such processes are related to one another is connected 
with properties of amplitudes under crossing symmetry (see below, § 11.2). In a local theory, 
amplitudes for all three processes (6)-(8) are described by formulae of the same type.
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All initial and final states in (6)-(8) have positive energy. In accord with (5) we shall set all 
pr0 >  0 for reactions (6). Then in reaction (7) plQy pi0 >  0 and p ^  p^  <  0, while in reaction 
(8) Pio, Pzq >  0 and /?20, pi0 <  0. When passing to the crossed reaction the momentum p 
of a particle in the initial state is changed to the momentum — p of an antiparticle in the 
final state, so that, for example, the conservation law (5) for reaction (7) becomes

P i + ( —pz) = ( — Pz)+P* (Pzo < 0, P2 0  < 0).

The physical four-momenta of particles in reaction (7) are equal to pv  —p2, — /?3, and pv  
so that the condition <  0, p30 < 0 is also a condition for positivity of particle energies. 
Crossed processes are depicted graphically in Fig. 3.

t

F ig . 3. s~, an d  w-channel processes related to  one an o th e r by crossing.

By CPT invariance, along with reactions (6)-(8) one must consider simultaneously the 
three CPT-conjugate reactions obtained from (6)-(8) by replacing all particles by antipar
ticles and interchanging the initial and final states. When the theory is invariant with respect to 
charge conjugation C (which always holds when only strong and electromagnetic interac
tions are taken into account), the six reactions are supplemented by six more C-conjugate 
reactions, in which all particles are replaced by antiparticles. Thus, in strong interaction 
theory it is convenient to consider simultaneously 12 matrix elements [the amplitudes for 
the processes (6)-(8) and nine others, obtained from (6)-(8) both by interchanging the in
itial and final states and by changing all particles to antiparticles]).

With four momenta pr satisfying p2 =  m2 and (5), one may construct two independent 
invariants. To preserve the symmetry among the reactions (6)-(8) one usually introduces the 
three invariants:

•S =  {P i+Pi f  =  (Pz+Ptf ,
t = ( p i - p s f  =  (P i-P tf , (9)
« = (P i-P i)2 =  (P2 - P 3)2,

connected by
s+ t+ u  = = h.

r

The quantity s is the square of the energy in the c.m.s. for reaction (6); analogously the 
quantities t and u are squares of the energies in the c.m.s. respectively for reactions (7) and 
(8). For this reason, the reactions (6), (7) and (8) are referred to as the 5-, f-, and ^-channels 
of the system of the three crossed reactions. It is obvious that in the 5-channel s >  0, in the 
n*
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/-channel / >  0, and in the w-channel w >  0. Let us define reaction parameters in the ^-chan
nel in the c.m.s.:

012CO =  Pi  =  —P 2 , 034(0 =  Pz =  —p \ ,
s = (pio+P2 0)2, pi'Pz = q 12 qziZs,

where zs = cos %s is the cosine of the scattering angle (in the ^-channel), while qu = \qu\. 
Forward scattering corresponds to z5 = 1, or px = p3 (but not pl = /?4).

Analogous parameters qiz{t\ and zt — cos &t in the /-channel may be obtained
from (10) in correspondence with (6) and (7) by the substitution

Pl Pu P2 ~PZ, PZ Pi, PA p2 •

To find the parameters of the w-channel one must perform the substitution

pi ^  Pu p z ^ —pu Pz Pz> Pa ^  pz- 

Consequently, in the c.m.s. of the /-channel one will have

013(0 ~  P l  =  P z , 024 = P 2  =  P a ,
/ = (/?10-f \pzo\)2> P l ' P A  = q 13 024 zt ,

while in the c.m.s. of the w-channel the sign of zu is fixed by

P l ' P 2  =  “ 014 023 Zu .

Let us denote
Aftx) = [x -  (m, 4 - mjf] [x -  (mi -  m,)2].

Then in all scattering channels
4xql(x) = Afj(x).

( 12)

(13)

The cosines of the scattering angles zs, zt, and zu respectively in the s-, t-, and w-channels 
have the form

s(t -u)+ (m \ -  m\) (im\ -  mf) 
Amis) A ^s)  

t(u -  s)+ ( -  m\) (m \-  ml)
A 13(0 ^ 24(0

u(s-t)+ (m \-m \)  ( m |- m\) 
Au(u) A^u)

(14)

(15)

(16)

In the case of elastic scattering, when ml =  m3, m2 = m4, we find that q12 =  qu  and

A\2(s)
t  =  -(?12-?34)2 =  -  2^2(j) (1 - Z s) =  — 2y ( 1 - 4

U =  -2q \2(s) (1+ZJ +
( m f - m l f

(17)
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All relations are especially simple when the four masses are the same (mi = m2 =
~ m4 = m) :

1̂2 (s) = ^ - 4 m 2),

t s —4m2
2 ~ (!-**)>

9u = tf2 =
5—4m2

5 — 4/tt2 
w = ------~-----(1 +z,).

(18)

If/ni >  m2+m 3+m4, there is also the decay channel 1 — 2+3+4.  In this case, obviously, 
all three invariants s, t9 and w may be interpreted as momentum transfers.

In each channel the variables s9/, and u have values belonging to a specific region—the 
physical region of the given channel. The physical region for the ^-channel includes only 
those s9 /, and u for which

qi*{s) >  0, q^{s) >  0. (19)

For example, for elastic scattering (mi = /w3, m2 = m4) the physical region of the ^-channel 
consists of

s ^  (mi+m2)2, t <  0, u ^  (m i-m 2)2. (20)

In the general case, the boundaries of the physical region for each channel may be obtained 
by setting z —±  1 in (14)-(16).

On the boundary of the physical region the independent momenta pi, /?2, and /?3 become 
linearly dependent, or L2 = 0, where L^ — s^ pIp p̂I- 

From this,(101)

A =
Pi P1 P2 PlP3 
P2 P1 P\ P%Pz 
PzPi P3 P2 pI

= o. (21)

which gives a relation defining the boundaries of the physical regions in all three channels:

stu = as+bt+cu9 (22)

a -  {m\ml -  trfynl) (ml + m\ -  m \-  m\), (23)

b = — (ml m l- m%ml) (ml + m l~m \-m \), (24)

c = j  (mlm\- m\m\) (wf+ m \ - m \ - m§). (25)

Inside the physical region, 1? <  0 or A >  0, since is a space-like vector. Formula (22) 
defines a curve of third order with asymptotes s =  0, / = 0, and u = 0. The physical regions 
of the variables s, t, and u may be depicted graphically in the stu plane, or the Mandelstam*102-1 
plane. To preserve the symmetry with respect to s, t, and u while taking account of 
s+ t+ u = h, it is convenient to introduce triangular coordinates for which the sum of the 
distances from the point P(s, t, u) to the coordinate axes forming an equilateral triangle is 
always equal to h (Fig. 4).
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Fig. 4. Mandelstam stu plane, showing constraint s + t + u  ~  h obeyed by each point.

For elastic scattering of identical particles (m, =  m) the physical regions of the y-, f-, and 
f/-channels occupy the triangular sectors:

y >  4m2, t 0, u < 0  (y-channel);
j  <  0, 1 4m2, u 0 (r-channel);
s ^  0, t <  0, u ^  4m2 (u-channel)

(Fig. 5); in this case the picture in the stu plane is invariant with respect to rotations by 120°

t

F ig . 5. Physical regions in the Mandelstam stu plane for equal-mass scattering.
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§ 7.3. Cross-sections for processes. Unitarity and optical theorem

In scattering experiments one measures cross-sections, i.e. the probabilities for processes 
(per unit volume and unit time) for a unit flux of colliding particles. While the matrix element 
(1) and the probabilities for processes (170) depend on the normalization of single-particle 
states (and, for normalizations different from ours, may be noninvariant quantities), the 
cross-sections do not depend on this normalization.

The derivation of an expression for the cross-section in terms of the scattering matrix 
may be found in nearly any book on scattering theory or elementary particle theory. For 
this reason we shall give only the basic steps of the derivation, explaining the notation and 
particular aspects of the formulae in connection with our normalization conventions.

Let us consider a process initiated by the collision of two particles: a+b — 14- . . .  +n, 
and let us assume for simplicity that the initial and final states contain no identical particles. 
If the momenta of the particles in the final state are in the region 8 = Apx . . .  Apn with 
average momenta px . . .  pn, then the final state vector | / )  is equal to

| / )  = f d3pi . . .  d3p„\px, Ax, 1) . . .  I p„, X„, n).
i  (26)

The norm of the state (26) is equal to

( f \ f )  = N1 ...N „ A p 1 . . .  Apn 2Pl0 . . .  2p„o, (27)

where Nk appears in the norm of the single-particle state for particle k :

(p, X., k | p', X', k) = Nk2pko8xy8(p-p’). (28)
Our choice

Nk = 1 (29)

will be the same for bosons and fermions.
In the final state (26) the matrix element for the transition from the initial state

1 0 =  I Pay «̂> Pb’ h ,  b> (30)

is equal, according to (1.67) and (26), to

( f \ S — 11 *’) = *(2n)i 8 \p a+pb- p i -  . . .  -p„)X{\ . . . n \T \a , b) Apk . . .  Apn,

where for brevity we have denoted

1 pu X-i, 1; . . . ;  pi, Xi, /) =  11 . . .  /).

The formula (1.70), refers to the probability for the transition (per unit time in unit vol
ume) from the state (30) to a state normalized to unity. With the normalization (27) we must 
replace (1.70) by the formula

w { i  - / )  =  (2*)* 84 ( p ( / ) - p ( / ) ) M Z W  .

Inserting (27) and
( f\T \? )  =  <1 . . .n \T \a ,  b)AP l ...A p„ ,
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we find the probability for the process a+fc — 1+ . . .  +n\

w (a+ b^  1+ . . .  + » )=  (2jt)*1<1 . . .n \T \a ,b ) f
X &\pa+ P b -p i-  ■ ■ ■ -p„) (2pio . . .  2p„oN i . . .  Nn)-1 dpi . . .  dp„ 

= (2nY\(\ . ..n \T \a ,b ) \* (N 1 . . . N n)- 'd R n(pa+pb), (31)

where we have introduced the invariant volume element in momentum space for particles 
1 . . .  n:

dR„(p) = b \ p - p i -  . . .  - p n) b (p \-m \ ) . . .  d(p2„~m2)d4Pl . . .  d*p„. (32)

The probability (31) may be represented as the product of the flux of particles in the initial 
state j(a, b) by the differential cross-section for the process do(a+b — 1 + . . .  + ri):

w(a+b 1+ . . .  +«) = j(ay b)do(a+b 1-h . . .  +«). (33)

The fluxy(a, b) is equal to the product of the density of the number of particles a and b by 
the relative velocity vab in the c.m.s.

where

j(a, b) = QaQbVab = QaQbqab — QaQb
qab \ fs
PaOPbO

= Q^b
F

P a  0 PbO

A„b _  v /['y -  (™a+ mb)2] [s -  {ma -  mbf)
2 2

(34)

(35)

is called the invariant Moller flux.
The single-particle states | p. A, r) are normalized in (28) so that the particle density gr 

(with given A) is equal to
_  Nr2po

Qr (2tt)3 ' (36)

Here the spinors u and v must be normalized according to

u+(p. A) u(p. A') = Nr2p0bu-, 

so that, for example, the wave function of a particle with spin is

< 0 1 f x(x) | p.  A) =  e‘Px.

(37)

(38)

In the case of a particle with spin 0

(0 1 ^(x) |/», 7 =  0) = N1'2
(:h i t 12

e‘Px .

Thus the flux density j(a, b) is equal to

2A ab

j(a, b) =
(2nY 
2 A ab
(2nf

NaNb, 

in our normalization.

(39)

(40)
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From formulae (31), (33), and (40) it is clear that for the normalization (29) the flux density 
j(a, b) is relativistically invariant, while the cross-section da may be expressed only in 
terms of invariant quantities. In what follows we shall set Nk =  1. In fact, da does not 
depend on the normalization constants Nk, since in da the matrix element in (31) always 
appears in combination with (N1 . . .  N„)_1.

Finally, the differential cross-section for the process a+b — 1+ . . .  +n is  equal to

^  =  - ^ - | < l  . . .n \T \a ,b ) \2dRn(pa+pb), (41)

where the invariant quantities 4 *  ar>d the phase element dRn are given by formulae (12) 
and (32). We have introduced in (41) the notation

B = 8
(2tt)5 (42)

for a numerical coefficient which will be encountered often in subsequent formulae.
The total cross-section for the process a+b — 1 + . . .  +n may be found by integrating 

with respect to momenta of the produced particles and summing over their spin states 
(A) = (A1 ...A„):

a(a+b — 1+ . . .  +n) = 32
B2Aab 5 j |<1 . . .  n\T \a , b ) f dRn(pa+pb). (43)

When the amplitude is independent of the momenta of the final state, this cross-section will 
be proportional to the invariant phase space

Rn=  J  dRn. (44)

Finally, the total cross-section atot for the scattering of particles a and b, i.e. the total 
cross-section for the process a+b — (anything), may be obtained by summing (43) over 
all possible final states | / )  with various particles and various numbers of particles:

fftot(a, b) = ^a (a+ b  - / ) .  (45)

If the initial beam is not polarized, then one must average the cross-section over the orien
tation of the spin in the initial state; this is equivalent to the operation

(2Ja+ \)(2Jb+ \) £ h (46)

Up to now it has been assumed that none of the particles 1 . . .  n are identical. We shall 
now consider the case in which all particles 1 . . .  n are identical. Let the particles be scalar. 
Set

I />  =  /  • • • d3p„a+(pi) . . .  a+(pn) 10),
d

where d = Apx . . .  Apn. If the regions Ap( do not overlap, the normalization (27) continues 
to hold for all identical particles (we take Nr = 1):

</!/> = dp! . . .  Apn2p10 . . .  2pn0.
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The factor n! does not appear. Performing all the above calculations, we verify that for 
identical particles one obtains the same formula (41) for da as in the case of distinguishable 
particles. In other words, the identity of the particles does not affect the differential cross- 
section if it is defined by formula (33):

da(a+b 1+ . . . + « )  = vja+ b  — 1+ . . .  +n) 
j(a, b)

where w is the probability for a transition into the state | / )  in which the identical particles 
lie in the regions Apx . . .  Ap„.

However, in calculating the total cross-section and in the unitarity condition below [see 
(51)], the factor (n!)-1 does appear. In fact in these formulae one must not integrate over all 
momentum space in the final state (px - .■ p^, but only over its (1 In !)th part. States differing 
by the interchange of identical particles must be considered as a single state, counted once. 
If there are vt particles of typer among the particles 1 . . .  n, the invariant phase space dR„ 
becomes dR jvr!

The most interesting process is a+b ■* 1 +2. Passing to the c.m.s. with pi = —p 2 = qn  
and integrating dR2 over all variables except for the polar angles of the vector qn,

dRz(Vs) = \  SAL dQ, dQ =  —d<pdz,. (47)
4 \ s

Inserting (47) into (41) and recalling that according to (13) A^is) =  2 V sq^, we find 
the differential cross-section for a binary process:

do(a+b -  1+ 2) =  ^ - | < 1, 2 | r | a ,  dQ. (48)

In the case of elastic scattering An  = A& and, consequently,

do(a+ b~a+ b) =  —  |(o', b'\T\a,b)\*dQ,

where a' and b' denote particles a and b in the state after scattering. The usual definition of 
the normalized scattering amplitudes /^ (s , 0, <p), originating in nonrelativistic theory, is 
based on the formula

da(a+b — a+b) = | / a*(s, 0, 9>)l2dQ.

Consequently, the relation between the a m p litu d e 's , #, <jp) and the matrix element 

(a', b’ | T\a, b) = {p'a, X'a\ p ’b, X'b\ T\p„ Xa; pb, Xb),

which is connected with the S-matrix element by relation (30), may be written in the form

f ab{s, ■&, <p) =  —j —  (pa, X’a; p'b, X’b\T\p„, Xa-, pb, Xb). 
■ysB

(49)

To avoid confusion we shall perform all calculations using the matrix elements (a.',b'\T\ a, b).
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Let us give an expression for the differential cross-section (48) as a function of the invari
ant variable t = (pa—ft)2, dt =  2 dzs for the case of spinless particles. In this case, the 
amplitude depends only on the invariant variables s, /, u related by the conditions s+ t+ u  = 
m^+ml+ml+n^, i.e. <1, 2 1 T\a, b) =  F(s, t, u). By (48)

do{a+b~ 1 + 2) =  1F{s, t ,u ) |2 dt. (50)

The unitarity condition (1.68) may now be written in explicit form.
The completeness of the system of states | m) means that

1 =  E l m X m l =  E  E  f ■■■ IP u  A i ;  • A i ;  . . .  I — - - -m <n) fr)J 2/?lo Vl! . . .

d 'p A f i - n i i )  • • • \Pi> AiJ • • •> <Pi, . . .
V \ \  . . .

(51)

where (A) denotes the set of spin states (Ax . . .  A„), of particles \ . . .  n in the state 
\p lt Xy\ . . .  \p„, A„); vx is the number of identical particles of type 1 in the state plt Ax; 
the summation on («) means a summation over various types of particles for a given particle 
number n and the sum over all possible numbers of particles n. Using expression (32) for 
the phase space and replacing the states |a), | /?) in (1.68) by | a, b) and | 1 . . .« ) ,  we 
obtain the unitarity condition in the following form:

- l < i , 2 i r - r + | a , h >  = y(2»)*g g j < i , 2 | r + i i .. .«> dRn{.Pa F Pb) 
Vi! . . . <1 . . .n \T \a ,  b).

(52)

In the particular case of forward elastic scattering (i.e. for z, = 1 and <p = 0, for which 
I a, b) =  | p0, A0;p6, A6) and 11,2) =  | a, b), the left-hand side of the unitarity condition (52) 
reduces to the imaginary part of the forward elastic scattering amplitude:

- ( a ,b  | T - r +  \a,b) = Im (a, b\T \a, b).

The right-hand side of (52) in this case, by (43) and (45), will be proportional to the total 
cross-section crtot(a, b) for a+b — (anything).

We thus obtain the relation

Im (a, b | T | a, b) = — —  otot(a, b), (53)

known as the optical theorem. If a and b are spinless particles of the same mass m, then for 
forward scattering t =  0, and the optical theorem takes the form

_ „  [5(5-4m 2)]!/2 5  , ..Im F(s, 0) =  —— t— -----atot(a, b).

where the scattering amplitude F(s, t) = F(s, t, u(s, /)) was introduced in connection with 
(50).
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§ 7.4. Helicity amplitudes

Let us consider the amplitude for the process 1 + 2 3+4. Since the S-matrix commutes
with the generators P^ and of the Poincar6 group, it will also commute with the invari
ants of the group—the total mass m2 = P2 and the square of the total spin, — w2!m2 = 72, 
whose eigenvalues denote the irreducible representations of this group. Consequently, the 
iS-matrix is diagonal in m and 7, and the amplitude may be expanded in a series of partial 
wave amplitudes T(m, 7). We shall find such an expansion for the amplitude (an expansion 
of the type (4)) when the initial and final configurations are described using two-particle 
helicity states.(58)

Two-particle helicity states were constructed in § 4.6. Let the momenta of particles a and b 
bepa = q# and pb = —qab in the c.m.s. In the helicity basis the momentum qab is defined by 
the polar angles 9? and #.

The two-particle state depending on the angles 9? and # was defined in the c.m.s. in terms 
of the product of single-particle states by formula (4.139) or

10, m\ 9?, 0; A*, h )  =  j / —  I qab, Xa) I - qab<>

where m2 = s = (Pao+Pbo)2> while A is the helicity.
A two-particle state with momentum P may be obtained by passing to a moving reference 

frame [see (4.140)]:

I P, m\ 9?, la, Xb) =  U(0, /i(P))|0, m\ 9?, Xa, Xb).

Here h{P) is the Wigner operator in the helicity basis. According to (4.143) this state may be 
expanded in states with various spins 7 (and the same mass m) :

J /2J4-1 x1'2
|P, m ; 9?, Afl, Xb) = £  J L  j ( 4n j  -9 0 1 ^  7, A; A„, Xb) (54)

(X = Xa—Xb). Let the momenta of particles 1 and 2 (in the c.m.s.) have components only 
along the z-axis or 9̂12 =  #12 = 0. Then, writing the final state in the form (54),

(P', m'; 9?, A3, A4 | S — 11P, m\ 0, 0; Ai, A2)j
2 7 -L 1

= i(2nf b \P - P ’) £  — -  -cp) <A3, A41 T(m \ 7) | A* A2>, > (55)

p 0 = (m2+P2)1/2 = (^+P2)1/2,

where A = Xx—X2, X' = A3-A 4, # is the angle between the momentum qu  and the z-axis 
in the c.m.s., and 9? is the second polar angle of the vector q3A.

We have introduced the spin matrix T  in (55) using the relation

(P, m\  7, A ;  Xu  A2|S - 1  |P', rri\ 7', A';  A3, A4)
= i(2a£f 6*(P-P') dj r »AA<Xl9 A21 T{m\ 7) | A3, A4>. (56)

Equation (55) is an expansion of the matrix element in terms of partial wave amplitudes 
T(m\ 7).
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We are interested in an expansion of the type (55) for the helicity amplitude

70 = h \T \p h  Ai;p2» A2),

for which the product of single-particle helicity states is defined according to (4.139), 
where the mass of the two-particle state is m = y/s. This amplitude is connected with the 
usual (normalized) helicity amplitude of Jacob and Wick, /a^a, v  (49):

= B \ / s
* A1A2A3A4 ^  y  AjA^AjA^» ** ( 2.71)®

Let us write the expansion of the helicity amplitude F in terms of partial wave 
amplitudes in the form

Fi m  = B Y (2 J + 1) VtitifP, ~<P)anl W .(s). (57)
J

Then, comparing (55) and (57) and recalling (4.139) gives

/ s \ 1/2 
— I (^3, ^41(s, / ) |Ai, a2).\7T̂ i2̂ 34 /

The dependence of the helicity amplitude on the angle (p is easily isolated:

F ^ w A s , ■&, <p) = e‘'(A- A>FA1AIAaA,(5, #),
since

Wixiy, -<p) = </£.(#).

The differential cross-section is equal to [see (48)]

do(l + 2 -  3+4) =  ~— \Phx,W(>. = lA w .( +  dQ-

The expansions (55) and (57) have a simple group theoretic meaning: In the c.m.s. the 
amplitude F ^ ^ i s ,  $, (p) is proportional to the average of the product of the invariant scat
tering operator T  by the finite rotation R((p, #, —<p). This average is calculated over all pairs 
of quantum numbers 7, A—the total spin and its projection. Since T(m2, J) does not depend 
on A, the presence of the quantum number A  leads only to the factor 2/-b 1.

If particles 1, 2, 3, and 4 are spinless, then inserting p, $, —<p) = P j(cos #) into (57) 
we obtain an expansion of the amplitude in terms of Legendre polynomials:

A s , z.) = £  (2J + 1) Pj{zs)fj{s). (58)

The number of independent helicity amplitudes is defined by the number of independent 
helicity states (§ 4.6) and, consequently, is equal to the number of different combinations of 
helicities Ap Aj, Ag, A4, subject to

| Ai —A2| =s 7, | A3 —A4 I =s /. (59)
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Equation (59) holds for all values of Ar whenever the total spin 7 satisfies J ^  J1 + J2 and 
7 >  73 + 74, where Jr is the spin of the rth particle. The maximum number of independent 
amplitudes is equal to (27x + 1) (272+ 1) (2/3+ 1) (2/4+ 1).

If particles 1 and 2 (or 3 and 4) are identical, the helicity amplitudes are restricted by an 
additional condition (see § 4.6):

< A i, A2 17X0, 7) | A3, A4> = 0 when Xx = X2 (60)

for odd 7. The partial wave amplitude is symmetric or antisymmetric with respect to Ai ++ X2 
respectively for even or odd 7.

The invariance of the theory with respect to spatial reflection P and time-reversal T also 
imposes a limitation on the helicity amplitudes. According to (6.84) spatial reflection P takes 
a two-particle helicity state with spin 7 (in the c.m.s.) into a state with opposite helicities:

P |0 , m; 7, A; Xu Aa) = ^ 2X - l ) ; “ Jl‘ Jj 10, m; 7, A;  -Ai, -A a),

where rjlt 2 are the parities of particles 1 and 2. Consequently, if the 5-matrix is invariant 
with respect to parity P (P“11SP = 5), then

<A„A4 | 7’(o,y)|A1,At> =  » ( - i y 3+ w . - A ( _ A 3, - ^ i r ( o , y ) |  - x u - a 2>. (6 i)
/r)i/r}2

The factor in front of the matrix element on the right-hand side of (61) depends only 
on the properties of individual particles, and the relation (61) holds for all partial 
wave amplitudes. This factor may equal ±  1; for elastic scattering it is equal to O73WW2) X 
(— l)y»+y' - 7i- y2 = L Parity conservation thus divides the number of independent helicity 
amplitudes by two.

For time-reversal T, according to (6.100), the helicities do not change, but the total hel
icity (the projection of the total spin) changes sign:

T10, m; J, A; Ai, A2> = ( - 1 ) ^  10, m; J , - A ;  Ai, A2>.

Since in a theory invariant with respect to time-reversal T,

{a\S\b) = (Tb\S\Ta),
we obtain

<Ai, X21 T(s9 J) | A3, A4> = <A3, A41 T(s9 J ) | Ai, Aa) (62)

—a relation between partial wave amplitudes for direct and reversed processes. In the case of 
elastic scattering (62) is a condition for symmetry of the amplitude.

For baryon-baryon scattering 1+2 — 3+4, in the case of spins Jt = i =  1 . . .  4, there 
are four independent partial wave amplitudes (A3, A41 T(s, 0) | Xv  A2) or ci0XiXt̂ Xi(s) with angu
lar momentum 7 = 0 ,  specifically:

**0+ + ++) **o+ + — j Qo---- 1-+> a0------ -

Here we have introduced the notation

aJ+i+i+i+i  — aJ+ + + + etc.
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In the case J 1 there will be 16 partial wave amplitudes for each 7, since according to 
(59) the helicities of the particles \  are not correlated for 7 ^  1.

When parity conservation is taken into account the number of amplitudes is divided by
two; according to (61) amplitudes of the type and aj__++ may differ only by a
sign. For elastic scattering subject to T-invariance, the symmetry condition (62) implies

— aJ+- + +* aJ+ + -+ — dj-+ + +. (63)

Moreover, if particles 1 and 2 are identical, by (60)
dj++x^ x4 =  d j — xzxt =  0, 

— — aJ- + + -
for odd 7, (64)

aJ+ _ a3a4 =  dj- +a3a4 for even 7. ,

From this it follows that the total number of independent elastic amplitudes F ^ ^ C s ,  0, (p) 
when all particles with 7 = \  are identical, will be equal to 5:

F++++, F+ + + _, F+ + — , F +_+_, F+ — + . (65)

Two-particle unitarity condition

To pass from the general unitarity condition of (52) to the unitarity condition for partial 
wave amplitudes (A3, A41 T(s, 7) | Ax, A2) or aJXixtxtxA(s)i we may insert the expansion (55) or 
(57) into (52). Since the total angular momentum 7 is conserved, the states | a, b) and 
11 . . .  n) appearing in the unitarity condition (52) must all have the same 7, i.e. the unitarity 
condition may be written separately for each partial wave amplitude, connecting the partial 
wave amplitudes for two-particle scattering with the infinite series (in n) of amplitudes 
(a, b \T (s ,J )\l . . .n ) .

If we neglect all amplitudes for higher processes with « s* 3 in the unitarity condition (52), 
then in this approximation (“two-particle”) the unitarity condition will contain only the 
amplitude (A3, A41 T(s, 7) | Â  Ag). For sufficiently small s (so that s does not exceed the 
threshold for production of states with an additional number of particles) this approxima
tion will be exact, while for somewhat larger s it will still be fairly good. Using the orthogo
nality condition for the functions we obtain the two-particle unitarity condition for the 
process 1 + 2 — 3+4 in the form

djxlxtx^s)-a*jx^xAxlxt{s) =  4/^— —  ̂ d ^ x ^ x ^ a j x ^ x ^ s ) .  (66)

If the theory is T-invariant, and, consequently, the symmetry condition (62) holds, (66) is 
more conveniently written in terms of T(s, 7):

Im <;.3, U \ T - T + \ A2) = —  <A3, h \T (s, J ) T+(s, J)\Xu h ). (67)
\ 7 t

In the spinless case, for which the partial wave amplitudes aj(s) are defined by (58), we 
find from (52)

M i ) - # )  = 4/^-— — -j 1'21 a /s)  |2.
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For elastic scattering of identical spinless particles q\2 = = (s—4m2)/4 and, conse
quently, the unitarity condition reads

/ c—4fti~ \
aj(s)-a*j(s) = 2/(— — ) | aj(s) |2. (68)

in the elastic approximation. This relation will be used frequently in Chapters 12 and 13.

§ 7.5. Spinor amplitudes (^-functions) and invariant amplitudes

In § 4.4 spinor states were introduced whose transformation law under Lorentz rotations 
was simple and did not depend on momentum. The transformation properties of the oper
ators u(/>) and wave functions (§ 5.1) also do not depend on momentum.

Using spinor states or wave functions we may define transition amplitudes of a new 
type—spinor amplitudes, or ^-functions, which transform in a simple way under Lorentz 
rotations. We shall rely to a large extent on the material of § 5.1 and consider the two-par- 
ticle process 14-2 — 3 4-4 as an example.

Let us return to eqn. (2) for the transformation of the 5-matrix. The transition amplitude, 
which differs from the 5-matrix only by the invariant factor /(2jr)4 ^KPi—P/)y transforms by 
the same rule. The relativistic properties of the transition amplitude are characterized by

(Pz> P4> 04 \T \ P u  OuPzt 0 2 ) — ^ ^ ^ 3( ^ 3) 4) (/>£, p\ ,  04 \T \p [ ,  o [ \ 02 )
a

x V h iA O V iM A t) ,  p’ = A(A)p, (69)

where An = a " 1̂ ' )  A<x(pn) describes a rotation of the spin basis. Equation (69) is written in 
the canonical basis since many formulae in § 5.2 are written explicitly in this basis. One pas
ses to the helicity basis in (69) and below, as usual, by substituting a — X and by other 
choices of the operator <z(p) in the definition of A{p, A) (see § 4.2).

The transition amplitude depends on the momenta and spin variables of the particles, 
while the transformation of the spin basis depends on momentum. Let us attempt to isolate 
that part of the dependence of the amplitude related to properties of noninteracting individ
ual particles. At the same time we shall be able to separate the transformation of spin 
variables from that of momenta.

We define the spinor function JHr/ r\ p l . . .  pA\  writing the transition amplitude in the 
form(52’53’103)

(pz* 0 3 ; Piy 04 I T I Pu  0 1 ; P2 > 02^

= u \p z , 03) Wr<(/>4, 04) J£r$\(pi . . . £4) Uri{pu 0l) l<rt(P 2, (70)

where u(pn, an) is the wave function for the nth particle introduced in § 5.1. In (70) one sums 
over identical upper and lower indices as usual.

The introduction of the wave functions u(p, a) in (70) eliminates the matrices <V\A) in the 
formula characterizing the relativistic properties of spinor functions.

If we insert formula (70) into eqn. (69), we obtain on the right-hand side an expression 
containing the wave functions u(p\ a) for momentum p' = A(A)p.



THE SCATTERING MATRIX. KINEMATICS 163

The relation
L(A) u(j>, o) = % u(p\ a') <Dl.JKv r \p ')  Aac(p)), (71)

holds between the functions u(p, o) and u(p\ <x'), as may be easily checked if one uses the 
explicit form of u(p, a) :

u(p, a) = L(oc(p')) u(0, a) (72)
In fact,

L(A) L(cc(p)) u(0, a) = L(<z(p’))L(A(p, A))u{0, a) = ^  L(oc(p')) m(0, a')^2){.a(A(p, A)),
o'

since, by virtue of (4.45) and (5.7), the matrix L{A), which depends on the transformation 
A(p, A) of the little group of the standard momentum p** = (m, 0, 0, 0), must perform a 
rotation of the spin basis w(0, a).

Thus the condition of relativistic invariance for the spinor function has the form

JA%\{px . . .  pi) = L%A) Lrit(A) . . .p d  L'&A-1) I ^ A ' 1), (73)
or

M{p i . . .  Pi) = L3(A) Li(A) Jl(p[ . . .p d  U iA -1) LoXA-'l (74)

where Ln is the matrix of the representation of the Lorentz group for the nth particle (with 
matrix elements LJr).

To clarify the meaning of the conditions (73) and (74), let us consider two simple examples.
1. Let particles 1 and 3 have spin and particles 2 and 4 be spinless. We shall describe 

particles 1 and 3 using Dirac wave functions. Then the matrices Li(A) and L${A) coincide 
with the matrix *S'(/4) [formula (5.19)], while the matrices L2(A) and La(A) are one-dimen
sional, do not depend on A, and are equal to unity. The spinor amplitude in this case must 
satisfy the relation

J L \Pl . . .  p^ = S/(A ) J)tf{p[ . . .  pi) V ( n  (75)

where a and /} are Dirac indices, and p' = A(A)p. This invariant condition has the same 
form as the invariant condition for the Dirac momentum matrix:

s w r p ' A * - 1) =  y’mp 'm =  / 7 v

2. Let particles 2 and 4 be spinless, and the spin of particles 1 and 3 be equal to Then 
there arises the question of which of the equivalent wave functions (spinor functions with 
four or eight components, Bargmann-Wigner functions or Rarita-Schwinger functions) 
will be used to describe the particles. The choice of a wave function determines the matrices 
Li(A) and Lz(A) in (73) and (74).

Let us choose as wave functions u(p, a) of particles with spin the Rarita-Schwinger 
function ipaJip9 o) (see § 5.5) having one Dirac index a and one vector index p, so that the 
index r in (73) is r — (a, p). Then the matrices Li(A) and L$(A) are the direct product of the 
Dirac matrix S/(A)  and the Lorentz transformation matrix for a vector A J :

Lrr'(A) = S S (A )A f(A ).
Nov 12
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The condition (73) may be written in this case in the form

M liPx, . • . Pd =  S / \ A ) A / ( A ) ^ M  . . .  (76)

Equation (76) describes the transformation of a tensor in the indices p, v. In particular, 
a product of momenta of the type pMpv(p)f will satisfy (76).

Invariant amplitudes and kinematic singularities

After a choice of wave functions has established the relativistic properties of the spinor 
am plitude^, one may find its expansion in terms of invariant amplitudes F7 which depend 
only on invariant momentum variables. In the case of two-particle processes

M p i  •../>*) = £  Fi{s, t9 u) Xt{Pl . . .  p$. (77)

The invariant variables s, /, and u (77) are related by s+ t+ u  =  h = £rr?n.
The independent kinematic covariants Xt have the same transformation properties as the 

spinor am plitude^. The covariants Xt are constructed from particle momenta and matrices 
associated with the representations Ln. The matrix elements of the covariants Xt calculated 
with wave functions for free particles in the initial and final states u19 u2, w3, u4 are equal to 
the kinematic factors Z7 in the expansion of the amplitude (3):

Zl = (UzUtX(UXU2)-

The number of covariants Xt is equal to the number of independent amplitudes F7. Since 
this number cannot depend on the way in which the expansion is performed, it is equal to 
the number of helicity amplitudes. Finding the independent covariants Xt is the basic prob
lem of kinematic analysis of spinor amplitudes.

The choice of covariants is not unique. There can be different sets of independent co
variants and corresponding independent amplitudes. If there are two sets of linearly in
dependent amplitudes, they are connected by the relation

F,(s, t, u) =  £ Buis, t, u) Ff(s, t, u).

If the sets F, and Fj are linearly independent, the matrix B is nonsingular. The singular- 
ities of the functions F7 and Fj must thus coincide. It turns out, however, that many sets 
of independent amplitudes used in practice become linearly dependent for some momentum 
values pn. As a rule, this holds only when [along with the usual relation (5) imposed by the 
conservation law] there is an additional linear dependence that arises between the momenta 
pn. For those values of the variables s, f, and u for which there is a linear dependence be
tween the amplitudes, the matrix B(s, /, u) becomes singular. Consequently, for these values 
of s, /, and u the functions Ft may have singularities lacking in the functions F/, and vice 
versa. Singularities of this type are called kinematic ones. They always may be eliminated 
by passing to another set of amplitudes (sometimes with the result that other kinematic 
singularities appear). In contrast, singularities which are preserved for any choice of in
dependent amplitudes are called dynamical, since they are related to the dynamics of the 
process.
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Kinematic singularities may arise in any process involving particles with nonzero spin. 
For spinless particles there is a single invariant amplitude which (by definition) cannot have 
kinematic singularities.

Kinematic singularities arise when the invariants s> /, u lie on the boundary of the physical 
region (21) or take on threshold values. According to (22)-(25) the threshold values of the 
invariants depend on the masses of the particles in the initial and final states.

The threshold values of s may be defined by the condition that the momenta qtj vanish 
in the c.m.s. According to (13) when all masses are different, there exist four thresholds:

of which sN and s'N correspond to the beginning of the physical j-channel region and are 
called normal thresholds, while sA and sA characterize anomalous thresholds.

Thus the covariant factors Xt in the expansion (77) must satisfy the following conditions:

(a) Xi must transform in the same way as the spinor function JK\
(b) Xi must be linearly independent, and the number of covariants Xt must be equal to 

the number of independent helicity amplitudes;
(c) the expansion (77) in terms of the covariants Xt must not introduce kinematical 

singularities into the amplitudes

The choice of a set of independent covariants Xt demands special care when the wave 
functions used for higher spin have a large number of extra components (e.g. the Rarita- 
Schwinger and Bargmann-Wigner wave functions). The total set of covariants which may 
be constructed in this case exceeds the set of independent covariants Xh The reduction 
of these covariants to independent ones, carried out using the subsidiary conditions for 
wave functions, may introduce kinematic singularities.

Let us consider as simple examples the construction of sets of covariants Xt satisfying 
the conditions (a)-(c) above. In this problem the spin is the determining factor. Thus, 
along with the notation 1 + 2 — 3+4 for a two-particle reaction, we shall use the notation 
Ji~\~ J2 / 3+ / 4, indicating the spins of the particles Jn.

1. y + 0  — y+ 0. In this case the spinor function JK£{p1 . . .  ^  is a 4 by 4 matrix with 
transformation properties (75). These properties are possessed by the independent Dirac 
matrices 1, y5, prt, and y5pn. By counting the number of helicity amplitudes one
finds that there are four independent covariants. The momenta are restricted by the 
momentum conservation law and by the conditions = 0, if is the right-most
factor, and p3—mz = 0 if p3 stands on the left. Thus, only one of the quantities pn is inde
pendent, which we choose as Q =  (—) (p2+p4)* Analogously, only one of the matrices y5pn 
is independent—for example, y5Q.

t  Expansions o f sp inor am plitudes have been studied fo r (2 7 +  l)-com ponent wave functions*42, 52,102,104) 
(including effects o f reflection symmetry*105,106)) and  fo r R arita-Schw inger functions.*107”109*

12*

(78)

Construction o f independent co variants
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The matrices aMtpflpr„. =  -[pn, p^] may be expressed in terms of the remaining matrices.
Consequently, the set of covariants has the form

A'; =  {1, ys, Q =  | ( p 2+ p 4), iy5Q} (79)

and the expansion of the spinor amplitude (77) is

J l f iP i  ■ • • Pd = {F^s, t, u)+y5F2(s, t, u)+QF3(s, t, u)+iysQFi(s, t, a)} /, (80)

where Ft are the invariant amplitudes.
2. —+0 -► -|+0* Choosing the Rarita-Schwinger wave functions ipafl for spin -|, we obtain 

the spinor amplitude JĤ LfX{p1 . . .  /?4) with two Dirac indices and one vector index. The num
ber of independent covariants is (2Jx+ 1)(2Jz+ 1) =  8. They are 4 by 4 matrices with a 
vector index. When constructing covariants one must take account of the subsidiary con
ditions and the equations of motion for the wave functions ip^ and uQ\

{pi-m i)u(pi) = 0,
? /iW (p -/w 3) = 0, fptft* = 0,

so that ipJip^pS = 0.
As a set of linearly independent covariants, one may thus take the matrices

= {Qfi* 1 =  ^(P2+Pi)n*l, Ptx' 1 =
Q &  p&  VsQv 7sPM> iYsQ/&> (81)

Here P and Q are chosen symmetric with respect to initial and final momenta. We could 
have chosen other combinations of momenta instead and obtained a different expansion 
of the amplitude.

Let us show how a change in the set of covariants entails the appearance of kinematic 
singularities. One may construct a vector NM =  —^^P iP ^P l from the momenta pv p2, 
and p3. The vector becomes light-like (N2 =  0) on the boundary of the physical region 
[see (21)]. Let us include the matrix /y5N among the covariants. This can be done by virtue 
of the relation

iy5N = |-[(m1+ w3)2 -  /]N+ --(m3 -  m j (ml -  wf) -  +m3) (s-u), (80')

which may be derived using (5.70). According to this relation the matrix /y5N may be sub
stituted in the set of covariants for the matrix Q or 1. In the second case, for example, 
instead of 1 one would write 0^y5K, etc.

However, if the invariant amplitudes Ft in the expansion with respect to covariants (80) 
have no singularities at / =  (m ^m ^)2, then in the expansion with respect to the new set 
X'M = Xm(Q — fy5N) the new invariant amplitudes X[ acquire a singularity at this point. 
Passing to the set X "  = X^( 1 -► /y5M) also leads to the appearance of kinematic singular
ities.

3. 0+0 — 0+2. A wave function for a particle with spin 2 may be chosen in various 
ways. If one limits oneself to the wave functions considered in Chapter 5, there are three 
possibilities: either the wave function is (5.82) (a ten-component function transforming 
according to the representation (2,0 )+ (0,2)) or it is given by formula (5.111) (the symmetric 
tensor 0 MV)9 or it may be written in the form (5.131) (a symmetric spinor of fourth rank).
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Let this wave function be the tensor &MV = 0 Vfl, so that the spinor amplitude and,
consequently, the covariants Xfir are symmetric tensors of second rank. In this case, the set 
contains (2J4+ 1) = 5 independent covariants XM,., which may be constructed from the 
momenta of the particles pn and their combinations, forming three independent vectors. 
The ten components of the symmetric tensor 0 ^  may be reduced to 5 linearly independent 
ones using the subsidiary conditions (5.113) and (5.114):

p ^ , =  ^<ZV=0, <Z>2 =  0.

It is thus convenient to choose as basis vectors

P = P1 +P 2, ' A =  Z iZ Z i, It"  =  A*pl.

Then the set of covariants is

XMV = {PMP„ AMA„ PpAr+P'Av N mPv+NvPm, N mAv+N vAm}, (82)

from which one obtains at once the expansion of J t l in terms of invariant amplitudes.
The spinor amplitudes (70) were introduced using the wave functions § 5.1, for which 

there exists an invariant bilinear Hermitian form, and consequently there also exists a 
unitary matrix connecting the Lorentz matrices with their conjugates. This means that the 
relativistic transformation properties of the spinor amplitude (70) do not depend on which 
particles are in the initial or final states. Changing any particles to antiparticles also does 
not change the transformation properties of the spinor amplitude. Thus if one finds a 
general expansion of the spinor amplitude for the process 1 + 2 — 3+ 4+  . . .  +«, then in 
practice the expansion of the spinor amplitudes is known for all reactions with these particles 
or their antiparticles.

Two-particle decays a — b+c and interaction Lagrangian

Choosing wave functions for describing the free particles a, b, and c we can introduce 
a spinor amplitude for a decay of the type (70), and then find its expansion (77) in terms of 
covariants. The process a b+c is characterized by two independent momenta of the 
three pa, pb> pc> connected by the conservation law pa = pb+pc and the condition p\ =  m2. . . .  
The invariant momentum variables (pa—pb)2 or (pa—pc)2 in this case are uniquely fixed by 
the particle masses. Thus in the expansion (77) of the spinor function JH^  in terms of 
covariants

pby pc) =  ^SlXlipai pby pc)

the coefficients gt are constants.
Let us assume that the Xx do not depend on momenta. The decay amplitude is then

^ g iu l(j>b, Ob) u'XPc, Oc) (X,)'rlre Ur,(pa, Oa). (83)

The decay amplitude may be written in the form of a ''matrix element



168 INTRODUCTION TO ELEMENTARY PARTICLE THEORY

(pb, ab; pc, ac [ J?/(0) | pa, oa) of the effective interaction Lagrangian

M x )  = %g/PrXx) W'Xx) (X d r U ^ x ) ,  (84)

constructed from the fields describing particles a, b, and c. Here the gt play the role of 
effective interaction constants.

In the general case, the covariants Xt are polynomials in the momenta. The corresponding 
Lagrangian will contain only derivatives of the fields. The relation

(Pb, 0b; Pc, Oc\T\ Pa, a a) =  (pb9 ab\ pc, ac | J?/(0) | pa, 0 a), (85)

on the one hand, allows one to find the decay amplitude to first order in perturbation theory, 
and, on the other, is a definition of the effective Lagrangian in terms of the decay amplitude. 
The construction of the covariants Xt in this case is thus equivalent to finding the independ
ent trilinear interaction Lagrangians depending on free fields.

Spinor amplitudes and reflections

If the 5-matrix is invariant with respect to spatial inversion P (or charge conjugation C, 
or time-reversal T), then relations between the scalar amplitudes F fa  /, u) may arise.

The condition of P-invariance of the 5-matrix (6.85) is equivalent, by virtue of (70), to

u(Pi) J l(p i . . .p i)  U(p,) U(p2)
= vM ~Pa) «(-Pi)-M {~Pi ■ • • -p i)  u(-p i)  u(p2), (86)

where we have omitted the constant quantities pM and on; rjF is the product of the “pari
ties” :

V? = VXI)V%2)V?(3)V?(4)-

Explicit expressions for the wave functions u(p> d) were obtained in Chapter 5, so that 
the connection between the functions u(— />, o) and u(p, or) is known. In particular, for the 
Dirac wave function u(—p) =  yAu(p), for the2(2/+ l)-component function <P(— p) = yA&(p), 
and for spin 1 s^f—p) =  g ^e^p ). Using these formulae (or using equations introduced in 
deriving the reflection formulae in Chapter 6) one can easily find the relation between 
u(— p) and u(p) for Rarita-Schwinger wave functions with spin J :

'Ppi... ^»(~P) = YiSinn • ■ ■ • •• /̂ (p)* n =

and for Bargmann-Wigner wave functions

K ... *,(-/>) =  ( n t i  • • • ( r 4 ^ {... ( / =  2j).

The “parities” t] ^ j) of fermions may have the values tjp =  ±  i (see § 6.2), while the parities 
of bosons may be t]^j) =  ±1. If, moreover, one takes into account the conservation of 
fermion number, the product of parities in (86) reduces to a sign factor tjp =  ±  1.

Substituting for the functions u(—p) and the total parity of the process t]P in (86) leads 
to an explicit form of the condition of P-invariance of the spinor amplitude. The relation
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between u{— p) and u(p) is of the form
u(-p) = Rju{p\

where the Hermitian matrix R j depends on the type of wave function. Consequently, the 
condition (86) leads to the relation

M p i . -Pa) = -P i .- - —p^RjxRjt. (87)

It is convenient to choose the covariants Xt so that they have definite properties under P, 
specifically:

Rj>Rj.X(±)( - P i • • • -P ^ R j^ J t  = ± X ^ ( P l . . . pi).

The invariant amplitudes entering into the expansion (77) as coefficients of the covariants 
JT/±) will be called F/±}. The condition (87) then demands that in the expansion (77) of the 
spinor amplitude some of the invariant amplitudes vanish. For rfc = +1 one must have 
F/“) = 0, while for t)p = — 1 F /+) = 0.

Let us turn to some examples. To designate the reaction we shall now write the spin- 
parity 7P instead of the spin. These examples may be divided into two classes depending on 
the total parity 77.

1. y +-f-0“ — - +-bCT, 77 = 1. Relation (87) reduces to the condition JK(p1 .. ./>4) = 
y^M i-P i • • • —̂4)̂ 4- From (79) it follows that the invariant amplitudes for the covariants 
ys and iysQ must vanish. An example of this reaction is the elastic scattering of pions or 
kaons on nucleons.

y +-f0~ —- ” + 0 “ . Here 77 =  — 1 and, consequently, only the invariant amplitudes 
associated with the covariants ys and /y5Q remain. This is a process in which a baryon 
resonance is produced with parity opposite to that of the neutron.

2. y +-f-0“ — f ++ 0", r] =  + 1. The expansion of the spinor amplitude contains only 
those co variants in (80) satisfying the condition Xfi(p1 ,. .pA) = g/i/iy4X/i(—p1 . . .  —̂4)4, i.e. 
containing y5. These covariants will clearly determine the expansion of the spinor amplitude 
for all four processes y * +0^ -► y * +0* with the same total parity 77 = 1.

If the sign of one of the parities on the right- or left-hand side is changed (e.g. - +-f0" — 
y +-f0+), the expansion of the spinor amplitude will include only those covariants of (80) 
which do not contain y5.

3. 0~+0~ — 0~-f-2+, 77 = — 1. The spinor amplitude is determined by the two pseudo
tensor covariants in (82).

The invariance of the 5-matrix with respect to time reversal (6.101) connects amplitudes 
for direct and inverse processes. For elastic scattering this condition imposes a restriction 
on the form of the amplitude. In order to pass from (6.101) to the condition of T-invariance 
of the spinor amplitude, it is necessary, according to (70), to obtain the wave function of the 
particle in the transformed matrix element in terms of the initial one. Time reversal changes 
the sign of the momentum p  and takes the initial state into the final one. Consequently, one 
must calculate (using the explicit form of the wave functions) the matrix Trr' in the relation

u '(-p , X) = r"V (/> , X).
Using this relation one may get rid of the wave functions in the equation which results from 
(6.101) after substituting (70), and one then obtains a restriction on the spinor amplitude.
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In the case of the Dirac wave function ua and the wave function for a particle with spin 
1, we find, from the explicit expressions for these functions (see §§ 5.2 and 5.4),

u° ( -p .  A) =  (iy«y5@~1)c* «*>(/>, A) = T^u^p ,  A), |  ^
«£( ~P> A) = gpfiXp,  A), J

The first of formulae (88) also holds for 2(2/+ l)-component wave functions if one replaces 
& =  <§1/2 by &  [formula (6.92)]. Relation (88) allows one to construct analogous formulae 
for Rarita-Schwinger and Bargmann-Wigner wave functions.

The nature of the restriction on the spinor amplitude arising from its T-in variance is 
shown by the simple example of elastic scattering —+ 2  -► 2 + + , for example: iV+£  — N+27. 
The spinor amplitude for this process Jttf.p has four Dirac indices, two upper and two 
lower, and, consequently, the covariants X may be represented in the form of a direct 
product of two 4 by 4 matrices constructed from the Dirac y matrices and the momenta. 
There are three ways of distributing the indices of such a covariant between two 4 by 4 
matrices.

Let the indices of one 4 by 4 matrix belong to the initial state, and the indices of the other 
to the final state. Since the Dirac matrices have the indices (y*)/, in constructing X we 
must use the combinations (yR@)a-p and (§r'1yR)<t̂  (which have definite symmetry proper
ties; see the end of § 5.2). The general expression for a covariant is then

X %  =  (0'&)a,rX(& -10)*e = (0 'X 0 )& , (89)

where O' and O are constructed from the matrices yR and the momenta. The number of 
independent covariants is equal to 8 =  (—) (2x*|+1)4:

X t = { I '.l, 2 v pv ys-ys, y& M ip i-p ^Y -y s+ ys -ysY ^P i-p iY  >
y'sy'nipi-pzY-ys-y's-ysy^Pi-PzY, ( p i - P z Y y Y l - l ’<pi-P2Y -y f,}- 

(Pi =  Pi > Pt =  Pz\

(90)

The condition of T-invariance of the spinor amplitude, according to (6.101), (70), and 
(88), has the form

■M%(Pi . . P d  = . . .  -pdT*T°0, (91)

in which rjT =  %0)%(2)?h{3)tyi{4) =  1 for elastic scattering. This means that the 
co variants Xt must be invariant with respect to the simultaneous substitution p +-»—pf and 
(y'@) {&~1y)f: (in the notation of (89) and (90) for /  y). For this reason the expansion
of a T-in variant spinor amplitude (91) does not contain X7 and X8.

Charge conjugation C relates amplitudes for different processes (see § 6.2). To convert the 
condition of C-invariance of the 5-matrix (6.89) into a relation for spinor amplitudes, 
one must use the formulae (see § 5.2)

udP> =  <P, A) =  A), v(p, A) =  A).

In the case of 2(2/+ l)-component functions the wave functions of antiparticles may be 
obtained from (6.91) by omitting rjc .
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The relation between the spinor amplitudes J f l  and^?c for the process y + j  — \ + \ '  

and its charge conjugate — - + j  may be obtained from (6.89) using (70) and (5.67):

M P i Pa) = V d S e -m P i • • • Pi)®'1®-1, (92)

where each factor & on the left lowers an upper index of JtQ, while each factor ®~l on the 
right raises a lower index. The generalization of (92) to the case of higher spin particles 
described by Bargmann-Wigner or Rarita-Schwinger wave functions is obvious.



C h a p t e r  8

ISOSPIN SYMMETRY

T h e  concept of isotopic spin, or isospin, was introduced by Heisenberg to describe the 
properties of the neutron and proton and their interactions in connection with the charge 
independence of nuclear forces. Subsequently, it became clear that isospin symmetry was 
also a property of the pion-nucleon interaction. As new, strongly interacting particles 
were discovered—first the strange particles and then the resonances—the concept of isospin 
took on greater and greater generality since the (strong) interactions of the new particles 
also displayed isospin invariance. This led to the conviction that isospin symmetry was a 
universal property of strong interactions.

Isospin symmetry is broken by the electromagnetic and weak interactions. Effects due 
to these interactions are small, so that the isospin invariance of the 5-matrix and the result
ing conservation laws hold to the order of 1 per cent.

Isospin symmetry is based on two groups of facts: (a) the existence of multiplets of particles 
with similar masses (and identical spin and parity) but with different electrical charges; and 
(b) the presence of relations between decay constants and between cross-sections for different 
processes.

§ 8.1. Isospin multiplets, hypercharge, and the group SU2

A survey of the properties of the elementary particles (see Tables A. l-A.3of pp. 359-364) 
shows that the strongly interacting particles exist in the form of charge, or isospin, multi
plets. Individual particles of a multiplet differ with respect to electric charge. Particles of a 
multiple! have the same spin and almost the same mass. The mass splitting in a multiplet is 
related to the interaction which distinguishes the individual particles in a multiplet from 
one another, i.e. the electromagnetic interaction. Thus space-time properties of all particles 
of a multiplet are identical if one neglects the electromagnetic and weak interactions. For 
example, the stable particles (see Table A.l) fall into the multiplets N, A, 27, E> Q (baryons) 
and K, t z ,  rj, K (mesons) with one, two, or three particles in a multiplet. There is also a 
resonance multiplet A (see Table A.3) containing four particles: A ++, zl+, A°, A~. Some 
isospin multiplets are shown in Table 8.1.

The degeneracy of mass levels (when electromagnetism is neglected) indicates a symmetry 
of the strong interactions. Let us find the group © of this symmetry, assuming that the 
degeneracy cannot be accidental. Then the number of particles in a multiplet n (or the

175
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T a b l e  8.1

Baryons Mesons

Num
ber of 
parti
cles

y 7

N = (p, n) K = (K+, K°) 2 i 1
2

2  =  (2+, 2°, 2~) 71 ~ 71°, 7l~) 3 0 1
A n 1 0 0

K = (K°, K -) 2 ~1 2
Q- 1 - 2 0

A = (A++, A+, A0, A~) 4 1 3
2

multiplicity) must coincide with the dimension of a basis of an irreducible representation of 
the group ©. Thus, according to Table 8.1, the possible dimensionalities must include the 
values n = 1, 2, 3, 4.

Let us write a single-particle state vector in the form | 7, /), where the dots denote
the variables of the Poincar6 group, t and 7 are respectively the additive and nonadditive 
quantum numbers of isospin symmetry, and p are the remaining quantum numbers. 
Choosing the variables of the Poincare group and the quantum numbers p in the same way 
for all particles of the multiplet 7, we confine ourselves for the moment to the study of the 
state vector of the multiplet | 7, t) in isospin space. In other words, we shall write the multiplet 
state vector in the form of a product of an isospin vector | 7, t) by a state vector depending 
on the variables of the Poincare group and the quantum numbers /?; e.g.

|/7, 2; m, J ; p; 7, t ) = \ p 9 A; m, J\ p) | 7, /). (1)

The multiplet is characterized by the value of 7. Each particle in a multiplet is described 
uniquely by its electric charge Q or by a quantity connected with Q \ e.g.

t = Q -Q  = 0 - - ,  (2)

where Q is the mean charge of the multiplet while Y is the hypercharge introduced by Gell- 
Mann and Nishijima. The quantity Y = 2Q obviously has the same value for all particles 
of a multiplet. The hypercharge Y characterizes the multiplet as a whole and may be included 
in the quantum numbers p in (1).

Let G be a transformation of the isospin group ©. The existence of isospin symmetry 
means that the strong interactions do not distinguish a state | 7, /) of the multiplet 7 from 
a linear combination of states of the same multiplet:

u(G)\I,t) = Y \ I , t ’)4,(G). (3)
V

Here <f(G) is a unitary matrix for the multiplet 7. The matrices d\G) form a unitary group 
®, while 7 determines its irreducible representation.
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Thus © is a group of unitary matrices whose irreducible representations 7 may have 
dimension n = 1, 2, 3, 4. . . .  We demand, moreover, that: (a) © be the minimum possible 
group and (b) © contain the transformations e*/a, which along with a simultaneous 
hypercharge transformation elaY!2 lead, according to (2), to the transformation UQ =  e*Q<l. 
As is well known (see § 2.2), XJQ is an exact symmetry transformation corresponding to 
the law of electric charge conservation.

All the above conditions are satisfied by the group SU2 of unitary 2 by 2 matrices which 
was studied in Chapter 3 in connection with the group of three-dimensional rotations.

Let us briefly reproduce the results of Chapter 3 referring to the group SU2. In contrast 
to the Pauli matrices ak of the rotation group, the isospin Pauli matrices will be denoted 
xk {k = 1,2, 3). Then a transformation G in the fundamental representation is

G = exp {z-|t»(o}, G+ = G-1 . (4)

For an irreducible representation with isospin 7, the transformation (3) has the form

d\G ) = a )7(G) = exp (5)

The isospin components Iv 72, 73 satisfy the commutation relations for angular momen
tum operators:

[7/j Ij\ = î ijklfc • (6)

The square of the isospin 72 =  72+ 7 |+ 7 | commutes with all isospin generators 4 , and, 
consequently, is an invariant whose eigenvalues allow one to classify the irreducible repre
sentations <®7. The eigenvalues I 2 may be written in the form 7(7+1), where 7 may be one of 
the numbers 0, 1, -|, . . . ,  and the isospin projection /3 varies within the limits —7*s
/3 <  7, taking on 27+1 values, so that the dimension is n = 21+1.

Thus for isospin SU2 symmetry, particles must fall into multiplets labeled by the isospin 
7, with n — 1, 2, 3, 4, . . . ,  particles. Since the mean value of 73 of a multiplet is equal to 
zero, 73 must be identified with t :

Q =  t+ \Y  =  Iz+ \Y .

The simplest nontrivial irreducible representation of the isospin group may be constructed 
using the unitary 2 by 2 matrices (4). The basis state | —, /), t = ±--, in this case is an iso
spinor and characterizes an isodoublet. For example, the nucleon doublet N, consisting of the 
proton p and neutron n, is

’^ > =  ( ^ )  =  ^ i |p> + ^ |n>, (7)

where

I P> = IT> T>. |n> = l i - T >

are the proton and neutron states. Here | \2+ 1N212 =  1 ■ Any superposition of the type (7)
describes the nucleon equally well, while two such superpositions are connected by a 
unitary transformation (4):

\N') = G\N). (8)
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The states | /, t) with isospin I may be described in the form of a (21+ l)-row column 
vector, each of whose lines is labeled by / = /3. We shall consider the states to form a 
symmetric spinor with lower indices and, consequently, to transform in the same way as
0j:

\ I , t ) ~ 0 {  = V  (2/) ’• (N1)/+t (Nzy~‘
V ( / + 0 ! ( / - ' ) !  ’ (9)

where Nx and N2 are the components of the isospinor (7). Under an isospin rotation (4)

IA O  = Z ^ ( G ) I A O -  0 0 )
t

The operators

/± = (h ± ih ) (ID
change the value of t by one unit:

[/3, / ±] = ± / ± .

Using (9) we find the isospin matrix elements

I± I /, *> = f( / + 0 {J± t+ 1)]1/21 A t±  1). (12)

The state vectors (1) correspond to the symmetry group (S,f/2)/ x U r(l)— t̂he direct prod
uct of the isospin group SU2 and the group of one-dimensional unitary transformations 
Ur(l) = eiYX, associated with hypercharge. This agrees with the fact that there are inde
pendent conservation laws for hypercharge and isospin.

From (2) it is clear that, like the charge Q, the hypercharge F is an additive quantum 
number. The total hypercharge is conserved in all interactions except the weak ones. The 
law of conservation of hypercharge is a generalization of the experimental facts reflecting 
the selective capacity of particles to undergo transformations. For example, in experiment 
one does not observe the processes

7Z + N  -*■ TC+ / l ,  K .-f- / I  ^ 71 -f- £

or rapid decays of the form

A-*- ?r+N, 27-^tt+N etc.

contradicting the conservation of hypercharge Y.
The conservation of hypercharge means that the S-matrix commutes with F, [S', F] = 0, 

i.e. the S'-matrix is invariant with respect to the hypercharge phase transformation

U f 1SUY = S ,  U y = e iYX.

Since the electric charge is conserved in all interactions, the quantity /3, like the hyper
charge F, is conserved in all but the weak interactions.

Now, if the internal symmetry were really the group (‘S'C/2)/XUr(l), then any iso- 
multiplet could have any value of F. However, the values of I and F are correlated. Both
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the baryon and meson isomultiplets exist only for definite combinations of 7  and 7; for 
example, multiplets with 7  =  0 and I  = — or with Y — 1 ,7 = 0  are unknown. We note that 
the relation

( - l ) r = ( - l ) 2/

holds for all known isomultiplets.
The notation of Table 8.1 for baryonic and mesonic states is used for resonances as well 

as for stable particles.
Baryonic isomultiplets with quantum numbers of the nucleon (7 =  Y  =  1) form the 

family of N states, including particles of various spins and parities. One speaks analogously 
of /1-states ( 7 = 7  = 0), instates (7 = 1, 7  =  0), etc.

The meson isomultiplets are labeled by the (7, 7) of the pseudo-scalars; for example, 
K-states have 7 =  —, 7  =  ±  1, but may have any spin and parity.

§ 8.2. Isospin and reflections. Antiparticle states. G-parity

The strong interactions are invariant with respect to the reflections C, P, and T separately. 
For this reason the symmetry group 'p+X®, where © = (SU ^jX \JY, considered in the 
previous section, must be extended to the full invariance group containing reflections as 
well.

The reflection 0

First, we must extend the group by the total reflection 0 =  CPT, which is an
exact symmetry operation. As was shown in § 6.1, the extension of an internal symmetry 
group by the reflection 0 may be performed independently of the extension of the proper 
orthochronous Poincar6 group <P\ to the proper group (p+. To do this, the operator 0 
must be replaced by another antiunitary operator 0O whose properties are defined only by 
the internal symmetry group.

The extended internal symmetry group ®e then contains the transformations {G, 0O G}, 
where G belongs to the original group. As the group SU2, we consider the isospin group 

since taking account of hypercharge transformations U Y introduces nothing new 
(one-dimensional phase transformations were already studied in § 6.1 in the exact symmetry 
group example). Thus we must find the co-representations of the group (SU^)Id =  (G, 0OG}, 
where G has the form (5). The definitions (6.45) and (6.32) for the unitary operations 0 and 
0O may be written in the form

6\p,k;  7, m\ a) = ( -1 )7- A0O| />, -A ; J , m\ a)=  ( - I ) 7-*!/*, -A ; 7, m\ a \  (13)

where a and a denote particle and antiparticle internal quantum numbers, and 05= 1 .
Let | a) be that part of the state vector which depends on the internal symmetry quantum 

numbers, | a) = | Q\ ; 7fl, ta)> where the generalized charges Qi include hypercharge as well. 
Under an isospin rotation G, the states 17, t) transform according to the rule (10)

u(G )\I , t)  = ^ 4 ) U G ) \ I , 0 -

Nov 13

(14)
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By virtue of (13) the state 0O | a) = | a) describes an antiparticle; as a consequence of the 
antilinearity of 0O this state transforms via the complex conjugate matrix

u(G)601 /,*> = £  ®V'(G) 0OI /, f \  (15)
r

while the isospin components Ik anticommute with 0O : d jk =  — 7*0O.
According to the general theory (see § 6.1) the type of the co-representation determines 

the relation between the matrices d of the irreducible representation of the internal symmetry 
group © and the complex conjugate matrices d*. In the case of the group SU29 H)1 and O 1* 
are unitarily equivalent:

n ^ \G )  =  ® \C ) ® \G ) C = —zt2 , (16)

so that the unitary matrix in formula (6.34) is equal to /? =  This means that co-
representations of type 3 in the group (SU2)Id are absent (see § 6.1). Co-representations of 
type 1 or 2 correspond to the values flfi* =  ±  1. In the case of the isospin group we have for 
a multiplet with isospin /:

(3(5* = ^ ( C - 1) '© '(C-1*) = ( - 1)2/. (17)

Consequently, the type of co-representation of the group (SU2)ie depends on the value of 
isospin. For integral isospins, I  = 0, 1, 2, 3, . . . ,  type 1 [formula (6.36)] holds, while for 
half integral isospin type 2 is valid [formulae (6.37) and (6.38)]. This means that the states 
| /, t) and 0O | /, t) for integral isospins may belong to the same multiplet of /, while for 
half-integral isospins they must belong to different multiplets with the same isospin /. In 
other words, only for integral isospins /  may particles and antiparticles occur in the same 
multiplet, while the matrices O 1 may be real (“self-adjoint multiplets”) /110' m)

The connection between the value of the isospin and the existence of multiplets containing 
both particles and antiparticles is a consequence of 0-invariance alone and does not depend 
on other particle quantum numbers. From Tables 8.1 and A.l it is clear that this connection 
holds for all known particles.

Let us write formulae (6.36) and (6.37) explicitly for the co-representations of the extended 
isospin group (SU2)Id. First of all, we note that the antiparticle state | a), by virtue of (14),
(15), and (16), transforms in the same way as ] /, — f) (— l)7-'.

15) = 001 /, t) =  e /£  I /, o  = ( -  W-* “ '>> o 8)v
where | a) = | /, /) is a particle state and er depends only on isospin.

In the case of integral isospin, when | /, t) and 0O | /, t) are in the same multiplet, there must 
exist a unitary matrix ^ 7(0O) such that

| a) = 001 /, t) = £  (D(r(8o) I /, f) .  (19)t'

From (14), (15), and (16) one then has

4)(6q) a )(C) ®{G) = 0.\G ) <D(.60) ®{C),
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from which, by virtue of continuity and unitarity,

W o )  = e/D 'iC -1), e ,= ± l ,  (20)

where f7 depends only on /. Formulae (14), (19), and (20) define the co-representations 
(6.36) for integral isospins.

Let us apply formula (19) to a neutral particle a0 in a multiplet I, for which | a0) = | a0). 
Inserting (20) into (19) gives |a°) = e7(—l / l a 0) or e, = (—1/. Formula (19) now allows 
one to find the phase factor connecting the antiparticle state | a) =  801 a) = 60 \ /, t) with 
the isospin state 11, t ') :

\a) = ( -!) '■ !/., -/« ), (21)

which completes the definition of the phases in a self-adjoint multiplet.
Let us consider the pion triplet n +, n°, n~ as an example. We shall identify | n ~) with the 

isospin state 11 = 1, / = — 1). Then, according to (21), one must have | ?r+) = — 11, 1), so 
that the pion triplet is

|1, 1> = -  »+>, | 1,0) =|*®>, 11, - l>  = »-> (22)

In the case of half-integral isospins the form of the irreducible co-representation (type 2) 
follows from (6.37) or from (14) and (15). If 11, t) is the original isomultiplet, then by adding 
the reflection 0O, we obtain the double multiplet

11, t, r) = ( | / , r  ̂ ) (r=  1,2), (23)

with respect to which the matrices d'{G) and d'(60) are equal to

t v n - r 10* 0 )• 0 w C ) ). (24)I 0 ® '(G)/ ' -  'b'iC) 0 1

which corresponds to the choice Ej =  — 1 for half-integer spins in (8.18).
For example, let the original multiplet be the kaons K+ and K°, whose states are identi

fied with isospin states as follows:

Then the second line in (23) will contain the antiparticles ( —| K°), | K“ )). The antiparticle 
multiplet has the same isospin content as the original one differing from it with respect to 
other additive quantum numbers (in this case with respect to hypercharge).

The reflection P and charge conjugation C

The relative parity of all particles in an isomultiplet is the same by definition:

P|/>, o\ /, t) = rjp| - p , o; 7, /);

the phase factor does not depend on t \ the isospin Ik commutes with the reflection P.
Charge conjugation takes particles into antiparticles (see § 6.2). In contrast to 0O, charge 

conjugation C is described by a unitary operator which preserves commutation relations.
13*
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Hence C cannot change the sign of all components of isospin. The usual choice is

C /iC -1 =  - I u  C/2C -X =  h , C/3C-1 =  - I 3. (25)

C takes states in a multiplet of particles into states of an antiparticle multiplet multiplied 
by an overall phase factor jjc :

C\Ql; I, t) = rjC \ -Q l;  /, - t ) .  (26)

But the set of states C | /, t) is not an isospin multiplet since these states do not transform 
according to the rule (14).

For half-integral isospins there always exists an additional phase transformation outside 
the isospin group, since one may set?jc =  1. In the case of integral isospins and self- 
adjoint multiplets containing both particles and antiparticles, the value of rjc will be equal 
to the charge parity of the neutral member of the multiplet o° =  d°:

C | a°> =  jjc I d°> =  qc I <|0>- (27)

For a neutral pion, rjc =  1, while for the particles g° and co° one will have t]c = — 1.

C-parity

Charge conjugation C does not commute with the components of isospin [see (25)]. 
Hence the operator C is inconvenient for transforming a particle multiplet into an anti
particle multiplet since one must then change the isospin matrix as well.

Let us introduce the transformation G consisting of charge conjugation C and a rotation 
around the second isospin axis by 180° :(112)

G = ein,iC. (28)

Sometimes is called the charge-symmetry transformation since it changes I3 into —I3. 
Charge symmetry should not be confused with charge conjugation C, which changes the 
sign of all additive quantum numbers.

From (25) and (28) it follows that the operator G commutes with the components of 
isospin: [G, Ik] =  0.

Let us apply G to a state with a definite isospin and with other additive quantum numbers 
equal to 0. Since | /, r> =  ( -1 ) / - '|A  -f>,

G | /, f) =  (— I)7-* t)c 11, t). (29)

Thus the state | /, /) can be an eigenstate of the operator G, if all additive quantum num
bers except /3 are equal to 0.

The G-parity r\Q of any self-adjoint multiplet is defined in terms of that of the neutral 
particle by

G | / , /  = 0> = i?o|/,* =  0>, (30)

from which, by comparison with (29), we find r\Q = ( — l)7̂ c- If one chooses the phase 
factors for antiparticles according to the rule (21) the factor r)Q will be the same for all
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members of the self-adjoint multiplet. For example,

/ - l * +>\ / - N +>\
G ( l j r0) ) = _ ( I510) ) ’ (G(jt) = - I ) .\  \n~)J \  171- ) }

The multiplets q, rj, co, < p , A2, . . . ,  are also characterized by G-parity. The isospin and G- 
parity of a particle are usually combined in one notation 7°. For pions 1° — 1 Systems of 
particles and antiparticles with total B = Y = 0 also possess a definite G-parity. Here the 
particles involved in the system may not have definite G-parities themselves.

Since G commutes with isospin, in the case of an arbitrary isomultiplet the G transforma
tion (28) takes a particle isomultiplet into an antiparticle isomultiplet; the same isospin 
matrices lk act on these two isomultiplets.

G-parity is conserved in all processes which conserve isospin and C, i.e. in all strong 
interactions. Electromagnetic and weak interactions violate G-parity.

The G-parity of a system of particles, each of which has a definite G-parity, is equal to the 
product of the G-parities of the separate particles. This leads to a selection rule for strong 
decays. For example, a particle with rjG = 1 cannot decay into an odd number of G-odd 
particles, while a particle with r)G = — 1 cannot decay into two pions. In particular, strong 
decays of the p-meson into three pions and the cp and co mesons into two pions cannot occur.

Choice of phase factors for particles and antiparticles

The phase factors ea determine a relation of the type | a) = ea | 7fl, ta) between a particle 
state a and a basis isospin state transforming according to (14). These factors, are fixed 
by formula (21) for self-adjoint isomultiplets with /  = 0, 1, 2, . . . ,  and by formula (23) for 
half-integral isospins. Formula (22) is also used for the choice of phases in the case of baryon 
multiplets with isospin 7 = 1 ;  e.g.:

ir+> = - n ,  i>. |2?>=  i,o>, \e ~) = 11, - i ) ,

since the isospin properties of n and E  must be the same. The antiparticle multiplet E  has an 
analogous form:

li, i) = - \£ + ) ,  | i ,o> =  ir*>, | i , - i > = i r - > .

Thus the states of particles and antiparticles may be expressed in terms of the basis isospin 
states 17, t) in the following manner. In the case of half-integral isospins {1 = \ ,  \ ,  •■■)

I a) = I la, ta), I a) = ( -  I)'.+'« I L, - t a). (31)

In the case of integral isospins (7 = 0, 1, 2, . . . )

| u) = j la, ta) (ta ^  0),
I a) = ( —I)'* I la, ta), 0),
|d> =  ( - ! ) '.  | fl(7a, - t a)).

(32)
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For example, in the case /  = -|> the antiparticle multiplet has the form

l* +>. - 1 ^ “),

while the antinucleon multiplet is

In), - | p ) .

§ 8.3. Multi-particle states and isospin amplitudes. Decays and relations
between reactions

Multi-particle states

Multi-particle states transform according to the direct product of representations corre
sponding to single-particle states. The expansion of a direct product of representations of the 
group SU2 into irreducible representations has been considered earlier, in Chapter 3, in 
connection with the rotation group. It contains Clebsch-Gordan coefficients, which are 
shown in Table A.4 (facing p. 364).

In the standard expansion of a product of two vectors (see§ 3.4), it is assumed that both 
states transform with indices of the same type. In our case, the basis isospin states, whose set 
forms a multiplet /, are | /, t) and their transformation rule is given by formulae (10) and (14). 
We then find, by virtue of (3.82), that

I lb* ta5 lb* tb) =  I la* ta) I lb* t\y) = ^  (Jalbtatb I lalbll) | I* t')9 (33)

where / =  ta+tb, while (IaIbtatb | IaIbIt) are Clebsch-Gordan coefficients.
Physical particle states may differ by phase factors from the basis isospin states | /, /). 

For example, if the two-particle state | a, B) contains an antiparticle 6, then its states | B) do 
not in general coincide with the basis states | Ib, — tb\  since the antiparticle transforms accord
ing to the complex conjugate representation. The choice of the factors ea in the relation 
\a) = ea\ /a, ta), connecting the particle state | a) with an isospin state, was made in § 8.2 
[formulae (31) and (32)]. We obtain for the pion-nucleon system

I pji+> =  -  I i> t >>

| nw+> = -  —  “ i ) + | / r- l i i X

I P7*0) = j/-y  I T> t ) +  I

I njr°) = j/"~  I ~t>  ̂ — t X

I I *2’ “  t )4* I “  t )>

I njr- ) =  | -f, — ■§■)•

(34)
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Equation (33) may be illustrated explicitly (see § 3.4). In particular, for the nucleon- 
antinucleon system the states with definite isospin are

111, 1) = - 1 pn), 11,0) = — _-(| pp> - 1 nn»,
V 2

1. — 1) = I np), 10,0) = - — (lpp)+|nn».
(35)

The system of three nucleons Nx, N2, N3 in a state with isospin -| has the following isospin 
components:

I i ,  I )  =  I PiP2P3>, I f , -4 >  =  i nin2n3>,

4> = — (| Pip2n3) + I pin2p3>+1 nip2p3».

3. _ Ja  
2 ’ 2 /

V3
1

V 5
(I Pin2n3>+| n!p2n3) + 1 nin2p3».

(36)

For identical particles, one must allow for the symmetry properties of the state vector 
with respect to interchange of the particle variables. An isospin multiplet may be treated 
as a single particle with an additional degree of freedom 73 = t. The demand of total 
symmetry or antisymmetry hence introduces a correlation between the symmetry properties 
of the state vector with respect to interchanges (separately) of the variables of the PoincarS 
group and of the isospin variables. If, for example, the state of two identical bosons is 
symmetric or antisymmetric with respect to interchange of isospin variables of the particles, 
it must have the same symmetry with respect to interchange of the remaining variables. 
In particular, two pions in an 7 = 1 state (which is antisymmetric) may have only odd 
angular momenta, and only even angular momenta in an 7 = 2 state.

Isospin conservation and isospin amplitudes

In the approximation of exact isospin symmetry, in which electromagnetic and weak 
interactions are neglected, the 5-matrix and therefore also the T-matrix are diagonal with 
respect to isospin 7, i.e. the dynamics are insensitive to isospin rotations, and the total 
isospin I  is conserved:

[5, h] = 0, [r, Ik] = 0.

Consequently, the T-matrix may be written in the form of an expansion in terms of isospin 
amplitudes T(I) describing scattering with isospin 7. For the process

a(Ia, ta)+b(Ib, tb) -  die, rc) + rf(7rf, td)
this expansion is

<c, d \T \*,*> = £  T{I) A(I; a ,b ;c , d). (37)

The amplitudes T(I) are isospin invariant. The coefficient A{I\ a, b; c, d) is the matrix 
element of the operator for projection on a state with isospin 7.



186 INTRODUCTION TO ELEMENTARY PARTICLE THEORY

In order to obtain the transformation properties of the matrix (37), we relate it, using 
(31) and (32), to the T-matrix for isospin states:

EaEbeced(c, d \T \a ,b ) = (/« tc\ h , td\T \Ia, ta\ h, tb) =

where the isospin indices are arranged in accord with the convention adopted in § 8.1. The 
invariance of the T-matrix with respect to an isospin transformation G is then expressed 
by

T'ti =  (38)

where *« is the representation of the group SU2 with isospin Ia. Equation

(38) relates the initial amplitude to the amplitudes for scattering of other particles in tb> 
t'd of the same multiplets h, ^  h-

Thus in the approximation of isospin symmetry, isomultiplets are treated as particles 
with an additional internal degree of freedom (the quantum number t) in which the strong 
interactions can distinguish only multiplets as a whole, but not separate particles in them. 
The isospin amplitudes T(I) depend upon the isospins in the process Ia+Ib ~* 7c+7j, but 
not on the projections tt. The set of the same amplitudes T(I) describes the scattering of 
various particles in these multiplets. If the number of independent amplitudes T(I) is not 
large then (37) allows one to obtain useful relations between cross-sections.

Let us find an explicit expression for the coefficients A(I\ a\b\c^d) in (37). For this accord
ing to (31) and (32), one must insert the isospin states 17fl, ta), . . .  instead of the single
particle states |a), . . . ,  into (37), and then use the reduction formula (33). Then

<c, d \T \a 9 b) = Yj (UdtctdI hhJt) { h t \ T \/ ' ,  t’) (Mbl't' | Iahtatb)eaebeced-
/. i \ u f

Since the isospin is conserved, T  commutes with P  and /3, so that

< / , / | r ] / ' ,  O  =  7X7, t)bn;

The conservation of isospin also means [T, 712] = 0 by virtue of which T(7, t) does not 
depend on t. This leads to formula (37) with coefficients

A(I\ a, b\ c ,d ) = Y  (Udtctd 11 chit) (U blt \ Iahtatb)eaebec€d • (39)

In order that the isospin amplitude T(I) be invariant, the coefficients (39) must transform 
in the same way as the T-matrix [rule (38)]. But the Clebsch-Gordan coefficients entering in 
(39) are components of an isospin tensor [see (3.86) and (3.89)];

(hhtatb\hlblt)=  [77*7*1 V\

Hence the right-hand side of (39) is also an isotropic tensor

WML-
which, indeed, transforms according to (38).
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Let us consider as an example a relation between the amplitudes for jrN-scattering. The 
processes tT  + p — ?r0+n and tz+ +  n — 7t°+p are connected by the charge symmetry trans
formation ein/i, and, consequently, their cross-sections are equal;

Among the remaining ttN reactions there exist four more relations of the type (40). To take 
account of isospin conservation, let us consider the reactions

In 7rN-scattering there are two independent amplitudes T (-) and T(|-), corresponding to the 
possible isospins /  =  — and /  = | o f  the ttN system. Let us express the amplitudes for the 
processes (41) in terms of T(—) and T(-|) using (34), (37), and (39)

The cross-section a(n°p — 7t°p) is hard to measure experimentally, so that (43) cannot be 
tested directly. However, one can use eqns. (42) by noting that when r ( - )  =  0,

This, indeed, appears to be the case for the resonant contribution of the A (1236), indicating 
that the isospin of this resonance is -|.

On the other hand, for large energies (and small scattering angles), the cross-sections for 
processes with charge exchange are small (see Chapter 13). Setting <r(jr—p — n) ^  0, 
we find from (42) that for these energies one will have o(n+p — :r+p) ^  a(7z~p — n~p).

Rapid decays of particles (i.e. those that conserve isospin) are analyzed in a similar way. 
Let us write the final state in terms of isospin states using (31)-(33). Then, for example, 

the isospin part of the amplitude for the decay of the particle a(Ia> ta) into the particles 
b(Ib, tb) and c(/c, tc) will have the form

a(n~p -► 7r°n) = o{n+n -► irPp). (40)

(41)

T(n+p -  7z+p) = T{\), 
T (n -p ~ n -p )  =  i [ r ( f ) + 2 r ( i ) ] .

T(n~p - 3i°n) =  V 2  [ r ( | ) - r ( i ) ] ,

W p  — ^ p )  =  i [ 2 r ( i ) + r ( i ) ] .

(42)

Consequently one has the relation

<r(jr+p -► 7i+p)+a(7i~p ■* n~p) =  a(n~p ■* jr°n)+2a(jt°p -► jr°p). (43)

o ( n + p  — 7i+ p ) : o ( n ~ p  -*■ ;r~p): a ( n ~ p  — jr°n) =  9 : 1 : 2 (44)

Decays

(b, c \T \a) = {IbIctbtcIIbIcIata)T, (45)



188 INTRODUCTION TO ELEMENTARY PARTICLE THEORY

where T  does not depend on ta = tb+tc.t tb, or tc. Consequently, the relation between the 
decay amplitudes

(̂7<j> ta )  b i fb y  t f )  -b c(/c, t f )y

aXI„t'a) -* b V b, t fb)+c'(Ic, O

is determined by Clebsch-Gordan coefficients:

(by C\T\d)   (IblJbtc I Iblclata)
(bfyC'\T\af) (Ibl/btcllbhlata) * (46)

In the case of two-particle decays, this form refers, for example, to the decays g 2n, 
f° — 2tt, A2 — KK, A — Ntt, etc. For q — 2?r we find the following expressions from (46) 
for the decay probabilities w(g — 27r) ~  | T(q 27r)|2:

w ( q + -+7Z+7Z0)  =  w ( q ~  — 7Z~7T°) =  w ( q °  — 7Z~7T+ ) ,

w(q° — 2tt0) =  0.

Decays and effective Lagrangian

The effective Lagrangian <£j(x) was introduced earlier as a relativistically invariant local 
operator constructed from the fields involved in the decay a — b+c [see (7.84) and (7.85)]. 
The matrix element -6/(0) between the initial | a) and final (6, c | states is equal to the decay 
amplitude. Knowledge of the effective isospin Lagrangian allows one easily to find the rela
tion between the amplitudes for rapid decays of various particles of the isomultiplet; 
obviously, is an isoscalar.

Under isospin transformations the basis states | /a, ta) transform according to the represen
tation <VIa. The fields a(x) transform in the same way as the annihilation operator, i.e. 
according to the conjugate representation (DIa*. Raising and lowering the isospin indices 
using the matrices Ca& and C-1 a<y/, we can, of course, also use states of isospinors with 
indices of various types—only upper, only lower, or mixed—for describing fields. Here, 
however, additional phase factors appear connecting the components of the arbitrarily 
chosen isospinor with components of the basis states or fields. In particular, a field with isospin 
1 is conveniently chosen as an isovector (i.e. with one upper and one lower isospinor index).

We shall now write the isospin part of several effective Lagrangians. Their construction 
reduces to forming “three-dimensional” invariants out of isovectors and isospinors. In the 
case of q -► 27t all three particles are isovector; consequently,

£ j(q -  271) =  & **.(*(l)x*(2)). (48)

Similarly, one may construct the Lagrangian for the decay Y * — En\

£AY* -  En) = sy* ,Z .(r% ic).

In the case of the decay f0 -► 27r,

-£/(f° -  2n) = £fo™(tt(l).tt(2)), (49)
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since f° is an isoscalar (/ = 0) with 7P = 2+. Writing rc(l)*rc(2) explicitly, we see immedi
ately that the probabilities for the processes f° — 7r+7r“ and f° ttPttP, are connected by

f° 7r+7r“) = 2w(f° 2tt°),

Furthermore, decays involving kaons (isospinors) may be described by the Lagrangians

4 ( f°  -  Kic) =  W KK.

A K ^ K )  =  ?Ai^ 2.t)K , (50)

-£/(K* -  Kre) =  gK.K„K(T.n)K*.

In the Lagrangian for the decay A -* Ntt (with IA = -|-) it is most convenient to write the 
pion field with indices of one type:

M A  -  N») = ■ (51)

In formulae (48)-(51) the constants gem, characterize the strength of the interaction 
giving rise to the decay.
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THE GROUP S U Z

The fact that the observed multiplets have definite combinations of isospin and hypercharge 
(see§ 8.1) indicates the presence of a broader internal structure than isospin. The small mass 
difference between the baryon isomultiplets N, A, 27, and S  indicates that this internal 
structure may be interpreted as a broken symmetry, in which N, A, 27, and S  are included 
in the same multiplet of the new symmetry group. The isospin group [together with the 
group of hypercharge transformations Uy(l)] must be a subgroup of this new symmetry 
group. Such a symmetry is described by the group SUZ suggested by Gell-Mann and 
Ne’eman(113> 114) It is sometimes called unitary symmetry (although from the mathematical 
point of view isospin symmetry is also unitary).

The choice of the group SUZ as the next step in the construction of a generalized symmetry 
of the strong interaction was not at all obvious at the time. If one adheres to the minimum 
enlargement of the symmetry group (St/2)7XUy(l), the problem arises of finding the right 
symmetry group among the four existing semi-simple groups of second rank (i.e. with two 
diagonal generators corresponding to /3 and T). This group turned out to be exactly St/a, 
In this chapter the basic facts of the group St/3(llfl"117) are set forth.

The group SUZ is the group of unitary unimodular 3 by 3 matrices. Let us consider the 
transformations described by unitary 3 by 3 matrices B(B+ =  B~19 det B =  1), acting on a 
three-component SUZ spinor

t  One sometimes uses in place of f 1# £x, i3 the notation p , n, A originating in the Sakata model<118) in 
which all particles consisted of these three baryons. The Sakata model was a predecessor of SU9.

§ 9.1. The matrices XQ and structure constants

(1)

As a consequence of the unitary of B the scalar product

(1*1) =  li li- f  I2I2+S3I3 (2)

190
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remains unchanged; (£'*£') = (1*1). The general form of a unitary operator B is

B = e&, Tr w = 0, (3)

where co is a Hermitian matrix. The condition det B = 1 holds if Tr a> =  0.
Let us choose as a basis the eight Hermitian 3 by 3 matrices Xa (a =  1 . . .  8) normalized 

according to
Tr (XaXb) = 23*, Tr Xa = 0, Xa = X+. (4)

These matrices play the same role that the Pauli matrices xk did in the case of SU2. One of 
the possible sets of matrices Xa consistent with (4) has the form

Ai

Xi

X?

1 ° \ 1° —i ° \ /I 0 O'
0 0 , X2 =  / 0 0 ,

OIIc* - 1 0
0 0/ \0 0 0/ \0 0 0,

'0 0 1\ (0 0 - A  (0 0 o\
0 0 0 ,  A* = 10 0 0 ,  Ae =  | o  0 1 ,
d 0 0 /  \ i  0 0/  \0  1 0/

'o 0 o\ / i  o o\
0 0 - / 1 ,  A8 = —  0 1 0 .
.0 i 0/ V 3 \ 0 0 _ 2)

The commutation relations for Xa are

[A*,, 1ft] =  UfabcXc 9

so that

fabc — Tr ([Aa,

(5)

(6)

(7)

The structure constants are real and antisymmetric in all indices. The nonzero compo
nents of fab,, have the following values;

/m  =  1>
/l47 = —fist = fzu  = /2#7 = / 34s = —/3*7 =

f a 8 = /# 7 8  =  •

(8)

The product of two matrices Xa may be expressed as a linear combination of these matrices 
and the unit matrix 1:

XaXb tfabcXc~T dabcXc~T 3 (9)

where X0 = V r * *  an<* the structure constants are symmetric in all indices:

dabc =  i  Tr ({A,, Xb}Xc). ( 10)
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A calculation of the components of via (10) gives

dl46  =  d i n  =  —̂ 247 =  2̂M =  3̂44 =  3̂55 =  — ̂ 388 =  — ̂ 377 =
1

^118 =  ^228 — ^338 =  “ ^888 =

^448 =  ^568 =  <̂ 668 =  ^778 =  “

The remaining components of d ^  are equal to zero.
The structure constants d ^  and satisfy the Jacobi identities

V 3 ’
1

2 \ /3  *

f a b c f c e l Jr f c e b f a c l ^ r f a e c f b c l  — 0 ,  ( 1 1 )

d a b c fc e l~ \~ fc e b d a c l d cb t fa c e  =  0 ,  ( 1 2 )

which may be easily derived with the help of (6), (7), and (10) from the identities

[U, B], C] + [[.B, C l A]+ [[C, A l B] =  0, 1 
[A, {B, C}] -{[A , B l C} -  {[A, C l B} = 0. J

From (11) and (12) it is clear that if the quantities and d^  can be treated as the matrix 
elements of 8 by 8 matrices^ and d b \

(fb)ac — ifabc ? (db)ac — dabc ? (14)

then the matrices f b and db will satisfy the commutation relations

lfa,fb] = ifabc fc, (15)
[daifb] = i f  abedc. (16)

By virtue of the linear independence of the matrices (5) and any 3 by 3 matrix may be 
expanded in terms of the matrices A0 and Xa (a = 1 . . .  8). In particular, any unitary 3 by 3 
matrix B [formula (3)] may be written in the form

B = e,cu, co = yAaCOa (17)

with real coefficients coa characterizing an “SU3 rotation”.
One sometimes uses a different (non-Hermitian) representation for the basis matrices. 

Let us introduce instead of the matrices Xa the nine 3 by 3 matrices B / with matrix elements

(W  = bubjk -  \b ublk («, j , k ,  1=1,  2, 3), (18)

connected by the relation
B f + B f + B f  =  0. (19)

From (18) it follows that the commutation relations for B{ have the form

[B,k, B/] = bilBjk—bjkBi . (20)
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§ 9.2. The fundamental representation and quarks. U- and F-spin

The matrices B give rise to an SU3 transformation on the fundamental representation

= f ty  = 1 ,2 ,3 ) . (21)

The hypothetical particles corresponding to the SU3 spinor | f. are called quarks. The gen
erators of the group SU3 in the case of quarks may be written in the form [see (17)]

= [Fa,Fb] = ifabcFc. (22)

In the case of the group SU2> the matrices A and A* are unitarily equivalent; for SU3 the 
matrices B and B* are not equivalent, and there are thus two basis spinors and I1:

I ' - I * ;  (23)

the spinor £ with on upper index transforms as a conjugate spinor (or antiquark); in accord 
with this notation

Vh = =  inv. (24)

The basis spinor is denoted according to its dimension as 3, and £* as 3*.
The physical content of SU3 multiplets will be examined in Chapter 10. However, in 

order to make our discussion less abstract we shall introduce the isospin I k and hypercharge 
Y operators immediately.

Let us assume that the isospin and hypercharge symmetry group (5C/2)/XUy(l) (see 
Chapter 8) forms a subgroup of SU3. We can always choose the basis representations of the 
group SU3 so as to identify the SU3 generators Fk (k = 1, 2, 3) with the components of 
isospin Ik. It is with this basis that formulae (5) for the matrices Xa were written. (If Fk ^  h> 
one can ensure Fk = Ik with the help of the unitary transformation Fa — uF^i~1). The 
hypercharge Y commutes with the isospin Fk =  Ik and thus, according to (5) and (6), must be 
proportional to F8. Let us set

Y = ~ F s ,  Ik = Fk ( * = 1 ,2 ,3 ) .  (25)
V 3

As we shall see below in § 10.1, this expression for Y leads to the correct values of the hyper- 
charge of baryons and mesons.

From (25) it follows that the electric charge of the quarks is

Q = h + - Y  = -  ^3  + —  ^  =  ̂ .  (26)

Let us write the quantum numbers of the quarks and antiquarks

h Y Q h Y Q
1 i 2 £1 1 i 22 3 3 £ 2 ~  3 ~  3
1 1 1 £2 1 1 12 3 — 3 2 — 3 3
0 2~  3 1

~  3 I3 0 2
3

1
8

(27)
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Quarks are characterized by fractional charge and hypercharge. So far, particles with frac
tional charge have not been observed, at least for mass m<, 15 GeV(118a). Quarks may not 
even exist as particles, although, of course, it would be unfortunate if the simplest multiplet 
of SUZ did not correspond to existing particles. But the main problem of SUZ is the explana
tion of the properties of baryons and mesons, for which the existence of quarks is not re
quired. We shall thus view quarks for the time being merely as a convenient mathematical 
concept.

Thus the quark SUZ triplet contains the isodoublet | 2 and the isosinglet | 3.The content 
of the quarks I,- with respect to the subgroup consisting of the direct product of the isopin 
group (St/g)/ an<3 the hypercharge phase transformation UyO) can be written as

3 =  ( f  i ) + ( 0, - I ) ,  (28)

where (/, Y ) denote the isospin and hypercharge of a representation of (S,f/2)/ XUy(l). 
For the conjugate function £' we have

3* =  (t . - ! ) + ( 0 ,  - i ) ,  (29)

It is convenient to depict the multiplets of SUZ in the (/3, Y) plane (“weight diagrams”). 
The weight diagrams of the states 3 and 3* are shown in Fig. 6a and b.

Fig. 6. Weight diagrams for (a) quarks belonging to 3, (b) antiquarks belonging to 3*, and 
(c) antiquarks belonging to 3*. (See text.)

The state (Fig. 6a) may be obtained from | 2 by applying the operator i+ =  -|(A1 + tA2); 
the state | 2 may be obtained from | 3 by applying u+ =  -|(Ae+iA,). The effect of the operators 
i+, u+, and v+ is shown on Fig. 6 by arrows. Reversal of the arrows is equivalent to replacing 
these operators by i u_,v_. For normalized states the matrix element of each such transi
tion in 3 is equal to 1; for example, (2 1 i+ \ 1) =  1.

In the representation 3* (Fig. 6b) the operators i+, «+, v+ are replaced by i+ =  — 
u+ =  — v+ = —v_, so that the states I1, | 2, and I1 are obtained respectively from the 
states | 3, | 3, and I2 by applying — w_, — and —1_.

From the representation 3* it is convenient to pass to a unitarily equivalent representation 
3*. In the representation 3*, the isospin components of the antiquarks I1,2 transform under 
isospin rotations as | 1> 2, i.e. they have the properties of the isospinor Nx (which is used to
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describe antiparticles in the isospin group). Let us introduce the unitary operator

WW+ = 1,

whose 2 by 2 isospin part is equal to C = — ir2. Then

i '=  w k*? =

Under SU3 transformations B, the antiquark transforms according to the rule

I ' =WB*W~1l  = B*l.

The generators of the transformation (32) are thus equal to

Pa = 1 la =

The isospin matrices do not change; Xk =  Xk, while

v+ =  7) = u+, |
u+ =  7) =  — iAs) =  — v+. J

(30)

(31)

(32)

(33)

(34)

The transition from to implies a special choice of basis states in the case of anti
particles and a special phase convention. The weight diagram of the representation 3* 
with the states denoted in (31) and with the new generators is shown in Fig. 6c. In 3* the 
matrix elements of v + and f+ are positive while the matrix element of u+ is negative.

U- and V-spin

To clarify the structure of the group SU3 it is useful to introduce the concepts of U- and 
F-spin along with isospin. The isospin subgroup with generators F±y ^2> and F3 is one of the 
SU2 subgroups of the group SU3. Another SU2 subgroup (the (7-spin subgroup) is generated 
by

U± = Ft ±  iFi, U3= - | / 3+ (35)

and a third SU2 subgroup (the K-spin subgroup) by the generators

F± =  Ft±iFs, V* = \ h + \ Y .  (36)

The role of the operator Y in the case of [/-spin is played by the electric charge with 
reversed sign: Yv  =  —Q, since

[Q, U±] = IQ, U3] = 0.
In the case of F-spin, the operator Yv = I3—\ Y  plays an analogous role.
Nov 14
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The U- and F-spin matrices for quarks have the form

/0 0 0\ 
u+ : ■§'(̂ 6+1̂ 7) —jo 0 1 I, 

\0 0 0/
jo  0 1\

v+ =  -|(A4+/As) — 10 0 01, 
\0 0 0/

0 °\
1 0 >
0 - 1/
0 °\
0 0 •
0 - 1  /

Let us also introduce the matrices Yv and Yv :

Yy =

i_
3
0
0

0
2
3
0

/ - I  0 O'
T c=  0 1  0

\  0 0
-Q .

(37)

(38)

(39)

From the properties of U- and F-spin it follows that the classification of particles in an 
SU3 multiplet may be performed not only with respect to isospin I  and hypercharge Y, 
but in two other ways, specifically: by (7-spin U and Yv or by F-spin F  and Yv. Here

U2 = ±(U +U_ + U_U+)+Ul, 1
F2 = i (V +V_ + V_V+) + V l  J }

From the explicit form of the matrices uk and Yv, it follows that in the (/-spin group 
the quarks | 2 and | 3 form a U-spinor with t/-hypercharge Yv = —, while the quark 
forms a {/-singlet with Yv =  — In the case of K-spin, the K-spinor is formed by the 
quarks and | 3 with Yv = while quark | 2 is a F-singlet with Yv = — y.

§ 9.3. Representations of the group SU3

The commutation relations among the generators Fa (a = 1 . . .  8) do not depend on 
representation. Hence we can derive then using Fa = — Xa in the fundamental representation 
3 from which, according to (6),

[Fa,F b] = ifabcFc  (41)

The generators Fa are Hermitian: Fa = F+.
Several equivalent ways are known for constructing irreducible representations of SU3. 

We shall use the spinor method. Let us examine the mixed SU3 spinor of higher rank trans
forming as the product of p quark functions with lower indices f* and q quark functions 
with upper indices I1:

(42)
The fu n c tio n ^  ;;;jMn general describes a reducible representation of SU3. To guarantee 
the absence in (42) of representations of lower dimension one must obtain zero when con
tracting the indices in ;;; ^  with constant SU3 tensors.,

In the group SU3 there are three invariant tensors (i.e. tensors not changing under SU3 
transformations): eijk, and eiJk (/, 7, k — 1, 2, 3). The constancy of the Kronecker
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symbol <5* is a consequence of the unitarity of the transformation B :

6'lk = Bii'B*kk. t f  = dk .

The antisymmetric tensors eijk and eijk have constant components by virtue of the unimo
dularity of B\

4k = Bi'Bj'BFEm , = eijk det B = eijk. (43)

Thus we arrive at the following two conditions for the irreducibility of 0 ^

= (44>
0\\\ /v2... _  0... i2i \ ^  0 Vjih = 0 ; ; ; ^ . . . ,  (45)

i.e., firstly, contraction of an upper index with a lower one must give zero, and, secondly, 
the function 0 J?x must be symmetric separately with respect to upper and lower indices. 
When these two conditions hold, the function transforms according to the irreducible rep
resentation Z)(/7, q) of the group SU3.

Since the function with lower index transforms via the matrix B [formula (1)], while 
transforms via the complex conjugate matrix B*, the representations D(p, <7) and £(<7, /?) are 
the complex conjugate of one another:

D{p,q) = D \q ,p). (46)

A representation D{p, p) with the same number of upper and lower indices is self-adjoint.
The quark transforms according to the representation .0(1, 0) while the antiquark 

(or I') transforms according to the representation D(0, 1). The arbitrary SU3 spinor of 
second rank is:

~ ~  ~2(P{i>j}+ £ijk<P k * |
tpiUJ) ~  l i V U J ]  =  '2 (i& ij—<&ji)> j

and contains the parts 9?^^ and 9/*, transforming via the representations Z>(2, 0) and 
0(0, 1). The mixed SU3 spinor of second rank0/ contains an S t/3 scalar 0 j (the represen
tation 0(0, 0)) and an octet 9?/ = 0 / —(-)<5/0£, transforming according to the representa
tion 0 (1, 1):

= t W + (<£/-! w  =  (48)

Let us dwell in more detail on the octet state 9/, since it is the most important for physical 
applications. The generators Fa form an octet; octets are the most widespread S 03 multiplets 
of particles (see § 10.1); the vector currents also form an octet (see § 15.2).

An octet is described by a mixed spinor of second rank0/ (/,y = 1, 2, 3) with trace equal 
to zero: 0} = 0, so that 0 / has 8 independent components. Under the SUs transformation 
By an octet component 0 / is replaced by the linear combination

0 '/; = B fo ^B f*’. (49)

This shows that the 0 / can be considered the elements of an octet matrix 0  (Tr 0  = 0), for 
which the SUZ transformation is

14*

0 ' = B0B+. (50)
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A matrix 0  with zero trace may be expanded in a complete set of linearly independent 
matrices Xa:

#  = ( * = ! . . .  8), (51)
a

where the coefficients &a are components of an SU3 vector. Formulae (50) and (51) are the 
analog of the formulae p = o^p* and p' = ApA+ for the matrices p of the SU2 vector p 
and their transformation rule under the group SU2. The SU3 vector &a is in one-to-one 
correspondence with the matrix 0 , since, according to (4),

<Pa = (Xa&). (52)

To find the 8 by 8 matrix dab(B) of the representation D( 1, 1), one may insert the matrix 
(50) into eqn. (52) for #>':

= £  dab(B)&b, dab = |  Tr (XaBXbB+). (53)

From (53) it is clear that is a self-adjoint matrix. Z)(l, 1) is the adjoint, or regular, rep
resentation of the group SU3.

The eight generators Fa of SU3 transform according to the rule (53). Since the matrix B 
is unitary, the trace of the product of any number of octet matrices will be invariant [see 
(50)]. Consequently, the quantities

zn = Tr Fn, F = £  Fala (n=  2 ,3 , . . . )  (54)
a

are invariants of the groups SU3. Since the second-rank group SU3 has two independent 
invariants (e.g. z2, z3), then, in principle, any SU3 multiplet may be denoted by the values 
of z2 and z3. The quantities zn with n >  3 will then be functions of z2 and z3. By virtue of 
(4), (7), and (10),

z2= 2 £ f | ,  23 = 2 y  . (55)
a a ,o l  c

From this it also follows that, in contrast to SU2, one can construct not one but two invari
ant scalar products (55) in SU3 from the components of 0 a.

Let us introduce the commutation relations between the generators Fa and the compo
nents of the vector 0 a. Using the infinitesimal form Z? = 1 + (i/2)Xacoa for the matrices B in 
(53) and the definition (7) for the structure constants, we find that

0
Fa — ifabc&b Q0 > (56)

[Fa, 06 ] =  ifabc^c- (57)

Since the commutation relations do not depend on the explicit form of Fa, (57) holds as 
well when the generators Fa are matrices or operators in Hilbert space. Relations (57) char
acterize the properties of 0 a as components of an SU3 vector. The analog of (57) in the 
case of SU2 is the well-known relation [pk, M}] — iekJipi9 characterizing the vector proper
ties of p.



THE GROUP SU3 199

Using eqs. (57) and the second Jacobi identity (12), one may easily check that the quan
tities

are components of an SU3 vector. Although the vector Da is constructed from the generators 
Fa, eqn. (55) implies that Da and Fa are linearly independent.

Let us count up the number of independent components n(p, q) for an irreducible SU3 
spinor 0jj ;j« (the representation D(p, q)), i.e. the number of terms in a multiplet described 
by this function. We begin with the symmetric SU3 spinor _ or the representation 
D(p, 0). n{p, 0) is equal to the number of ways of distributing p indices among the three 
values 1, 2, 3. If one writes the indices in the order 11 . . . ,  22 . . . ,  33 . . . ,  then n{p, 0) is just 
the number of ways of inserting two commas between p symbols, i.e.,

In the case of the irreducible representation D(p, q) the number of components will be 
less than in d>jyt ;;;jjj as a consequence of the supplementary conditions <Pj|J =  0
guaranteeing the absence of representations of lower rank D(p—1, 0) D(0, q). According 
to (59), the number of components in the case of a representation D(p—1, 0) D(0, q— 1) 
is equal to n(p— 1,0) n(0, q — 1). From this, we find the multiplicity of D(p, q):

*Kp> 9) =  n(p, 0)n(0, q ) - n ( p - 1, 0)n(0, q - 1) =  \{p+X)(q+X)(p+q+2). (60)

The multiplicity n(p, q) of the simplest representations, according to (60), is equal to

Consequently, the simplest representations may be characterized uniquely by their multi
plicity, which is equal to n = n ( p ,  q) for p  q and «* =  n(p, q) for p  <  q. The components 
of SU3 multiplets may thus be characterized by the quantum number n (or «*) and/, 13 = t,Y .

Among the various SU3 multiplets we shall be particularly interested in those in which 
the electric charges Q and hypercharges Y of particles are integral. Since Q is a multiple of 

for a quark, the condition that Y and Q be integral has the form

The simplest multiplets containing particles with integral charges Q and Y are L 8,10, 10*, 
and 27.

Da =  T dabcFbFc ( a , b , c =  1 . . .  8 ) (58)

(59)

Analogously, in the cased^ '1 " the number of components is equal to

«(0 ,0 )=  1, 
n(0, 1) = n{ 1, 0) =  3. 
«(1, 1) =  8,

n(3, 0) =  10,
n(0, 3) =  10,

n(2, 0) =  6,

(61)

n(2, 1) =  n(l, 2) = 15, n(2, 2) =  27. J

=  0. ±  1. ± 2, ±  . . .  =  integer. (62)
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Reduction o f products o f representations

Rules (44) and (45) are also the basis for reducing products of representations. We shall 
limit ourselves to several examples, since the general method is sufficiently clear.

The product of two quarks and rj, gives the representations D( 2,0) and D( 0,1):

SkVi= l(S^/+£^fc) + T£fc<7l'', (63)

where the quark with upper index £ l is

V  = h lki(£kVi~$iVk)i (64)
or

3x3 = 6 + 3*. (65)

The product of the representations 3 and 3* decomposes, according to (48), into an octet 
8 and a singlet 1/.

3 x 3* = 8 + L (66)

Let us note an important formula for the product of two octets <pj and Wj.. The highest 
representation one can construct out of

Gfk = 9 i n ,

is 27, or0/1 (27). It is obtained, in correspondence with the rules (44) and (45), by symme- 
trization in upper and lower indices separately: G{k — and subtraction of the trace:

0i'k(2T) = G\i\ -1[6/g{;1'} + 6{G((;'} + 6'G $ , + 6'kG $]  + f0( d '^  + «X)c[™| . (67)

Antisymmetrizing in upper indices Gjlk G]j!] land multiplying by enjl we obtain a tensor 
with three lower indices *Fnik = enjiG\Jk]. Symmetrizing *Fnik in these indices, we obtain a 
decimet:

0 nik{\O ) = 'F{ntk). (68)

Analogously one can obtain the conjugate decimet <Pmfc( 10*).
Moreover, from one can construct two octet functions:

0 ‘k(b) = G% + G'kj -  \b ‘kGlji,
0 M a) = G$~G%,

describing the symmetric 8S and antisymmetric 8  ̂octets. Summing on both pairs of indices 
in Gfk, we obtain an SU3 scalar U or

0 (1) = G&.

Thus the product of two octets may be written in the following manner:

8 X 8  = 10+10* + 8s+ ^  + i. (70)

To distinguish the components of the octets 8S and 8  ̂ from one another, one must intro
duce an additional quantum number v whose meaning depends on the specific problem.
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The product of three quarks, or the tensor with three lower indices xt/ijky may be decom
posed into irreducible parts in an analogous manner with the result

3 X 3 X 3  =  1 0 + 2 ( 8 )  +  ! . (71)

The reduction of a direct product in SUZ may also be performed in the canonical way 
using Clebsch-Gordan coefficients for SU3. Denoting the state of an SUZ multiplet n by 
| n, a), where a = (/, /, T), we find from the general quantum mechanical formula (/ = 73)

I >h, *l) I «2, «2> = T  ( ” * ”2
n, a .  y \a i a 2 a /

/  =  / 1  +  / 2 , Y =  T i  +  T o ,  7 =  | 7 i - 7 2 | . . .  7 l  +  7 2 . 

The Clebsch-Gordan coefficients for the group 5T/3(117)

f " 1 "* = {hhtito I /i/o/Z) ( "* M
\#1 a* a / ViYt IiYt IY)

(72)

(73)

are equal to the product of the usual Clebsch-Gordan coefficients for isospin by an isoscalar 
factor. The coefficients (73) form a real orthogonal matrix. The isoscalar factors are shown 
in Table A.5 (pp. 365-367).

Isopin content o f SUZ multiplets

The reduction formulae of the type (66) and (70) also may be used to find the isospin 
content of SUZ multiplets. Let us denote an isospin multiplet by (7, Y). The product of two 
isospin multiplets (Iv yt) and (72, Y2) contains multiplets with hypercharge (J^ + l^) and 
isospins 7L —72, 7L —72 + 1, . . 7j + 72, defined by the rule for vector addition of angular 
momenta:

(A, Ti)(72, T2) = ( |A -7 2), T1+ T 2) + (|71- 7 2| + l, Yl + Y2) + . . . (A  + 72, Yl+ Y2). (74)

Knowing the isospin content of 3 and 3* [formulae (2 8 ) and (2 9 )] , we find 

3 X 3 *  =  1 +  8 =  ( | ,  l )  +  2 (0 , 0 )  +  ( l ,  0 )  +  ( y ,  - 1 ) ,

from which
8 =  ( i  0 + ( | ,  - l ) + ( 0 , 0 ) + ( l , 0 ) , (75)

F ig . 7. W eight diagram  for the octet representation o f SU3. T he po in t at the cen ter is a
doubled state.
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i.e. the octet contains an isotriplet with Y = 0, an isospinor with Y =  1, an isospinor with 
Y = — 1, and an isosinglet with 7  =  0. The weight diagram for the octet is shown in Fig. 7.

Let us calculate the (/, Y) content of the representations contained in 3 x 3 x 3 . According 
to (28) and (74),

3X3X3 =  ( | ,  1)+2(L 1)+3(1,0)+3(0,0)+ 3 ( |,  - l )+ (0 ,  -2 ).

But according to (71)
3X3X3 =  1 0 + 2 0 + 1 .

Consequently, taking account of (75), we find the (/, Y) content of the decimet:

10 = (I , 1)+(1, 0 )+ (i, —1)+(0, 2), (76)

i.e. the decimet 10 includes an isoquartet with Y = 1, an isotriplet with Y — 0, an isospinor 
with Y = — 1, and an isosinglet with Y — —2 (Fig. 8).

Fig. 8. Weight diagram for the decimet.

Fig. 9. Weight diagram for the 27-plet. Crosses denote doubled states, the triangle a tripled state.
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Analogously, using (71), (75), and (76), it is not hard to find the (/, Y) content of the 
27-plet:

27 =  (1, 2)+ ( f ,  1)+(!, l)+(0, 0)+(l, 0)+(2, 0 )+ (l , - l ) + ( f ,  -1 )+ (1 , -2 ). (77)

The weight diagram of the 27-plet is shown in Fig. 9.
In contrast to the decimet, some states are doubled in the 27-plet; they are shown in Fig. 9 

by crosses. The state with Y = /3 = 0 in the 27-plet is contained three times (in Fig. 9 it is 
denoted by a triangle).



C hapter  10

S U Z SYMMETRY AND THE CLASSIFICATION OF 
PARTICLES AND RESONANCES

The primary evidence for SU3 symmetry of the strong interactions is the correspondence 
between observed particle multiplets and irreducible representations of the group SU3. 
However, not all of the simplest possible multiplets correspond to physical particles. Aside 
from the singlets 1_, the particles and resonances belong only to octets 8 (mesons and baryons) 
and decimets 10, 10* (baryons) leaving, for example, the triplets, sextets, 15-plets, and 27- 
plets empty [see (9.61)]. In view of the essential role of the octet 8, one sometimes says 
that Nature follows the Eightfold Way.

SU3 symmetry is only approximate. If one judges the degree of its breaking by mass 
splitting in the baryon multiplets 8 and 10, then the medium strong interaction (which 
breaks SU3 symmetry but conserves isospin and hypercharge) is approximately an order of 
magnitude weaker than the SU3 symmetric interaction and an order stronger than electro
magnetism. In the case of mesonic multiplets, the relative mass splitting is larger. The success 
of the SU3 classification of single-particle states hence depends not only on the identification 
of particles with components of a unitary multiplet, but also on being able to explain the 
mass splitting. The final confirmation of the assignment of particles to unitary multiplets 
also includes experimental agreement with other consequences of unitary symmetry such as 
relations between decay constants and electromagnetic properties.

§ 10.1. Unitary representations and multiplets

Let us assume that SU3 is an exact internal symmetry group, if only for single-particle 
states. Then resonant particles must belong to multiplets corresponding to irreducible 
representations of SU3. As in the case of isospin symmetry, all particles of a multiplet must 
have the same space-time properties (mass, spin, parity), so that the full symmetry (of one- 
particle states) may be described as 0*XSU 3, where 0*  includes parity as well. The trans
formations of the Poincare group 0  do not affect internal symmetry variables, so that the 
single-particle state may be written in the form of a product of a space-time part | p y A; m, J) 
and an SU3 part | n\ /, t, y>, where n is the multiplicity. For brevity we shall write only the 
SU3 part of the state vector.

The connection between SU3 multiplets and isospin multiplets was made in the previous
204
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chapter by assuming that the isospin and hypercharge may be expressed in terms of SU3 
generators via eqns. (9.25):

Ik = Fk {k — 1,2 ,3 ), Y =  ~ f 8. (1)
\ /3

Let us now verify that eqns. (1) really allows one to classify particles with respect to SU$ 
multiplets. With this identification of SU3 generators, the fact that the known particles have 
integral electric charge and hypercharge singles out (as we saw in § 9.3) several of the 
simplest SU3 multiplets; specifically the singlet I, the octet 8, the decimets 10 and 10*, and 
the multiplet 27.

One must distinguish two types of SU3 states: the “tensor” states |0£  ;;;[?} = 0'^ ;;; ^ 
and the basis states ] n\ /, /, Y). The states of the first type are characterized by their transfor
mation properties, which are defined by the number and type of indices (the representation 
D(p, q)) \ they are used for constructing fields (after passing to creation and annihilation 
operators) and SU3 invariants. The basis states differ from states of the first type by a phase 
factor. If one writes abasis state in tensor form: Jw; /, /, Y ) = {| 0 $;;;)}, then the lower 
indices in 0  transform according to the same representation as in 0 , while the upper indices 
of 0  transform according to a unitarily equivalent representation <piJ = W lv Wjy  0 l J .

The unitary operator W  was defined in § 9.2. The basis states are convenient since their 
isospin multiplets all have lower indices. Consequently, one may use Clebsch-Gordan 
coefficients (see § 9.3) to reduce products of representations. It is for the basis states that the 
tables of crossing matrices are constructed (see§ 11.3).

Let us find the quantum numbers t — I3 and Y of the components j0£  ;;; The values 
of the additive quantum numbers of |0 / | ;;; will be the same as for the product of quark 
and antiquark states | £l1) | | ' 2) . . .  | £ki) 11^). . . .  The values of t and Y thus may be found 
by reading off the upper and lower quark indices. Let us denote by p(k) the number of 
lower indices with value k, and by q(i) the number of upper (i.e. antiquark) indices with 
value /. Then, using (9.27) we find that the component |0 £  ;;; £ ) has the following Y, t, 
and Q :

Y = -p (3 )  + q(3)+Up-<l)> (2)
t = \ W ) - q ( l ) - p ( 2 )  + q{2)l (3)

Q = (4)

where p = /?(!)+/?(2)+/?(3) and q = q(l) + q(2) + q{3).

The octet

Let us consider the octet tensor state 10 /) = 0/. By subdividing the values of the index j  
into isospinor ( j  = a = 1, 2) and isosinglet ( j — 3) and using (2)-(4), it is easy to construct 
the isomultiplets: 0 ij is an isosinglet, 0 £ is an isospinor with lower index, 0 £ is an isospinor 
with upper index; the components 0 “' form an isotriplet if 0 “ = 0. Since 0 j  =  0, the com
ponent of the triplet with t — 0 is proportional to 0 \ —0\. The components of the octet 0 / 
form the matrix elements of a 3 by 3 matrix 0  (see§ 9.3), whose lower index labels the row 
and the upper index the column.
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The pseudo-scalar mesons (spin-parity 0“), i.e. the “stable particles” (see Table 8.1 (p. 176) 
or Table A.1 (p. 359) may be combined into four multiplets:

an isotriplet ~  n \ ° \ l  = 1, Y =  0): the states [see (8.22)]

|srn) - - |r c +>, 1®2i) =  I n12) =  ~  | JZ°), \n22) =  |st );

an isodoublet K„(/=  Y = 1): the states |K 2 = |K +), |K 2) =  |K°) (these are 
not to be confused with | Kj), | K2) of Chapters 6 and 15); 

an isodoublet of antiparticles K.(/ =  Y = — 1): the states | Kx) =  — | K0), | K2) =  
IK ");

an isosinglet (I = Y =  0): the state | rf).

These isomultiplets form the octet 8. Thus, neglecting the meson mass differences, we 
may form the octet P out of jr, K, K, and rj.

Let us expand |Pf) =  P{ in terms of isomultiplets:

pi =  n ~ \ ( p \ + n %  («,/? =  1, 2)

and identify them respectively with jrf =  Ka, =  (C"1) ^  K^, and —2r]j\^6.
We then obtain the octet matrix of the 0" mesons:

7t° r)

V 2 y / l
7T+

K+ ^

n~ jr° rj
\ /2  V 6

K° , T r P = 0 , (5)

K" K° 2V
V 6 /

where the particle symbols tt, K, . . . ,  denote the states | n), | K). . . .  The factors in (5) are 
such that all states appear with identical weight in the completeness condition for octet 
states

\  Tr (PP+) =  1.

The choice of phases between different isomultiplets in the octet (5) is the same for any 
octet. We may thus write an analogous matrix B for the baryons (7P =  —+). The baryons- 
octet consists of the isospinors Na =  (p, n) and E* =  (E~, S 0), the isotriplet E ±9 E° and
the isosinglet A. Consequently,

/ * +  A 
y/2  V  6

27+
p ^

B = 27“ 27° A 
\ /2  +

n

*5*° 2^  J 
V 6 l

(6)
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Thus relations (1) certainly hold for the stable particles—the 0“ mesons and the - |+ baryons. 
Consequently we have every right to apply them to the classification of the remaining 
particles in SU3 multiplets.

If, in addition to the octet, there exists an SU3 singlet with mass close to the octet, all 
these particles can be considered together (see § 10.2). This is, in fact, the case for the vector 
mesons (7P = 1'), where not eight but nine mesons with mass close to one another are 
known. Seven of them—the isotriplet g*, g°, the isodoublet K*+, K*° and their antiparticles 
K*+ = K*-  and K*°—are members of the vector octet V. As an isosinglet with 7 = 7  =  0, 
one may choose either the co- or 99-meson. The other of these particles then must be consid
ered as an SU3 singlet. Let us denote for the moment the isosinglet member of the octet V 
by ft)8, and the SU3 singlet by w(0), deferring judgement on the properties of <p and co until 
we discuss the question of mass splitting. Then the vector meson octet may be written 
together with the singlet in the form

— —   —  g °  -)------~zr  0)8

V =

/ - '00 /-
A/3 V 2

e~

K*

y/6

— ft)(0> -  — g °  4- — w 8
V s  V 2  \/(>

it*®
V s

— CO

K*+

K*°

( o )___

(7 )

Under charge conjugation C, the meson octets transform into themselves, since they 
contain both particles (e.g., n+, n°, K+, K°, rj), and antiparticles (e.g., n~, n°, K5, K", rj).

Keeping in mind the definition (8.27) of charge conjugation for isospin multiplets con
taining a neutral particle, we may specify the phases of the kaon states under charge con
jugation in such a way that the whole SU3 multiplet has the same phase. Then

CPC-1 = PT, CVC-1 =  — VT, (8)

i.e. charge conjugation is equivalent to transposition of meson octet matrices. The neutral 
members of the octets (8) have charge parity rjc ( n )  =  + 1, tjc ( co)  =  — 1. We shall thus 
speak of the octets P, V as having charge parity r]c{P) =4-1, t]c{V) =  — 1.

For antibaryons one must choose =  1 to correspond to C | particle) =  t]c ] antipar
ticle).

The octet matrix for antibaryons is thus

I + A 
V 2  Vf>

E - s -  \

A
V 2  v V^>

= BT

n 2A j
V ~ej

= BT = CBC-1. (9)
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Basis states for the octet

These states are denoted by | 8; /, /, Y)\ the set of quantum numbers /, /, Y denotes the 
specific particle. The basis states are constructed out of the isospin states | /, t) without 
additional phase factors. The choice of the factor rjA in the relation

\A) = riA\Z ; I , t9Y), (10)

between the basis state and the particle state A is defined with respect to isospin multiplets 
or formulae (8.31) and (8.32). Consequently, for the basis states of the P-octet, we write 
all isomultiplets consecutively—the self-adjoint pion isotriplet, the kaon isodoublet, the 
antikaon isodoublet, and the singlet rj:

| 8; /, /, Y) = { - 1 rc+>, | si°>, | »->, K+), | K°>, -  |K°>, j K~>, | (11)

Here (see § 8.1) the isomultiplets in (11) are described by isospinors with lower indices 
(or Jr,), Ka, and Ka.

The set of states (11) forms a matrix P with elements

P{ = W>kPtk , (12)

where W is the matrix (9.30) with which one lowers the isospin index (but not the SU3 index). 
The components of (12) transform according to the representation D{ 1, 1), unitarily equiv
alent to D{ 1, l)(but distinct from it).

To obtain the isospin multiplets of antiparticles, described by isospinors with lower 
indices, we must use formulae (8.31) and (8.32). We thus obtain the octet (11) again. The 
phase factors (10) for particles and antiparticles are connected by

V a V a  =  ( ~ D Q a - 0 3 )

If one denotes by | —A) the state obtained from | A) by reversing the signs of t and Y: 
| -  A) = r)A 18; IA, —tA, Ya), then the basis SU3 state for an antiparticle is

\ A ) = { - \ f * \ - A ) .  (14)

The states (14) form a basis for the conjugate octet representation.
Rules (13) or (14) also hold for baryon octets. They are essential for multiplying represen

tations and constructing crossing-symmetric amplitudes. One may verify that they hold 
in this form for any self-adjoint multiplet, such as 27.

The decimet

In the baryon decimet 10 there are four isospin multiplets of particles with spin-parity 
yp = | + ; the quartet of ^-resonances, the triplet of T*’s, the S*  doublet, and the singlet 
Q~.

The decimet is described by the symmetric SU3 spinor D{iJk). Let us decompose D into 
isospin components by singling out the values i,j, k = 3. Then, using (2)-(4) and the rules 
for constructing isospin states, we find that («, £, b = 1, 2) :
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Dm  describes an isosinglet (/ = 0, Y = — 2) or Q~\ 
^{a33} describes an isodoublet (/ =  —, Y = — 1) or S*; 
D{a/33j describes an isotriplet (/ = 1, Y = 0) or Y *;
D{a describes a quartet ( / = - | , y  = -j-l)orzl.

Choosing the phases of all states positive, one may set

D \\\ = A + +1 Du 2 — -----A + , Z>122 =  -----7 ^  A0 ,  Z>222 =  A ,
V 3 y 3

^113^— r r ,  £ m  = ~ l T \  Z»223 = — r r - , I (15)
v  3 v  6 v  3

/)l33 = ---------------- f̂ 233 = ---~r=r ~ = Q .
V 3 a/3

The coefficients in (15) are chosen so that in the normalized sum

Dm W *  =  +S*o^o + . . .  (16)

each state enters with unit weight. The baryon decimet is shown in Fig. 10.

F i g . 10. Weight diagram for the J F = f + baryon decimet. The CZ-spin axis, CZ3, and the 
“ £Z-hypercharge” perpendicular to it, Y v , are also shown.

In the case of the decimet 10 the tensor states | = D{ijk̂  have only lower indices
and hence coincide with the respective basis states 110; /, /, Y). For the decimet 10* (con
taining antiparticles), the tensor states D{Uk} differ from the basis states 110*; /, /, Y). 
The basis states for antiparticles are also defined using rules (13) or (14):

\ A )  =  | l 0 * ; /3, /3, y a> = ( - 1 ) ^ 1 1 0 ; - Y a )- (17)
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These states transform according to the representation J5(0,3) which is unitarily equivalent 
to the representation D(0, 3). It is for the basis (17) that the tables of crossing matrices 
and Clebsch-Gordan coefficients are constructed.

U- and V-spin multiplets

The group SUZ is symmetric with respect to its three SU2 subgroups—the isospin, group 
the [/-spin group, and the F-spin group (see § 9.2).

Particles belonging to an SUZ multiplet may be classified both with respect to isospin 
multiplets and with respect to [/- and F-spin multiplets. Along with the (/, 7) content of an 
SUZ multiplet one may speak of its ([/, Yv) and (F, Yv) contents (here Yv and Yv are the 
analogs of hypercharge for U- and F-spin). In § 9.2 it was shown that the (C/, 7^) and 
(F, Yv) contents of the quark triplets 3 and 3* are identical to their (/, Y) content. Conse
quently, the (C/, Yv) and (F, Yv) contents of any SUZ multiplet coincide with its (/, Y) 
content.

The [/- and F-spin multiplets may be conveniently defined with respect to the weight 
diagram of SUZ multiplets by introducing the axes (C/3, 7^) and (F3, 7 K), i.e. the axes 
( ~ - / 3+ - 7 ,  — <2)and /3—17). The assignment of particles in the baryon and
meson octets to [/- and F-spin multiplets is given in Tables 10.1 and 10.2. Applying the

T able 10.1

u IV Baryons Mesons

0 0 V 3  0 1— —---71° — Tj
2 2 1

12 1 S-, s - n - , K“
12 - 1 p, 2+ K + , 71 +

1 0 n, - - Z o + ^ - A ,  S* K°, - 1 - 7 1 ° + ^ - V, K®

T able 10.2

V Yv Baryons Mesons

0 0 y^.z< > -LA  2 2
V3 „ 1—---71 ° —-- 712 2 '

12 1 r+, 3° 7i+, ic5
12 -1 n ,Z~ K°, 7i-

1 0 P, j Z ° + ^ - A ,  3~ K+, y 71°+^T~v’ k "

axes ([/3, Yv) to the weight diagram of the decimet (Fig. 10) we can write the [/-spin multi
plets at once:
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quartet (U = Yv =  1): Q~, S*~, Y*~, A~,

triplet (U = Yv = 0): S*°, Y*°, A0,

doublet ( U = \ , Y V = - 1): Y*+, A +, 

singlet (U =  0, Yv =  —2): A + + .

The classifications with respect to isospin, U- and F-spin are equivalent only in the limit 
of exact SUZ symmetry. The U- and F-spin transformations interchange particles with 
different isospin and hypercharge, i.e. the U- and F-spin subgroups contain those character
istic additional transformations generated by F4, F5, F6 and F7 which distinguish SUZ from 
the group (5C/2)/XUr (l). Isospin classification hence plays a special role in discussing 
the approximate nature of SUZ, as isospin is also conserved at a lower symmetry level.

Summary o f SUZ classification o f particles

Besides the SUZ multiplets mentioned above—the octets P, F, B> and B and the decimets 
Z), D—there exist a whole series of other full or partially full baryon and meson multiplets.

T a b l e  10.3

JPC 7 =  1 / = i 1 = 0 1 = 0

o-+ 71 K V v'
1” Q K*(892) CO 4>

0+ + 6 (970) K* (1100) e (700) \  
e' (1240) J S* (993)

1++ Ax (1100) (1240) D (1285) ?
2+ + A2 (1310) Ky (1420) f (1270) f '(1514)
1 + - B (1235) ? ? 7

T a b l e  10.4

JF N A 2 £

i +i 940 1115 1190 1320
3 -  
2 1520 1690 1670 1820?
5 _ 
2 1670 1830 1765 1940?
5 + 2 1688 1815 1915 2030?

T a b l e  10.5

Jp A
l ^

Q

1+2 1236 1385 1530 1672
z +2 1950 2030 7 7

Nov 15
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A summary of the data on unitary multiplets is shown in Tables 10.3-10.5. The symbols 
N, A, E, 5, A, and Q denote the isospin baryon states (without dependence on spin), 
while the symbols :r, K, rj denote the isospin states of mesons with any spin.

A comparison with the full table of particles (see Tables A. 1-A.3,pp. 359-364) allows 
one to draw the following conclusions about SUZ classification.

1. The overwhelming majority of hadrons are well classified in the scheme of unitary 
multiplets.

2. It is sufficient to use only the representations 1_ and 8 for mesons and 1, 8, and 10 for 
baryons.

3. Mesons evidently have only definite combinations of parity and charge-parity J pc:
J pc = o++,0‘ +, 1— , 1 ++, . . .

The fact that only a small number of the possible unitary multiplets are used in classifica
tion indicates the limited nature of the SUZ scheme.

Despite persistent searches for particles with fractional charge, especially quarks, such 
particles have not been observed up to now. The experimental observation of quarks would 
provide great motivation for a theory of elementary particles based on quarks as the 
“most” fundamental objects.

Resonances with integral charges Q and Y and with quantum numbers B, 7, or Y different 
from those encountered in observed octets and decimets are called exotic. Particles with 
integral charges Q and Y may belong to higher representations of SUZ, e.g., to a 27-plet. The 
characteristic feature of a 27-plet is the presence of isomultiplets with 7 = 2  (which have so 
far not been observed) and with 7 = *| (which have so far not been observed among mesons). 
Resonances with “anomalous” values of J PC (i.e. different from those indicated above in 
paragraph 3), also are exotic. Exotic resonances have not yet been observed conclusively. 
As we shall see in § 10.4, such resonances are absent in the quark model.

§ 10.2. Symmetry breaking and mass splitting

The unification of several isomultiplets with different hypercharge into one multiplet, 
performed in the previous section, assumes that the strongest part of the interaction is SUZ 
invariant. This interaction does not distinguish, for example, the pion from the kaon or the 
nucleon from the 27-hyperon. If the whole strong interaction, and not only its strongest 
part, were really SUZ symmetric, then the masses of all particles in an SUZ multiplet (such as 
pions, kaons, and the r?-meson) would have to be equal.

Experimentally, the masses of particles in all SUZ multiplets are different. Since the inter
action is also responsible for the internal structure of particles, the mass difference in mul
tiplets is evidence for a medium-strong interaction which breaks SUZ but preserves isospin 
and hypercharge. This interaction splits apart the isospin multiplets within SUZ multiplets. 
From the value of the mass splitting one may conclude that for the baryons this interaction is 
an order of magnitude weaker than the SC/3-symmetric one. However, in the meson octet 
7>, the mass splitting is large: mn % 140 MeV, mK % 495 MeV, and mv ^  550 MeV. 
In order that the classification of particles into SUZ multiplets be convincing, it is necessary 
to explain this splitting using the same mechanism of SUZ breaking for baryons and mesons.
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Let | n, a) be an SU3 state of dimension n, where a = /, t, Y distinguishes the separate 
basis states (i.e. the particles) of the multiplet from one another. In the case of exact SU3, 
the masses of all particles in an SU3 multiplet will be the same, so that the mass operator for 
the multiplet may be represented as a unit n by n matrix w0X l(n). If the masses of the iso- 
multiplets in an SU3 multiplet become different from one another (but the mass splitting 
inside an isomultiplet is equal to zero), then the mass matrix m(n) will contain the term 
m/(n) depending on isospin and hypercharge:

/w<"> = w0-l(w)4-w,(w)(7, Y). (18)

The matrix m(n) is diagonal since the mass of a physical particle by definition cannot have 
nondiagonal elements. [For unstable particles the mass does not have a definite value, and 
a particle is characterized by a mass spectrum (see§ 2.3). However, the mass operator still 
commutes with 1 and Y.] The matrix m'(n) characterizes the breaking of SU3 symmetry and 
determines the mass spectrum inside the multiplet n.

Let us assume that the term m,(n) breaking SU3 symmetry has definite and unique trans
formation properties with respect to SU3 in all representations n. The matrix m,(n) may 
contain the parts m'(n) (8), m'in) (27), m'(n) (64), . . . ,  transforming as components of the 
self-adjoint representations 8, 27, 64, . . .  .

Let us assume, moreover, that m'(n) is a component of the simplest possible representa
tion—the octet. Since m,{n) must commute with isospin and hypercharge, it must be the 
eighth component of the octet: m,(n) = w(8n)(8).

Now, in SU3, two independent vectors (of the octet) may be constructed from generators 
Fa \ specifically, Fa and Da = Consequently,

m(n) = m0- 1(n) 4-c ^ F ^  + , (19)

where the coefficients and depend on the representation n, while F^n) and 
are the components of the vectors Fa and Da in this representation.

may be computed using (9.10) and (9.58). Bearing in mind the invariant properties 
of the operator (9.55), we find

Dp) = flw . 1 <■>+—L  ( P - ± Y 2). (20)
V 3

Insertion of this expression into (19) yields the Gell-Mann-Okubo formula for the values of 
masses in a multiplet :(113,119)

m = /w0+tfT+6[/(/+  1 ) - t ^ 2]» (21)

where the real constants are different for different multiplets. Formula (21) gives the mass 
splitting for baryons.

In the case of the baryon octet B there are four different masses: mN, m£, /wr , and mA. 
Eliminating the three parameters m0, a, and b from (21), we obtain the relation

\{m L+?>mA) = {(%-f/Mr).

Table A.l (p. 359) shows that (22) holds with an accuracy of 0.5 percent.
15*

(22)
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In the baryon decimet the quadratic terms in (21) cancel. Consequently, the mass in a 
decimet depends linearly on Y :

nf 10> = nto+a'Y. (23)

From Table 10.5 (p. 211) it is clear that the masses in the decimet are indeed spaced by the 
same interval a’ ^  146 MeV.

The meson multiplets contain both particles and antiparticles, which differ, in particular, 
with respect to the sign of the hypercharge. But the masses of particles and antiparticles are 
equal by virtue of CPT invariance (see§ 6.1). Hence the mass must be an even function of Y 
in the meson multiplets, and a = 0 in (21).

One usually writes (21) for the squares of masses m2 in the case of mesons:

m2 =  n$+b[I(I+ O - j T 2]. (24)

This way of writing mass formulae implicitly assumes that they may be derived in pertur
bation theory from a Lagrangian (in which the baryon mass appears linearly, while the 
meson mass appears quadratically). Of course, the large value of the mass splitting excludes 
the application of perturbation theory. From the point of view of the Poincare group it is 
natural to write both formulae for the invariant m2. Equation (21) for m2 is satisfied in the 
fermion case almost as well as the formula for m. Equations (21) and (24) express a hypothe
sis about the nature of SU3 breaking.

For the pseudo-scalar octet P, the Gell-Mann-Okubo formula (24) gives

4 m l= 3 m 2+m 2, (25)

which holds to about 6 per cent. The error in this case exceeds the limits of uncertainty in 
the mass related to the neglect of electromagnetic effects.

In the case of the vector meson octet F, using relation (24), one may find the mass of the 
isosinglet component co8:

m\oj8) =  1(4m h  -  m2) ^  (930 MeV)2 (26)

This value agrees neither with the mass of the aj-meson (mw ^  784 MeV) nor with the 
mass of the ^-meson (m9 % 1020 MeV), each of which has the same isospin and hyper
charge I  ~ Y  = 0 and spin 7=1. But from the point of view of the medium-strong interac
tion, which conserves only isospin and hypercharge, the quantum numbers of these par
ticles are the same. Hence, in the presence of SU3 breaking, the meson states (o and q> may 
be mixtures of the unitary singlet and the eighth component of the octet co8. Let us 
introduce the mixing angle 0 and set(120)

<p = <o& cos 0+ &>(0) sin 0, 
a* = — a>8 sin 0+ft>(O) cos 0.

As a consequence of unitary symmetry breaking, transitions between a>8 and ft>(0) are 
possible, so that the matrix of the squares of the masses (in the space of states ft>8and co(0>) 
may have nondiagonal elements

m| mgg'M2 = (28)
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The mass of the co8 component ml may be found using the Gell-Mann-Okubo formula (26). 
The eigenstates of the matrix (28) are the physical states co and (p, while its eigenvalues are 
equal to the observed masses m2 and m2.

Diagonalizing (28) and inserting the experimental values m l and m2 into (26) we deter
mine the parameter m0 and the mixing angle

(9(a), <p) = 39.6°. (29)

Relations (27) now become a formula relating the squares of masses of particles in the vector 
nonet:

m2 cos2 0+ ml sin2 0 = y [ 4 -  m2]. (30)

The mixing of a unitary singlet and the eighth component of an octet must be considered 
whenever both these particles exist.

For the nonet of mesons with spin-parity Jp = 2+ the mixing angle between f and f' 
is equal to

0(f, f') = 29.9°. (31)

n the case of the pseudo-scalar mesons, one must add the unitary singlet 77' with mass 
mn. — 958 MeV to the octet P. In view of the large mass difference, the angle of (7777')- 
mixing is not large: 0(77, 77') = 10.4°. If one assumes that the pseudo-scalar nonet includes
the E-meson with mass mE = 1422 MeV instead of the 77', the mixing angle will be
0(77, E) = 6.2°.

§ 10.3. Relations between transition amplitudes

An *Sf/3-invariant theory describes the scattering, decays, and production of SUZ multi- 
plets. As in the case of isospin symmetry, by examining separate components of multiplets 
one may find relations between amplitudes for processes with different particles in these 
multiplets.

Let a, fc, c, and d be SUz multiplets participating in the reaction

a+b c+ d\ (32)

we shall consider the physical multiplets 8,10, or 10*. Let us assume for definiteness that the 
initial states a and b are octets. Then the initial state a+b contains the following irreducible 
representations:

8 x 8 =  1_+ 8,4 -f- 85-f- j_0“f“ 10*-f- 27. (53)

In an St/3-invariant theory, transitions are possible only between states of the same irredu
cible representation. The transition to the state c+d  thus is possible only when at least one 
of the irreducible SUz representations in c+d  coincides with one of those in (33). The reduc
tion of products of octets and decimets gives formulae (33) and

8 X 10 =  8+ 10+27 + 35, 
!0*X!P = 1 + 8 + 27+64, 
10X10 = !0* + 27+28+35.

(34)
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From (33) and (34) it follows that the final state c+d  may belong to any of the classes (33) 
and (34).

The number of independent amplitudes in the process (32) is determined by the number 
and the multiplicity of the irreducible representations shared by the initial and final states. 
According to (33) and (34) there are only two SUz amplitudes in the case 8 + 8 — 10+ H): 
7X10*) and 7X27); in the cases 8 + 8 — 10+ 10* and 8 + 8 — 8 +10 there are four amplitudes. 
The scattering 8+8 — 8 + 8 will be described by eight SUz amplitudes, corresponding to 
the four transitions between the representations 1_, 10, 10*, 27, and the four octet transitions
5s 5s> 5a 5a> 5s 5a» 5a 5s amplitudes 7X855), T($AA)9 T(Ssa), T(Sas)). 
The large number of independent amplitudes greatly complicates relations among cross- 
sections.

The expansion of the transition amplitude in terms of invariant SUz amplitudes may be 
found by using the Clebsch-Gordan coefficients (9.72) for the group SUz* These coefficients 
are constructed and tabulated for the product of basis states | n, a), a = /, r, Y. The particle 
states must first be expressed in terms of the basis states \A) = r)A\ nA, ocA), defining r\A for 
particles via the rules (9.31) and (9.32) [see (11) and (15)]. In the case of antiparticles, accord
ing to (14) and (17), one will have \ A) =  ( — l)Qd I nA, -a*). We then obtain

<rtc, occ\nd, <xd \T \na, aa; nby ocb) = £  ( /?c ^  T(n, y \ y ') l n° Ub /?yV (35)
n, y \ (X C OCd < % /  \<Xa OLb OC /

The SUz amplitude T(n, y, / )  depends on the representation n and the parameters y, y' 
distinguishing multiple representations n from one another in the initial and final states. 
In practice y is the quantum number which distinguishes the octets 8^ and 8S.

The general formula (35) contains the Clebsch-Gordan coefficients of SUz* In a number 
of cases, however, one may dispense with them if one uses t/- or F-spin conservation along 
with isospin conservation in an S,C/3-invariant theory. Since all generators of SUz maybe 
expressed in terms of generators of the /-, t/-, and F-spin groups, invariance with respect 
to /- and {/-spin or F- and /-spin is equivalent to SUz invariance. Moreover, reduction with 
respect to any of these three subgroups requires only the usual SU2 Clebsch-Gordan coeffi
cients, leading to a great simplification in calculation.{121) For example, from the fact that 
the quantities {n~, K“), (K+, :r+), (p, 27+), (27“ , S~) form t/-spin doublets, one obtains at 
once the equality of amplitudes for the processes

;r- + r+  -  K + + £ - ,  K+ + p — tt++27“ . (36)

The results obtained by studying isospin symmetry may be applied directly in the case of 
t/- and F-spin. In the case of isospin one may easily derive the relation

7XK+ + p -  K+ + p) = 7XK°+p -  K°+p) + 7XK°+p -  K+ + n). (37)

for the scattering amplitude of particles in the isodoublets N = (p, n) and K = (K+, K°). 
Using (37) one may write at once a relation between the amplitudes for the scattering of 
particles described by the t/-spinors (n~ , K~) and (p, — 27+):

T{tz + p  — +p) = T(K + p  -► K +p) — T(K + p  -* tz +27+). (38)
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In contrast to isospin, [/- and F-spins are not preserved by the medium-strong interactions 
transforming as the eighth component of an SUz vector.

Since SUz symmetry is only approximate, one must pay attention to the effects of sym
metry breaking when trying to compare equations of the type (36)-(38) with experiment. 
In such calculations one usually considers only the mass splitting, since it usually has an 
important effect on the phase space. As a consequence of the large mass splitting, a reaction 
possible for some particles in the multiplet may be energetically forbidden for other particles 
of the same multiplet. This leads to the question of the energies and momentum transfers 
at which one may expect the relations of SUz symmetry to hold approximately. Comparison 
with experiment shows that such relations hold poorly for scattering amplitudes even when 
mass splittings are taken into account.

Effective Lagrangxan and decays

Relations between rapid decays may be found using Clebsch-Gordan coefficients for SUz 
via a formula of the type (35). However, it is simpler and more graphic to deal with an 
effective Lagrangian J2cS. In the A s  approach, trilinear products of fields (interactions of 
the Yukawa type), describing an elementary vertex, characterize both real and virtual decays, 
i.e. the interactions of fields.

In the case of unitary symmetry, J2eff must be a relativistic and unitary invariant product 
of three unitary multiplets. By virtue of the properties of the strong interactions, A s  
must also be invariant with respect to C-, P- and T-transformations separately.

Let us consider the vertex EBP, where B and P are the nucleon and pseudo-scalar octet 
fields. The octet matrices of the fields B and P [formulae (5), (6), and (9)] transform via 
(9.49), and, consequently, Tt{EBP) is invariant under SUz transformations. But in SUz 
there are two independent invariant scalar products, Tr([2?, B]P) and Tr({2?, B}P), or the 
antisymmetric and symmetric sets of structure constants and do6c. J2eff, hence, for 
EBP interactions, will contain two constants gF and gD:

A s(BBP) = - i \ g FTr{ByAB,P\)
Jri\gD^{Bys{B,P}) = gFfobcBaysBbPc+gDidabcBaysBbPc • (39)

(We recall that iByhB is a Hermitian operator.)
One may construct the interactions of the remaining octets analogously:

1. Interactions of the vector and pseudo-scalar octets F and P:

£ eff(VPP) = gF(VPP) Tr (V,[P, d»P)\ (40)
J^t(VVF) = grtyvp )  Tr {e^QaP {d^V \& V }). (41)

The constant gffVPP) vanishes by virtue of charge conjugation invariance.
2. The interaction of the vector and baryon octets F and B :

= gF(BBV) Tr {Eyu[B, V»])+gD(BBV) Tr (Byu{B, VM}). (42)

3. Interactions of the axial and baryon octets A and B :

-£eff = gf(BBA) Tr (Byuy5Ms[B, AM]])+gD(BBA) Tr {By,yh{B, AM}). (43)
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4. Interaction of the tensor and pseudo-scalar octets T  and P

^eff = gD(TPP) Tr (T,v 8'P 8*P) (44)
etc.

If one passes from the unitary multiplets B, P, F, . . . ,  to the isospin multiplets N, 27, 
7i9 K, . . . ,  the above formulae for imply relations among coupling constants for differ
ent isomultiplets. The four isomultiplets in B and the three isomultiplets in P are connected 
in the case of isospin symmetry by 12 coupling constants. Under unitary symmetry these 
12 constants may be expressed in terms of gF and gD:

g N N *  ]
g S E  K J

| ~  g D  +  g F
g S A K  J

gAAr\

gZ Z f]

gZArj .
• ~  g D ,

& 7N K  )

g S S n  J
| ~  — g D + g F SN'“  ) ~ * » + % , 

gss, 1
g Z Z n  ~  g F y

(45)

where the specific coefficients depend on charge states in general. Consequently, for purely 
jF-type coupling, the interaction vanishes for 27 27ry, 27 An> and A  — Ar\, while for
purely D-type coupling the transitions 27 — 27+n are forbidden.

Interactions between thedecimet and octets are most conveniently written in tensor form. 
For example, for the decimet Dijk the baryon octet B and the octet has the form

4«(BDP) = gBDpDfy^ii'd^P /ekrr+ H. c. (46)

Here the baryon decimet is described by the field Dafi with one spinor and one vector index 
(spin - |+); (46) takes account of the positive parity of thedecimet with respect to the octet B. 
The BDP interaction depends on only one parameter gBDP. In the case of the decimet D the 
decay D B+P  is energetically possible. Thus relations between the coupling constants 
implied by (46) are also relations between decay constants. Expressing (46) in terms of specific 
components of isomultiplets, we find

g(A++ -  pn+) :g(Y*+ -  27+tt0) :g(Y*+ -  An+) :g(S*<> -  S ~ n +)
1= 1 : ~ : ~  (47)

y/2 V t  V *

The decay of vector mesons V into two pseudo-scalar mesons P, according to (41), also 
depends on one decay constant. Passing from unitary octets to individual particles via for
mulae (9), (12), and (28), we obtain the relation

g(Q+ -  n+ifl) :g(K*+-»K+7i?) :g(cp K+K~) = 1 . 1 :  VI cos 6. (48)

Relations between decay constants refer to the idealized case of exact unitary symmetry. 
In reality, as we have seen, the mass splitting implies that unitary symmetry is only approx
imate. When comparing relations obtained with experiment, it is necessary to take sym
metry breaking into account. To first order it is sufficient to allow for the mass splitting,
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i.e. to insert the physical masses into the phase space expressions and the wave functions 
of particles, using Sf/s-symmetric matrix elements. This gives reasonable agreement with 
experiment. The next step in taking account of SU3 breaking consists of introducing correc
tions to the matrix elements (i.e. to the effective Lagrangians). New parameters thus appear 
in the theory, connected with breaking terms. In view of the large number of new parameters 
such calculations often turn out not to be very predictive.

Details of the applications of SU3 symmetry may be found in several reviews.(122~124)

§ 10.4. The quark model

The number of observed resonances is growing rapidly: around 30 meson isospin multi- 
plets and nearly 50 baryon isomultiplets have been confirmed, with a large number of addi
tional candidates. In the scheme of unitary multiplets, the stable particles (the octet of 
pseudo-scalar mesons P and the baryon octet 5, including the nucleon) do not form a sepa
rate class, since the resonances are also classified with respect to octet representations of 
SU3 . The level scheme of resonances is reminiscent in its complexity of the level scheme of 
a nucleus or of any other complex system—with the octets P and B and the decimet D as 
ground states. The question arises: Do there exist “more elementary” particles whose 
bound states form both stable particles and resonances?

In the quark model(125) it is assumed that these subparticles are quarks q with spin - .  
In this model the quarks may be considered physical particles, and the fact that they have 
not been observed up till now ascribed to their large mass, or they may be regarded merely 
as convenient mathematical entities. A quark-antiquark pair qq, or any number of them 
(1qq)n, have integral spins and charges Q, 7. To construct fermions with integral charges Q 
and 7, one needs at least three quarks: qqq. The product of three quarks, 3 x 3 x 3  = 
1 + 8 + 8 + 10, contains both the octet and the decimet: the three-quark combination hence 
suffices to describe all known baryons.

In the usual quark model, mesons appear as bound states of only one quark-antiquark 
pair qq, while the baryons are considered as bound states of the three-quark system qqq. 
States of the type (qq)n, n >  1, in the case of mesons and of the type qqq(qq)n> 1, in the 
case of baryons, are assumed not to exist. In other words, in the quark model the mesons 
fall only into singlets and octets, while the baryons may be in singlets, octets, and decimets; 
the quark model distinguishes these multiplets from all others. Consequently, in the quark 
model there do not exist states with 1 = 2  nor baryons with 7  s* 2 and mesons with \ Y\ >1 . 
Such states are among the exotic ones mentioned in § 10.1.

It is possible that these exotic resonances exist but have very large masses and thus are 
not observed in experiment. But even if such resonances are found at higher masses, the 
singlets, octets, and decimets will still remain the most prominent multiplets of SU3 .

Let us assume that quarks behave nonrelativistically in hadrons. The nonrelativistic quark 
model of hadrons provides a classification scheme for hadronic states. In this model, the 
spin of a meson or baryon J  is written as the sum of a total quark spin S  and an orbital 
angular momentum L(J = L+S), and one neglects LS  coupling and dependence of the 
mass on S2. In this approximation L and S  may be thought of as additional quantum num
bers for classifying states.
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The allowed mesonic states of the quark model are the octets and singlets 7PC which may 
be formed by a quark-antiquark pair with given orbital L and total spin 5 angular momenta. 
The mesonic octets form two sequences with 5 = 0 and 5 =  1. In the first, 7 = L, and in the 
second 7=L  — 1, L, L + 1. The spatial r?p and charge 7]c parities of the octet 7PC are deter
mined by the total spin and orbital angular momenta of the quark-antiquark system; 
here, as usual, rjc is equal to the charge parity of the neutral members of the octet.

The nonrelativistic wave function ¥* of the quark-antiquark system with given L and 5 
consists of three factors, referring to the coordinate <p, the spin %, and the charge £ parts of 
the wave function:

W = (pL{xi2) x50 i, o2) £7’ '* r(a, /3).

Under interchange of the particle coordinates (*i «-► x2), the functions yL change sign for odd 
L : <pL{—x  12) = ( -  l)L<pL(xi2). The application of spatial reflection P to W thus gives

m u  2) = ^ ^ ( - l j ^ d ,  2) = 2),

since the product of the parities of fermion and antifermion r]p(q) is always negative (see
§ 6.2).

The spin wave functions 0 2 ) of a system of two particles with spin — is antisymmet
ric for 5 = 0 and symmetric for 5 = 1, or ^ (^ 2, ffi) =  ( -  ^2). Since the total
wave function of two fermions ¥*(1, 2) always changes sign under interchange of all varia
bles, ¥*(1, 2) = — ¥*(2, 1), the interchange of all variables alone gives

£(/U ) = ( - ) L+5£(a, 0).

But for a quark-antiquark system the charge conjugation operator C is

C£7*u r(a, P) = ^cC7, ~u ~Y( -<*, - 0 ,

which is equivalent to interchanging the charge variables for a = —/?,/ = Y = 0, i.e. for 
the neutral members of the octet. Hence rjc =  ( — 1)L+,S.

Consequently, in the nonrelativistic quark model, the quantum numbers 5, L, 7, P, and C 
ofthe meson octets are connected by the relationsr?P = (— l)L+l,rjc = ( - l ) i+5,y =  \L—5|, 
\L —5| + 1, . . L + S . These relations hold for the following octets:

0 :L = J / pc = o-+ 1+ -.2 -+  3+-
1 :L = 0, / pc = 1 —

L = 1, /PC = 0++ 1++, 2++;
L = 2, /PC = 1 — 2— , 3— ;
L = 3, /PC = 2++ 3++, 4++; etc.

These meson octets do not include JK  =  0 ; 0+~, 1~+, 2+~, . . . ,  which, thus, are forbid
den from the point of view of the quark model of mesons as qq states. These resonances 
have not, in fact, been observed, and are also among the exotics.

The ground state of the meson octet levels corresponds to 5 =  0, L =  0, i.e. to the octet 
of stable mesons 0~+. Since the energy in the nonrelativistic theory does not depend on spin,
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in an extended internal symmetry group combining both SU$ and the statistical space-time 
symmetry group—the spin group SU2. The minimal semi-simple group containing the 
direct product SU3XSU2 is SUG. Under the above assumptions, the group SU6 may de
scribe a symmetry of the interaction. If the interaction really possesses SU6 symmetry, the 
observed multiplets of particles will correspond to irreducible representations of SUe. The 
group SU6 was proposed by Gtirsey and Radicati(128) and Sakita.(129) In nuclear physics 
an analogous extension of the spin-isospin group (SU2)JX(SU^)I to SU4 was made some 
time ago by Wigner.(130)

Let us consider a quark with spin y. Its six components qA(A = 1 . . .  6) may be denoted 
by two indices: A = (a,y), one of which, a =  1,2, refers to the spin state, while the other, 
j  = 1, 2, 3 refers to the SU$ component.

The unitary transformations of the quark functions qA are described by 6 by 6 matrices U:

9a = UA*qB, UU+ = 1. (49)

The transformations U connect both spin and unitary components of a quark.
The matrices U form the fundamental representation 6 of the group SU6. The infinitesimal 

form of U may be written in the form

U = 1 + i\N NcoN, Nj$ =  Nn , Tr AN = 0, (50)

where the Hermitian matrices AN, together with A0 =  \ / - |« l ,  are the basis 6 by 6 matrices. 
As a consequence of the restriction Tr AN = 0 for iW  0, the number of independent ma
trices An is equal to 35; N  = 1 . . .  35. The matrices AN play in SUG the same role as the 
matrices l a in SUZ and the Pauli matrices xk in SU2.

The matrices AN may be expressed as a direct product of the matrices ak, a0 = 1, acting 
on the spin variables of the quark a, and the matrices X0 = V r* *  (a =  1 • • • 8) 
acting on the SUZ index of the quark j. Let us replace N  by a double index: N  = (ky a). 
Then

Aqq —  o ’o X  A f l ,

Ako =  OkXho ,  * 

Aka = OkX %>a • .
For example,

!ok 0 0\
Akz = 1 0  —Ok Of, 

\0 0 0/

(51)

(52)

where 0 denotes the null 2 by 2 matrix. The matrices AN are orthonormal:

Tr (AnAw) =  4 ( 5 3 )  

The commutation relations for AN may be obtained using expression (51):

[An , Am] = 2iFNMLAL {N, Af, L  = 1 . . .  35); 

the structure constants FNML will be defined in terms of/^,c and siJk.

(54)
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From the explicit form (51) of the matrices AN it follows that there are five diagonal 
matrices among them: A 3, Ao, As* As* A 3- The matrices A 3 and As are related to the 
electric charge Q and the quark hypercharge. Y :

Q = A 02 H— ~  Aos,
2 y 3

T = —j=A, 
\ /3

08) (55)

while Ao is related to the third component of the quark spin: J3 = -|-Ao- Similarly one 
can show that A 3 characterizes the quark magnetic moment. The eigenvalues of these 
diagonal matrices uniquely distinguish the various components qA of the quark.

From (51) and (55) it also follows that the matrices \ A 0a generate SU3 transformations 
on the quark, while the matrices H >  generate spin rotations. It is sometimes convenient to 
consider the strange quark spin J f :

<56)
along with the spin \ A k.

As in the case of SU3, the matrices U and 17* in SU6 are not unitarily equivalent, so that 
quarks qA with an upper SU6 index transform according to the independent conjugate rep
resentation 6*:

q'A= m ABqB = q*(U+)BA. (57)
Using qAi one may describe antiquarks.

The irreducible representations of the group SU6 may be constructed using the tensor 
method used earlier for SU3 and SU3. However, in SU6 the isotropic tensors are SB and two 
antisymmetric tensors of sixth rank eABCDEF and £A B c d e f • As in the case °f unitary 
symmetry, the representations of the group SU6 with integral charge Q and hypercharge Y 
are described by functions transforming as the product of 3n quarks (n is an integer) and 
any number of quark-antiquark pairs. The simplest representations will correspond to 
three quarks qqq and the pair qq. The product of a quark qA and an antiquark qB

<lAqB =  I  <^9c9c + (qAqB -  ^ Bqcqc) (58)
may be decomposed into an SU6 singlet q j f  and a 35-plet:

6x6* = 1+35. (59)

Thus the wave function of the 35-plet is a mixed SU6 tensor of second rank#** with zero 
trace: &A — 0. &B transforms according to the regular representation of SU6 : accord
ing to (9.49)

0 ' =  U#>U-1. (60)

Let (27 +1, n) denote the SU3 multiplet n containing particles with spin 7. The quark 6 
and the antiquart 6* have spin-unitary spin content:

6 = (2,3), 6* = (2,3*). (61)

The product 6x6* then contains the following particles:
6X6* =  (2, 3) X (2,3*) =  (1 + 3, 1 + 8) =  (1,1) + [(1, 8) + (3, 1) + (3, 8)] = 1 + 35, (62)
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from which it follows that the 35-plet contains a meson octet with spin 0, and a singlet and 
an octet of mesons with spin 1. All particles of the 35-plet must have negative spatial parity, 
as the relative parity of a quark and antiquark is negative (since the quarks are of spin y). 
An explicit expression for the 35-plet Oab in terms of the unitary octets P / and P% and the 
singlet V ^  may be obtained by passing to the spin-unitary spin index A — (a, /):

Thus the multiplet 35 contains the mesons n, K, 77, q> K*, co, and <p, where the vector mesons 
enter naturally as a nonet and not an octet.

From the product of three quarks qA, qB, q^ one may form the following irreducible 
representations: (a) a symmetric SU6 spinor with 56 components; (b) an antisymmet
ric SUq spinor ^ [ABC] with 20 components; (c) a spinor <X>{A[BC)) of mixed symmetry with 
70 components.

In the reduction of the product of three quarks the 70-plet occurs twice:
6 x 6 x 6  = 20+56 + 2x70,

The three-quark combinations^^ may have spin -  or —. Thus if one assigns baryon number 
Bq = — to the quarks, such combinations can describe the lowest-lying baryons. To combine 
the lowest baryonic SU3 multiplets into one SU6 multiplet, one must choose an SU& rep
resentation which contains both an octet and a decimet. Now the baryon decimet with spin 
— is contained only in one three-quark combination, corresponding to the representation 56:

56 = (2x8) +(4x10). (64)

Aside from the decimet, 56 contains also the baryon octet. Consequently, the representation 
56 may be chosen for the baryons. Let us write the 56-plet in terms of the decimet and octet 
states:

ABC) = ^{ai, pj, yk) = ^ \apy)^{ijk) + “  7= {fijlBk C*pUy + EjklBj CfrU* + SkilBj Cy a (65)
3 \  2

Here and ua are the spin wave functions for particles with spins — and D{ijk) is 
the decimet (A, T*, S*, Q~) and B / is the octet (N, 27, £*, A).

Thus hadrons with different spins and SU3 properties may be combined into meson and 
baryon SU6 multiplets. In SU& multiplets, all particles have the same parity. The meson 
octet 7P = 0“ (eight components) and the nonet of vector mesons 7P = 1 ~ (27 components) 
form a 35-plet. The baryon octet J p = (16 components) and the decimet 7P = —+ (40
components) form the 56-plet; the conjugate multiplet 56* consists of the antibaryons. 
Orbitally excited multiplets (see§ 10.4) also exist : for example, there is evidence for multi
plets of 35, L — 1 mesons (7P = 0+, 1+, 2+); 35, L = 2 mesons (Jp = 1", 2", 3“); 70, 
L = 1 baryons (7P = -f~, - " ) ;  56, L = 2 baryons (7P = y +, - +, i +)» and
possibly some others. While none of these multiplets is completely filled, the missing 
states are predominantly hyperons or /  = Y = 0 mesons, both of which are more difficult 
to detect than nonstrange baryons or /  = 1, Y = 0 mesons. Candidates for all of these 
latter two types have, in fact, been found for the multiplets just mentioned.
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Some recent developments*

The quarks just used to construct hadrons and those by which current algebra is realized 
(§ 15.2) cannot be the same.(131) A transformation between the two types of quark has recent
ly been constructed by Melosh,(132) with many interesting consequences.(132) Among these 
we may note : (a) a new discussion of the magnetic moment ratio pp/pn = — ~ , one of 
the early results of SE/6,(188) (b) a relaxation of the (wrong) result | GA/GV\ = — usually ob
tained in the quark model (see§§ 15.3, 15.4: experimentally, \GA/GV\ =  1.25), and (c) a 
new understanding of the decays and photoproduction of resonances. The reader is refer
red to the literature(132) for details.

t [Translator's note: This brief guide to recent references replaces a subsection in the original text on mag
netic moments.]



C h a p t e r  11

THE 5-MATRIX, CURRENTS, AN{D CROSSING
SYMMETRY

In this chapter we shall study interpolating fields, currents, and properties of crossing- 
symmetric amplitudes.

By introducing interpolating fields one may formulate the principle of microcausality in 
terms of a locality condition for these fields. In a Lagrangian formalism, the interpolating 
fields 0(x) should satisfy equations of motion for interacting fields. We shall examine their 
local values, which have the same Lorentz transformation and internal symmetry properties 
as the asymptotic fields. The matrix elements of the interpolating fields are directly related 
to observable quantities. They may be connected with elements of the 5-matrix using a 
reduction formula.

The local quantities having direct dynamical meaning are currents. In the Lagrangian for
malism, currents are constructed explicitly from fields. We shall examine currents (similarly 
to fields) as local quantities characterized by their transformation properties (which are those 
of the corresponding interpolating fields).

Interpolating fields and currents are a convenient basis in which to derive crossing sym
metry. As a consequence of this general property of the amplitude, the same function of 
momenta describes the amplitude for different (crossing-conjugate) processes. This property 
restricts the range of independent dynamical quantities in a theory. The invariant amplitudes 
Fj (see § 7.5), as functions of the momentum variables s, /, w, will now refer to all crossing- 
conjugate processes. For readers in need of specifics, we also indicate in this chapter how 
to construct crossing matrices for the groups SUz and SU3.

§ 11.1. Interpolating fields, currents, and the reduction formula

The scattering matrix is a unitary operator connecting the asymptotic in- and out-states:
| in) = 5  | out), which describe the initial and final configurations of particles under scat
tering. The 5-matrix contains all the information about the interactions of particles.

Asymptotic states may be constructed using creation operators applied to the vacuum 
(see § 4.5). For example, in the case of the scattering 1 + 2 — 3+4 of particles with spin Jr 
and masses mr (r = 1,2, 3, 4), we may write the 5-matrix element as

(Ps,oi \pi,o i \S \p 1,o1\p2,oi) =  <01 c3 out(p3, a3) c4 out(p4, <r4) 4 iB(p2,o J  |0>, (1)
16* 229
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where crin (p, a) and cfin (/>, a) are the creation and annihilation operators for the /*th
out out

particle: p2 = m2.
Let us pass from creation and annihilation operators to local in- and out-fields 0 in (x).

out
These fields satisfy the equations of motion for free fields. They are connected with one 
another by the same relation as the in- and out- creation and annihilation operators:

*  io (* )  =  S ^ o u t t o S - 1

Expressions for free fields in terms of creation and annihilation operators were obtained 
in Chapter 5 for arbitrary spin and for various higher spin wave functions. The formulae of 
Chapter 5 also allow one to find the creation and annihilation operators.

We shall limit the discussion to the fields 0 iQ (x) and y)in (x) for particles with spins
out out

/  = 0 and J  = The creation and annihilation operators for neutral spinless particles 
are related to fields by

Cio (k) =  — l :/2 f  d3x 0 ia (x) d0eikx,
out I out

■ ,  _  < 2 >

C«> (*) = w  '3/2 (*) doe~lkx.
out J out

where f i d f2 =  fi(d f2) — For  a particle with spin the creation operators 
and annihilation operators a, b are

flit (p, o) =  , \  I d*xfia (x) ytu(p, a)e~‘px,
out ( Z n p  J out

b& (p, a) =  - - l 3/2 I (x)e~,px,
out \2n) J oot ^

“  ( 2 - ^ r  J  ̂ ^ 1 - .  y.Vi. .

bin (p, a) =  n \.ii2 I d3xfin  (x) yMp, ^)eipx, 
out \An ) J out

where u and v are the Dirac wave functions (see § 5.2). Equations (2) may be verified by 
inserting the explicit expressions for &ia (x) (e.g., from (4.93) with a = b =  c). When

out
checking (3) using (5.24) and (5.28), one must use the orthogonality condition v(p, a)yi x  
w( -/>, a) =  0.

Let us introduce the interpolating local fields &(x) and y>(x). The locality of an interpo
lating field means, first of all, that under transformations of the Poincar6 group it transforms 
in the same way as the corresponding in- and out-fields; for example:

eiPaip(x)e~iPa =  ip(x+ a),
U(0, iflvtoU-KO, A) =  S(A~1)y>(A(A)x),

and, secondly, that the causality condition holds in the form

(y>(x), y>+(y)} =  0, [0(x), 0(y)] = 0 (5)
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fo r(x -y )2 < 0. In (4), S(A) is the Lorentz transformation matrix (5.22) for the Dirac 
field.

It is assumed that the interpolating fields 0(x) and y(x) have the same internal symmetry 
properties as the asymptotic fields 0 in (x) and yin (x). The interpolating fields are taken to

out out
describe the interaction in the scattering process, even when the Lagrangian is not written 
down explicitly.

Let us consider a scattering process as a function of time and identify the asymptotic in
state with the state of the system for xo -► — ®°, and the out-state with the state for xo -f ©©. 
The fields <Pin ( x )  are then limits of the field <Z>(x) for x 0 — « > ( +  ©o). These limits are

out
taken in the weak convergence sense, i.e. in the sense of asymptotic equality of matrix 
elements of #>(x) and &in (x) on the mass shell k2 = m2:

lim f cPx(A 1 0 (x )-0 OutW | B) doe±ikx = 0,
X0 +  oo  J

lim J d3x(A 10(x) - 0 in(x)| B) doe±ik* =  0.
(6)

Here | A) and ) B) are normalized states (i.e. wave packets). The conditions (6) apply to all 
matrix elements of 0 in and 0 out. For example, when the upper sign is chosen, the first of 
eqns. (6) is equivalent to the condition

lim (A jc+(k,xo)- c U k)\B )  =  0,
*0-* + 00

where the operator c+(/c, x0) is obtained from the interpolating field 0(x) by the same rule (2) 
used to obtain the creation operator c+ut(k) from 0 out(x). One may interpret the remaining 
cases in (6) analogously.

The condition corresponding to (6) for the spinor fields y(x),f(x) and ^  (x), ipm (x) must,
out out

according to (3), be written in the form

lim f (Px(A' | ip(x) -  %ut(x) | B’) yMp> cr)e“ipx =  0,
Jfo^i00 io

lim J  diX(A’ | f(x)-foutW  IB’) yM p, a)e'P* =  0,
*o -► ±  00 in

lim J d3xu(p, a) yt(A' | y>(x) - f pu,(x) | B')e‘Px = 0,
*0-
lim f d3xv(p, a) y4(A' | y>(x)-fout(x) | B')e~‘p* =  0.

*0 -► ± °°  in

(7)

Definitions (6) and (7) have meaning only for stable particles, since unstable particles do 
not have asymptotic in- and out-fields (see § 2.3). However, if one neglects the interaction 
giving rise to the decay, these formulae also may be used for unstable particles. The stabil
ity of a single-particle state may be expressed in the form of the condition

IP, o\ in) =  |p,a;  out) =  |p, a). (8)

We shall normalize interpolating fields in the same way as asymptotic fields—via the 
matrix element of the interpolating field between the vacuum |0) and a single-particle
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state. In view of the stability of the single-particle state, this matrix element is the same as for 
the free field. Hence

(O\0(O)\k) = (O\0iAO)\k) = -— 5-, 

<01 y>(0) | p, a) = <01 Via (0) | p, a) =  j 2n f i i
(9)

Interpolating fields may not satisfy the same equations as free fields. We thus introduce 
scalar and spinor currents:

J(x) = - (d 2+m*)$(x) = K (x)0(x\ 
r](x) = (iyf‘dll-x)rp(x) = ?b{x) y(x), 
fj(x) = ~(i dfSpixtyv+xipix)) =  f(x) <f)(x).

( 10)

The matrix element of the current between the vacuum and a single-particle state (corre
sponding to the interpolating field) vanishes:

(0| 7(x)| fc) = 0, <0|ij(jc)||>,or> = 0, (11)

since single-particle states describe free particles.
As a consequence of the locality of the fields, the currents are also local. They have a local 

transformation law analogous to (4) and commute or anticommute for space-like intervals:

[/(*), J(y)] = { ti( x ) ,  jj(y)} = 0 when ( x - y f  < 0. (12)

We shall not consider equal-time commutators of currents at present.
Let us now derive an expression connecting the scattering matrix with the matrix elements 

of currents. In the scattering process 1 + 2 — 3+4 let particle 2 have spin 0. Then the matrix 
elements of 5 — 1, according to (1), (2), and (6), is equal to

<3, 4, out|c£Q72)l 1>—(3, 4, out | c+ut(p2) [ 1)

=  -  {2 ^ l2 J  <Px(3, 4, out 10(x) -  0 Oat(x) | 1 )§0e - i‘,*x

= — ^ 3 /2  |  d*x(3, 4, out I 7(x) I 1 . (13)

In passing to the final formula in (13) we use the mass shell condition p2 =  m2, the condition 
(8), the definition (10), and the fact that integrals over space-like surfaces must vanish for 
normalized states (i.e. for wave packets).

In expression (13) one may separate out a 5-function:

<3, 4 1 S - 111, 2) =  -  b \p i+ P2 -P s -P d  (3, 4, out 17(0) | 1 >,

1
(In f*

so that the T-matrix element is equal to 

< 3 ,4 |J |1 ,2>  =  - <3, 4, out 17(0) | 1). (14)
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Analogously, one may obtain a formula for the case that particle 1 has spin \ :

<3, 4 1T 11, 2) =  — <3’ 4’ out I *K°) 12>- ( ,5>

Let us return to (13) and repeat the operation of replacing the creation or annhilation opera
tor by an interpolating field and then by a current. Let particles 2 and 4 be identical and 
have spin /  = 0. We then find using (2) and (6) that

<3, 4, out | m  11) = <31 coat(pi) m  11) =  -  — 7T [ d*yeto*K(y) <31 T(4> (y) J(0)) | 1),

(16)

since, by virtue of (11), the term with 11) does not contribute to (16), even when par
ticles 1 and 4 are identical.

The symbol T(A(xo) B(yo)) introduced in formula (16) denotes the time-ordered product 
(or T-product) of fields:

T(A(x0)B(y0)) = A(x 0) B(y0) 
±B(y0)A(x0)

for x0 >  >’o,
for y o >  x0,

(17)

and the sign ±  distinguishes boson fields (+ ) from fermion fields (—). The matrix element 
of the operator S — 1 may now be written in a form symmetric with respect to 0(x) and 
4>(y):

<3, 4 |5 -1 1  1, 2> =  3w  f  d*x d*ye-*t*+*‘>K(x) <31 T(&(x)0(y)) 11>% ). (18)

Formulae (13), (15), and (18) are examples of the Lehmann-Symanzik-Zimmermann 
reduction formula.(134) If one applies these formulae consecutively to all creation and anni
hilation operators in the matrix element (3, 4, out 11, 2, in), the quantity (3, 4 1S — 111, 2) 
may be expressed in terms of the vacuum expectation value of T-products of interpolating 
fields.

If all particles are identical and spinless, but are in different states, one finds without 
trouble that

<3, 4 15 11, 2> = fd*x 1 . . .  ^w;.(*3)/i>:(*4) K(x3) K(Xi)
x<0| (19)

where K acts to the right and K acts to the left. The wave function f p(x) of a particle with 
momentum p is

Formula (19) has the form that would follow if each creation operator cj£(/») and annihila
tion operator cout(p) were replaced by

Cin(p) ~  - / 1 d*x<I>(x) K(x)fp(x), |  

Couiip)---- 1J d*xf*(x) K(x)0(x) f
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with differentiation performed after calculating the expectation value of the ^-product of 
the operators

For scattering of fermions one must fix the order of fermion operators from the beginning, 
since it affects the sign of the expression. We shall write the fermion operators in the same 
order as they appear in the matrix element: <3,4, out | =  <010out(3) aout(4) and 11,2, in) =  
< (1 )4 (2 )10).

When all particles are identical and have spin — the scattering matrix is

<3, 4 1S 11, 2> =  J  d*xi . . .  d^xjuipz, a3) u(p*, 0 4) $>(x3) ^)(xt)
X <01 T(y(x3) f(xi) xp(xi) ip(xi)) 10) f a t  & (x2) u(pu a{) u(p2, a2)

X—  exp {-I(P1X1 + P2X2-P3*3-P4*4)}. (21)

Equation (21) has the same form as if each annihilation operator aout were replaced by

flout(p, f l ) ------ j* dix“(P’ ff) eipxrf)(x) vOO, (22)

and each creation operator <  by

a&(.P, a ) ------^ 3/2 J  d*xf(x) f a )  u(p, a)e~ >p* . (23)

In the case of antiparticles, the rule changes in form. Repeating the derivation, but sub
stituting b, b+ for the original operators a, a+, we find that for antiparticles each annihilation 
operator must be represented in (22) by the expression

boatip»a) ~ (2nf x) v(p, a)e‘Px,

and each creation operator by the expression

b?D(p, o) ~  ^J)3/2 f  d*xv(P> a) e - ‘rx(£i(x)y(x).

(24)

(25)

It is assumed here that the operators <7){x) are applied after calculating the T-product of the 
operators \p and ip.

Analogously it is not hard to show that when all particles are identical and have spin 1 
one must replace the creation and annihilation operators according to the rule

(2J)3/2 j* dSxe^p, A) e<P*K(x) B^x),C&P, A) ~

CUP, A) ~  —— r  J  d*xB+(x) K(x) S ip , X)e~,px,
(26)

where B^x) is an interpolating vector field, and ej^p. A) is a wave function for a particle of 
spin 1 (see § 5.4).
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As in the case of particles with spin 0 and —, one must first calculate the T-product of the 
operators B/2, BJ, after which one performs the differentiation JsT(x) and finds the vacuum 
expectation value. The reduction formulae (19) and (21) for the scattering process 1 + 2 — 
3+4 are easily generalized to the case of any number of particles of different types 
(if one assumes that identical particles are in different states). In the general case, one must 
use the substitution rules (20), (22)-(26), performing the differentiation operations K(x) 
and ^Dix) after calculating the T-product of all interpolating field operators. One then calcu
lates the vacuum expectation value of the T-product.

Since the wave functions f p(x), u{p, a), and ejj>. A) are known, all dynamical information 
is contained in the vacuum expectation values of the products of interpolating field opera
tors. The differentiation operators K(x) and ^D(x) lead us to currents and equal-time commu
tators.

We note that in the two-particle scattering case 1 + 2 — 3+4, the T-product in (18) may 
be reexpressed in terms of the retarded commutator &(x—y) [$(+), #(y)], where #(x) is the 
step function: #(x) =  1 for x0 >  0; ft(x) =  0 for x0 -= 0. Then

<3, 4 1 5 - 1 11, 2> = ——  J

XK{x) <31 V{x-y) [$(*), 0(y)] 11 )K(y). (27)

We shall leave it to the reader to verify that the difference between expressions (27) and (18) 
really vanishes if the momenta p2 and are in the physical region.

§ 11.2. Crossing symmetry

Let us consider, along with the reaction

a+b — c+d  (j-channel) (28)

two other crossed reactions obtained from (28) by replacing a particle in the initial (final) 
state by an antiparticle in the final (initial) state:

a+ c — 5+d (/-channel), (29)
a+ 3-*c+ h  («-channel). (30)

In our study of the kinematics of the S-matrix (§ 7.2) it was mentioned that in the s-, t-, and 
«-channels the square of the energy in the c.m.s. was given respectively by the invariant 
variables

S = {Po + Pbf, t =  (Pa-Pcf,  U = {Pa-Pdf-  (31)

When passing from the j-channel reaction (28) to the crossed /-channel reaction (29), the 
momenta of particles pb and pc with p#  >  0 are replaced by the antiparticle momenta 
—pc and —pb with p^, pm -= 0. The crossing transformation from (28) to (29) must be distin
guished from the total reflection 6, under which all particles are replaced by antiparticles 
and the order of the process reversed: c+ 3  — a+B.
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Let all particles a, b, c, and d be charged bosons with spin 0 (e.g., n + + K — n + + K . 
Let us denote the^- and K-fields by ^(jc) and <P(x). Consider the function

J t{p a . . .  Pd) = Jd*x\ . . .  d*Xiei(p*xi+p*x*-p*x*-p*x*>

X {K( jci)K ( x 2) <01 T(7i+(x1)<P(x2)n(x3)&+(xi)) 10) K(x3) K ( x a)}

= (:2tz)*d(pa+Pb-Pc-Pd)F(s, /, u \ (32)

assuming that it is defined for both signs of the time component pi0 of each of the four- 
vectors pa, pb, pcy pd. Then, according to (20), for momenta in the physical ^-channel region 
(/>? =  ntf; pt* >  0) this function is proportional to the amplitude for the process (28), or

7Z+ +  K -  -JT+ + K-.

For momenta in the physical /-channel region (p] = m,2; p ^ P d o  ^  0» Pbo>Pco < 0)» the 
function (32) is proportional to the amplitude for the process (29), or

7Z+-f * -  -  K +  +  K - ,

and for momenta in the physical w-channe! region (/>2 = m*\ p^  p^  >  0, p^  pd0 < 0), 
the function (32) is proportional to the amplitude for the process (30), or

jr+-f-K+ - tt+ + K+.

Moreover, changing the sign of all time components for each of the three cases, we obtain 
three more physical regions referring to the three processes connected with those listed 
above by total reflection 8:

7T~-|-K + — K+,
K - + K+
7T“ + K“ — 7T“ + K” .

Of course, the physical regions in the (j, /, w)-plane for reactions related by 8 are identical.
Thus the expression (32) describes six different processes depending on the range of the 

variables pi0. When C-invariance holds (i.e. when one neglects the weak interactions), 
expression (32) will then describe 12 processes.

Consequently, (32), obtained using a local theory for JH{pa . . .  pd\  is consistent with its 
being an analytic function of momenta in a connected region of complex momentum space 
that includes all physical regions of crossed processes. This analyticity property has been 
proven in perturbation theory.(135) The function JH{pa . . .  pd) is an analytic amplitude which 
will be called simply “the amplitude” in what follows.

For scalar particles the analytic amplitude (32) depends on momenta through the invari
ant variables s, /, u connected by the relation s+ t+ u  = and is the invariant
amplitude in the sense of § 7.5:

JH{pa = U «)•

Let us denote the invariant amplitudes in the /-, and u- channels by F \s , /, w), F'(t> w, s), 
and Fu(u, s, /), always writing the square of the energy in the c.m.s. as the first variable and
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the momentum transfer as the second. These amplitudes are values of the same function 
—the analytic amplitude F(s, /, u)—in the physical regions of the respective channels:

Fs(s, t, u) = F(s, t, u) in the 5-channel,
F'{t, s, u) =  F(s, t, u) in the /-channel,
Fu(u, /, s) = F(s, /, u) in the ^-channel.

On the other hand, if we know the amplitude in the 5-channel F \s, t, u), by performing an
analytic continuation with respect to pM and into the region p#  < 0, we obtain the 
amplitude for the process in the /-channel, and analytically continuing into the region pM, 
Pda < 0, we obtain the amplitude in the w-channel.

If particles 1, 2,3, and 4 are baryons with spin we start with (21), which is written in the
5-channel as

(3, 4 1S - 111, 2) = u*(p3, a3) i^(Pi, <r4) J t Ŷ p x . . .  pt) uY(plt crx) ud(p2, o2), 

where we have separated out the spinor amplitude matrix [see (7.70)]

JOSH Pi ■■■Pi) = |  d*xi • • • </4(*4) 3) ^ '(*4 )

X (01 r(y«'(x3) wy'{x\) yt'(x2)) j 0)
X ̂ /(x i)  (J)\'{x<i) exp { -  i( piX!+ p2x 2- p 3x3 -piXi)}. (33)

One may easily verify that if the reaction in the 5-channel is proton-proton scattering:

p + p - p  + p,

then the matrix M ^(p l . . .  p ^ fo r p ^ p ^  < 0, contracted with the Dirac spinors v \ —pv  cr3), 
ufi(pv vd(~P2* and uy(Pi> ffi)> will describe the crossing-conjugate proton-antiproton 
reaction in the /-channel :f

p + p -p -h p .

Here the momenta of the physical particles will be pv —p2, — pv  pv 
The u- and /-channel reactions coincide in this case, and the amplitude in the w-channel 

may be obtained from the same spinor amplitude (33) contracted with the Dirac spinors 
<^(—/?4, ai)> u*(Pv a3)> Vt(—P2> a2)»an<i uy(Pi> ai)- Thus all of these crossed (and also 0- and 
C-conjugate) reactions are characterized by one spinor analytic amplitude (33).

If particles 1, 2, 3, and 4 have arbitrary spins, then relying on the formulae of Chapter 5 
for localized fields and wave functions with arbitrary spin, we may easily construct an 
analogous expression of the type (33). If one chooses the wave functions ur{pr, or) (r = 1,2, 
3,4), to describe particles, it is obvious that such an expression will define the spinor ampli
tu d e ^ ™ ^  . . .  /?4) introduced in § 7.5. Concrete formulae of the type (32) connecting a 
spinor amplitude with a vacuum expectation value of interpolating fields were really neces
sary only to illustrate the analyticity of the amplitude. Thus we shall consider the spinor 
amplitude JtLT*rJ as analytic without appealing to concrete formulae.

t la reactions with baryons the channels are usually designated so that -̂channel is bosonic, i.e. contains 
a baryon and an antibaryon in the initial and final states.
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The expansion of the spinor amplitude Jflrrl̂ p 1 . . .  /?4) in terms of invariant ampli
tudes F(s9 /, u) was considered in general in § 7.5 [see (7.77)]. For an analytic amplitude, 
one may use the kinematic covariants Xl{p1 . . .  /?4) associated with any of the crossed chan
nels, whichever is most convenient for expanding the amplitude in a given channel.

The momentum variables for a given channel usually include the total momentum of the 
states and both relevant momenta (in the initial and final states of the channel), allowing 
one both to write the invariant energy easily and to take account very simply of particle 
identity. Thus “natural” sets of momenta are:

5-channel:
F = /?i +/?2, 5 = ^ ,
p = p' = tO -/> 4 );

/-channel:
^  = p% -p i= P i-P i, t =
K  =  \{P\+Pz), Q — t ( P2+Pi)>

KQ = v = ± (s-u), K2+Q2 =  i(5 + a);
//-channel:

2  =  P i - P i  =  P 3 - P 2 ,  U =  3 2,

K = \(p i+ P i) , Q = %(P2+Pa)-

The corresponding X^P9 p, pf) Xt(A, K\ Q)9 . . .  are called 5-channel covariants, /-channel 
covariants, etc. If they have matrix indices [as in (33) or (7.80)], it is convenient to group 
them separately for the initial and final states of the channel. In particular, the covariants 
(7.80) are a natural set for the /-channel; the indices of each of the two independent sets 
of y-matrices [see (7.80')] refer to the wave functions of the same (initial or final) state.

The spinor amplitude may be expanded in terms of covariants in any channel:

-M(Pi---Pi) = ^  Ffs\s , t, u) X,(P, p, p')

= 1  u, s) X iA , K,Q) = £  F[u\u, s, t) X,{A, K, Q). (35)

The expansion in terms of /-channel invariants is convenient in studying elastic scattering 
(in the 5-channel) and reflections. The sets of invariant amplitudes F(s\  F{t\  and Fiu) are 
connected by linear relations whose coefficients form crossing matrices. To calculate a cross
ing matrix p(s91) one must find the expansion of 5-channel covariants in terms of /-channel 
ones:

Xi(P9 p9 p0 = £  Puis, /) Xv{A9 K9 0 .  (36)
v

The expansions (35) and (36) must be such that the invariant amplitudes do not contain 
kinematic singularities (see § 7.5). This holds in particular if the elements of the crossing 
matrix are constants. The calculation of spinor crossing matrices may be found in the 
literature.(108)
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Crossing symmetry and identical particles

If any of the crossed reactions coincide or differ by a 0-reflection, the amplitudes in these 
channels must be equal (up to a sign in the case of crossed fermions). This entails an addition
al crossing symmetry of the amplitude. For example, the 5-channel reaction 7i++7t~ — 
7z++tz~ coincides with the /-channel reaction. Consequently, the analytic (invariant) 
amplitude will be symmetric in s and t:

F(5, /, u) = F(/, 5, u). (37)

For particles with spin, it is convenient to use the expansion (35) in which the covariants 
have simple behavior under crossing (e.g. are multiplied by ±  1).

Crossing symmetry is a consequence of the identity of particles in the initial or final states 
of at least one of the crossed processes. For instance, the reactions 1 + 2 I +4 (5-channel)
and 1-1-4 — I +2 (w-channel) differ only by a 0-reflection; in the /-channel (1 + 1 —2-1-4), 
the initial state contains identical particles. In the process 1 -1-2 — 3-1-4, crossing symmetry 
is possible only if at least one of the pairs 1 and 2, 1 and 3, 1 and 4, 2 and 4, 3 and 4, or 2 
and 3 consists of identical particles. In the example considered above, the w-channel contains 
four identical particles: n+ +n+ — n+ +n+.

Let the initial state in the 5-channel have two identical particles: 14-1 — 3 -f- 4; interchang
ing them can only change the sign of the amplitude if 1 is a fermion. Under this interchange, 
Pi — Pi and / ^  u. Consequently, if one chooses 5-channel covariants to be even or odd 
under this interchange:

P, p') =  ± h X ri%t{P, -p ,  p’) (38)

( — for fermions), the invariant amplitudes will possess crossing symmetry :
Ffs)(s, t, u) = £iFfs)(s, u, t). (39)

If the theory is invariant with respect to charge conjugation, crossing symmetry is also 
possible when in the 5-channel particles 2 and 4 are identical and particles 1 and 3 are neutral. 
For example, if the 5-channel is 7t°+p — co°-|-p, the w-channel is n°+p — co°-|-p which is 
related to the 5-channel process by charge conjugation.

Helicity amplitudes have more complex analytic properties*136"138* and behavior under 
crossing*13®"141* than spinor amplitudes. The source of these complications may be seen from 
(33) for the spinor amplitude in baryon-baryon scattering. To obtain the helicity amplitude 
in the 5-channel one must contract the spinor amplitude (33) with Dirac “helicity” wave 
functions u(py X) and u(p, 2), while the /-channel helicity amplitude is obtained by contraction 
of the same analytic amplitude (33) with other helicity bispinors: v^(—pi9 24), u \p z, 23), etc. 
[Helicity wave functions are given in (5.29), (5.31), and (5.38), in which the matrix a must be 
written in the helicity basis, according to (4.61) and (4.63); see also §§ 4.5 and 7.4.]

Multiplication by wave functions introduces additional kinematic factors; one thus loses 
the local transformation law for JH. When passing from one channel to another the sets of 
helicity amplitudes transform among themselves linearly (via “helicity” crossing matrices). 
The analytic form of helicity amplitudes is the same as that of invariant amplitudes only 
up to kinematic singularities.*136"141* (These are additional conditions at thresholds and 
pseudo-thresholds and for forward scattering; see§7.5.)
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§ 11.3. Crossing matrices for SU2 and SUZ

Crossing symmetry relates amplitudes in different channels. An amplitude in one channel, 
when analytically continued into the physical region of another channel, becomes an 
amplitude for a process in this channel. If the interaction has isospin or unitary symmetry, 
one must relate amplitudes with given spinor or unitary multiplicity in different channels. 
This relation is given by crossing matrices.

Let us consider the isospin-conserving scattering process

a+b — c+d  (^-channel)

The relativistically invariant j-channel amplitude

<c, d \T \a, b) = £  TP(s, /, u) Xj(c, d \a ,b ) (40)

may be expanded in terms of scattering amplitudes with definite isospin /; the quan
tities Xj may be expressed in terms of Clebsch-Gordan coefficients and the phases ea (see 
§8.3):

A/(a, b | c, d) = ea£b£c£dc(a, b] I) c(c, d\ I), (41)

where the Clebsch-Gordan coefficient is

c(a, b\ I) — (IJbhahb I h h h  ha+hb)- (42)

A similar expansion may be written for the amplitude in the /-channel:

<5, d\T\a, c) =  5, d\a, c \  (43)

and in the w-channel:
(5 ,c\T \a , d) = ^ T i n(u9 /, s)Xj(c, 5 1a, d). (44)

As a consequence of crossing symmetry, all three amplitudes (40), (43), and (44) are values 
of the same function of momenta in different physical regions, and each of these amplitudes 
when continued into another physical region becomes the amplitude of the crossed process. 
Thus, performing the analytic continuation, we must set (40) = (43) =  (44), or

^  Tsw(s, t, u) X,(c, d\a, b) = Yj, t, s) k,(c, B\ a, 3) = ^  T ^(t, s, u) X,(B, d \ a, c). (45)

The isospin crossing matrixes Xs, and relate the isospin amplitudes T$l> and T\n , T(J \  
and Tln :

TP  = ^ { X st),r T P ,  (46)

Tll) = ^ ( X su)w W > . (47)

To calculate crossing matrices one must choose the phases of single-particle states with 
respect to those basis isospin states 11, h )  (transforming as <P/t) for which one may use 
Clebsch-Gordan coefficients (see § 8.3). When calculating Xsl and X„ one must first pass
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from the single-particle states | a) and | b) to the basis isospin states 1/, /3>. Replacing 
| b) by (B | introduces the phase

ebel  = %>

which was defined above in (8.31) and (8.32).
Using the orthogonality properties of Clebsch-Gordan coefficients, we find, from (45),

(Xsl),r = Y VbVeCia, b; I)c{a, d; I)c(a, - c ;  I ')c (-b , d; /')• (48)
aocd

Xsu and Xtu are defined analogously. If the order of multiplication of states is reversed, so 
that instead of | a, b) one considers | b, a), the crossing matrices acquire a phase factor 
[from the symmetry property of the covariants (3.8)]:

c(a, b-, I) = ( -1  C(h, a; /). (49)

Let us consider the following crossed processes:

S + K -• E + n  (s-channel),
5 + Z  K + jr (t-channel),
S + n  — .T+K (u-channel).

(50)

Recalling that the particle isospins are 1E = /K = - ,  Is  = 1 , 4 =  1, we may write the 
isotopic structure of these processes as:

is) i + i ' - i + r , y(°), yU);

(r) | +  1 T<ll2\  T{3/2); (51)

(u) ■5'+ 1* -*■ I +  V ’ r a/2), y(3/2)

We have also written the isospin amplitudes in each channel in (51). Inserting the values of 
the Clebsch-Gordan coefficients, we find, from (45),

r i ° >  =  -  V ?  r / 1 , 2 ) -  2  V f  T,&2\
J®  = U V m - T l ll2)),

(:f ~ 2n

(52)

The phase in the antiparticle multiplets^ and K has been taken into account; see (8.31), 
(8.32), and § 10.1. It is often convenient to calculate using specific members of isospin 
multiplets. The isospin crossing matrices are given in Table A.6.(142)

In the case of SU^ the calculation of the crossing matrices follows the same scheme as in 
the case of the isospin group SUi- The symbol /  in (40)-(47) must be replaced by the index n 
denoting the multiplets j_, 8^, 8y, 10, 10*, of the group SUZ, while instead of the Clebsch- 
Gordan coefficients c{a, b; I) one must insert the coefficients of the group SUz considered 
in§ 10.3:

c(a, b; n) = I*** fIb = £{aXb, n)c(b, a ; n).
\va vb v„ J

(53)
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Replacing the particle b by the antiparticle c entails replacing (xb by /z* and vb by — vc in (53). 
Since the SUz coefficients c(a, b\ n) have different symmetry from that of SUz coefficients, 
in a symmetry relation of the type (49) a different phase £, enters(142,143). The factors !, 
depend upon the representations a, fc, and the multiplet n in the product a X b (Table 11.1).

T able 11.1

If particles a, fc, . . . ,  have spin, then the amplitude in (40) is one of the invariant ampli
tudes in the expansion of the spinor amplitude (35). The full crossing matrix in this case is 
the direct product of the isospin or SUz crossing matrix and the crossing matrix related to 
the usual spin [see§ 11.2 and Table A.7 (p. 371)].

§ 11.4. Properties of vertex parts
A current j M(x) in this section will be understood as a Hermitian vector or axial-vector 

local operator having definite transformation properties under P and C and belonging to 
a unitary octet. This definition of a current differs from that in § 11.1. First of all, in this 
section we shall consider only currents with a vector index. Secondly, we shall endow them 
with internal symmetry properties and shall not discuss their connection with interpolating 
fields.

The vector nature of a current means that under a Lorentz transformation g =  (0, A)

U ( g ) m U - \ g )  =  Aj(A)j,(0).

The spatial reflection operator P distinguishes the vector current vM from the axial-vector 
current aM:

Pc(x°, x)P -1 = - c ( ^ - x ) ,  Pw°(x°, jOP-1 =  u°(x°, jc), 1
P«(x°, jc)P-1 =  a(x°, x), Pa°(x°, jc)P-1 = — o°(x°, jc). J

The octet nature of the current is expressed by

[ f  ai “  t f a b c j (flj b, C =  1 . . .  8), (55)

where F„ are the generators of SU3.
The transformation properties of currents do not depend upon their explicit form. When 

calculating these properties, for simplicity we thus may take currents constructed of Dirac 
fields (see Table 6.1, p. 144). To account for SU3 properties, it is convenient to introduce the
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Dirac quark fields i = 1, 2, 3. Then

vua = fypYplaV* &na = (56)
Under SUZ transformations u = exp (iFa<xa)y the fields ip transform according to u\pu~l = 
exp (iXaocJ2)ip (see§ 9.2), leading to (55).

Currents fall into two classes with respect to charge conjugation C. “First class currents” 
behave like the quantities (56):

C ^ C - 1 = —0aVMay C a^C "1 = * (57)
where

oa = -1  {a = 2, 5, 7), oa = 1 (a = 1, 3, 4, 6, 8).

“Second class currents” km and (the axial current) rMa have the opposite sign under C :
Ck^C"1 = + ojc+a, C r^C”1 = —crar£a. (58)

Relations (57) and (58) also hold for non-Hermitian currents [as do the previous equations, 
(54) and (55)]. Thus second-class currents behave like the quantities

kMa(x) = \iip(x)l.adMif(x\  #>(*) = ~iip(x)y^aW(x). (59)

Under total reflections 6 currents of both classes transform in the same way:
%{x)Q-' = - j+ { -x ) .  (60)

A vertex part will be understood as a matrix element of the current j M between single-particle 
states. In the case of helicity states

(2 \jM 11) =  </>2, m2y J 21/̂ (O) | p\ , h ; mu J i \  (61)

where mu m2 and Ju J2 are the masses and spins of particles 1 and 2.
Vertex parts appear when one studies the transition amplitude in perturbation theory. 

Such transitions are induced by the weak or electromagnetic interactions (see also Chapter 
15). For identical particles 1 and 2 the vertex part (61) characterizes electron-hadron scat
tering or leptonic decays of baryons inside a given multiplet, depending on the type of the 
current. When Ji 5* / 2, the vertex part (61) appears in the amplitude for electroproduction 
or photoproduction of resonances or leptonic decays of hadrons.

Transformation properties

The rules for transformation of the vertex part by an element of the Poincar6 group 
g = (a. A) may easily be found using two formulae of Chapter 4: 

under translations x  — x+a
(2 \U x  + a )\l)  =  e*P>-r^(2\jM(x)\ 1>; 

under the Lorentz transformation g = (0, A)
(P2, K  14,(0) I Pi, Aj> =  (ft, A21 U-*te) U(s) 4.U-H*) U(g) I Pi, kt)

= E, (p i  1 a ; 1vu o ) \p 'i, a;> 1), (62)

where A, = <x~\p't) Ax(pi) is the Wigner rotation (4.45), and p'M = A Jp v.
Nov 17
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The reflection properties of vertex parts may be found using the formulae for the trans
formation of the state vectors and currents (§6.2).

Under spatial reflection P

0>2, h  1^(0)\pu h )  = ^p(I) ??p(2) <- p 2y -  h  UXO) | - p u -  Ai>, (63)

where = (j0, —j) for the vector current and j ^  = (—j 0, j )  for the axial current, while 
i7P(0 is the intrinsic parity of particle i.

Under time-reversal T

0>2, h  I x) \ p i9 Ai) = T)i(\)T)T(2)e2î - 2î ( p u h  | j Mj( -  x°, x ) \p 2, Aj), (64)

where x ) = (Tj^ x 0, xXT"1)4* = (y^, —j +) both for the vector and for the axial
vector currents. For first-class currents, while for second-class currents,
j Ma = — oj^a- 1° formula (64) q>t is the azimuthal angle of the vector p..

Crossing-conjugate vertices

Along with the vertex (61) we shall also consider the “crossing-conjugate” vertex

<2,11X 0) 10> = </>2, A2 2; Ph Ai$ 1 \jM(0) 10), (65)

in which particle 1 on the right in the matrix element is replaced by an antiparticle on the 
left. The state (2, 11 is to be understood as the state (2, I ;  out|. Analogously one may 
introduce the quantity

<01 j M(0) 12, 1, in) =  <01 j M(0) I p2, Aj, 2; plt Als 1; in). (66)

For vertices of the type (2 \jM | 1) the physical region of the invariant variable t = (Px—p ^2
is

t (Wj-Wj)2; p\, p\ >  0. (67)

For “annihilation” vertices (2 ,11 j  10) the physical region of t is defined by the inequality 

t = (Pi+Pi)2 = ( -P 1 +P2)2 >  (m1 + m2)2 ; p\ < 0, p\ > 0. (68)

In the case of the vertex (66), we have, in analogy with (68),

t = (P1 +P2)2 = ( -P 1+P2)2 (mi+ m 2 f  ; Pi >  0, P\ < 0. (69)

The crossing-conjugate vertices (65) and (66) may be obtained from the vertex (61) by 
analytically continuing with respect to momenta. To verify this, let us consider the vertex 
function (61) for spinless particles /1 =  J 2 = 0:

r M(pi, P2 ; 1, 2) =  -  — 3-1  d*x < /y '( w - w ) 4 ( 0 1 T{q>2{y) j M(0) <pi(x)) 10)Klx . (70)

Here, <f>\(x) and (pi^y) are the interpolating fields related asymptotically to particles 1 and 2. 
The right-hand side of this formula in the region (67) determines the vertex part (61) by



THE S-MATRIX, CURRENTS AND CROSSING SYMMETRY 245

virtue of the reduction formula (26). It is easy to verify using this same reduction formula 
that in the region (68) we obtain the vertex part (65) from (70), while in the region (69) we 
obtain (66). Thus all the three crossing-conjugate matrix elements (61), (65), and (66) may 
be described by the same function of momenta r M(pv p2\ 1, 2), which may be called the 
analytic vertex part. We shall henceforth speak of r M as a vertex function.

As in the case of crossing-conjugate amplitudes (see § 11.3), for particles with spin we shall 
first pass to spinor states using wave functions, and then introduce the spinor vertex func
tions r

(P2, k\M0)\p i ,Xi)  = uri p 2, p2; 1, 2) «,,(/>], Ai). (71)

The functions r M(pv p2\ Jv J<*) describe all three crossing-conjugate vertex parts (61), (65), 
and (66) in their respective physical regions. As in the case of the spinor amplitudes (see 
§ 7.5), under Lorentz transformations g = (0, A \  the functions /^transform via momentum- 
independent matrices. The explicit form of these matrices is determined by the choice of the 
wave functions u{pi, 2i), u(p2, ^2).

Invariant form-factors

The expansion of the spinor vertex part r M(pv p2\ J19 72) *n terms of the invariant form- 
factors Fft) depending only on t — (p19 — p2)2 may be performed using the same rules as 
for the expansion of the spinor amplitude in terms of invariant amplitudes (see § 7.5). If we 
construct a set of independent covariants XM(pv p2) with the same Lorentz transformation 
properties as r M(p19 p2\ Jl9 Jg), then

P%Pi, P2l Ji, = I Xr(Pi>P2)Fi(t). (72)

Both momenta pv p2 are on the mass shell: pf =  rnf.
The covariants X M are defined in terms of relativistic kinematics, i.e. by the choice of the 

wave functions for particles 1 and 2. The form factors contain information on the dynamics 
of the process. Calculation of form factors requires a dynamical theory (see § 12.5). Experi
mental results are analyzed in the language of form factors.

The expansion (72) of the spinor vertex function in terms of invariant form factors must 
satisfy conditions of the same type as the expansion of the spinor amplitude. The choice of 
independent covariants XM must guarantee the covariance of the expansion, the absence of 
kinematic singularities, and the presence of reflection invariance when required. Special 
care must be taken in excluding the supplementary conditions which are imposed on wave 
functions with higher spins (J 1). The supplementary conditions are absent for the choice 
of (27+ l)-component wave functions. However, such a parametrization(144>145) of the 
vertex function is not so convenient, since in this language it is difficult to deal with reflection 
invariance.(146) Such difficulties are not present when using Rarita-Schwinger or Bargmann- 
Wigner wave functions/147,148) The possibility of such a choice of wave functions, for which 
the form factors do not have kinematic singularities, has been proven(103) for (27+1)- 
component wave functions and extended to the case of other wave functions using a theorem 
on the analytic equivalence(111) of wave functions describing the same particle.
17*
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Since finding an invariant set of covariants is elementary in the simplest cases and is 
a particular case of the method examined earlier for introducing invariant amplitudes, we 
shall refer the reader to §§ 7.5 and 11.3. In general, the procedure for expanding the vertex 
function is very awkward, and we recommend the original articles mentioned above to 
the reader.

When discussing the expansion of the vertex function in terms of covariants we have not 
considered internal symmetry properties of currents. The question of the isospin or SUz 
expansion of the vertex function was in fact considered in §§ 8.3 and 10.2 in the discussion 
of rapid decays and phenomenological Lagrangians. For example, the SUz properties of 
the matrix element of the axial current

(p2> 10, 8, ai)

(here a = /, F, f denotes the state of the particle in the multiplet n) will be the same as the 
amplitude for the decay of a decimet into two octets: 10 8-f 8.



C hap te r  12

ANALYTIC PROPERTIES OF THE SCATTERING
AMPLITUDE

In this chapter we shall introduce the basic concepts related to the analytic properties of 
the scattering amplitude. For simplicity, we shall consider the case o f spinless particles.

A self-consistent description of the analytic properties of the amplitude should be based 
on postulating analyticity properties or in deriving them using perturbation theory but not in 
relying on interpolating fields whose use permits the proof of analytic properties only in 
idealized cases. However, we shall begin with formulae involving interpolating fields (which 
are not themselves necessary after analytic properties have been established). This allows 
one to illustrate the role of the locality of fields, or microcausality, in analytic properties of 
the amplitude and the role of the unitary condition in determining singularities of the 
amplitude. We shall not consider Landau-type singularities.

The analytic properties of the amplitude and its asymptotic behavior may be expressed 
using dispersion relations, which are an important step toward the understanding of dynam
ics in elementary particle theory. We shall not perform explicit calculations based on the 
dispersion approach which are developed at length in many books.(U9~153) The dispersion 
approach is indispensable for the development of new approximation methods and for the 
introduction of approximate concepts. In this respect the dispersion approach replaces 
equations of motion in the Lagrangian treatment of quantum field theory. As a prelude to 
Regge-pole theory (Chapter 13) and the dual approach (Chapter 14), we shall dwell in 
some detail on the Gribov-Froissart formula and continuation of the partial-wave amplitude 
into the angular momentum plane. In this context we also discuss the pole approximation 
and the connection between poles of the amplitude on the unphysical sheet with resonances. 
Analytic properties of form factors are examined briefly.

§ 12.1. Unitarity and the absorptive part

The complex s~, and u-planes. The physical sheet

Let us consider the simplest model for the scattering of scalar particles 1 + 2 3 + 4 of
identical mass m, assuming that these particles are the lightest in the theory (e.g. n+n  — 
n + n ) .

247
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Let t — /' < 0 be fixed so that w = 4m2 — /' — s. In the complex plane (Fig. 11) the physical 
region of the j-channel corresponds to a segment along the positive real axis from the thresh
old value s0 = 4m2 — /' to «>. If there exist stable single-particle states with quantum 
numbers of the system 1 + 2 and energy \ /  sk, they will correspond to the points m2 < sk < 4m2 
along the real axis. The physical region of the w-channel is w0 <  w < where w0(/') is the 
threshold of the two particle process in the w-channel. Let us denote by ut the points corre
sponding to the single-particle states with quantum numbers of the w-channel, i.e. the system

Fig. 11. Singularities of the scattering amplitude in the complex 5-plane.

1+4. In the complex j-plane the physical region of the w-channel is a segment along the 
negative real axis — <» < s «sj(w0), where $(w0) = 4m2 —/' — w0. The points s(u{) refer to 
particles in the w-channel. For forward scattering, /' = 0, and the first threshold point of 
the 5-channel is $0(0) = s^  = 4m2.

Analogously, one may find the segments of the real axis of the complex /-plane corre
sponding (for fixed $ < 0) to the physical regions of the /- and w-channels and the points of 
the axis corresponding to particles with quantum numbers of the /- and w-channel.

Before turning to the analytic properties of the amplitude F(s, /') = F(s, /', w(s)), let us 
recall the properties of the amplitude f (E)  in potential scattering. The nonrelativistic ampli
tude f (E)  is analytic in the whole complex w-plane with a cut along the real axis beginning 
from the scattering threshold E0 = 0 to with the exception of simple poles (on the real 
axis) corresponding to bound (i.e. single-particle) states. The physical scattering region 
corresponds to the upper edge of the cut, where E — E+ie, e — 0; the scattering amplitude 
is the boundary value f (E + ie \  e -► 0, of the analytic amplitude f{w) on the real axis. In 
contrast to the relativistic case, the nonrelativistic amplitude in potential scattering has 
only one physical region E > 0. Its continuation into the lower half w-plane is performed 
using the symmetry principle:

/ ( u > * ) = / » ,  (1)
or, on the lower edge of the cut,

f (E - i e )  = f (E + ie ) ,  

so that the discontinuity across the cut

f(E+ie)-f(E~-ie)  = 2/ Im f(E)  (2)
G —► 0

is equal to the imaginary part of the amplitude and may be found from the unitarity condi
tion for / ( £ ) .
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In the case of potential scattering one may prove that on the first Riemann sheet (with 
the exception of the point E+ is) complex poles are impossible, since they describe created 
(and growing) waves, whose existence contradicts probability conservation.

The analytic properties of the nonrelativistic amplitude f(E )  allow one to draw some 
conclusions about the properties of the analytic relativistic amplitude F(s, /')• For forward 
scattering the right-hand cut F >  0 of the amplitude f{w) in the complex w-plane corresponds 
to the right-hand cut 5min <  5 < oo of the relativistic amplitude F(s, 0), beginning with the 
two-particle threshold branch point 5min. One maintains the definition of the 5-channel 
amplitude Fs(s, 0) as the boundary value of an analytic amplitude F(s, 0) on the upper edge 
of the cut:

Fs(s, 0) = F(s + If, 0), 5 >  5min . (3)

Analogously the relation between a pole in the amplitude/ and a bound state also continues 
to hold, having the form

(pole of F(5, /') for 0 < s < 4m2) (particle with 5-channel quantum numbers). (4)

Because of crossing relations (see§ 11.2), the relativistic amplitude F(s, /, u) describes 
(in different physical regions) the amplitude for all crossed reactions, i.e. in all channels. 
The nature of the limiting procedure (3) and the relation (4) hence must be the same in the 
5-, /-, and w-channels.

In particular, in the w-plane there is a right-hand cut along the real axis for wmin <  oo, 
Im u = 0, where

Fu(u, 5(w), 0) = F(5(z/), 0, u+ie) (5)
e —► 0

—the amplitude in the w-channel—will also be the boundary value of the function F(5, 0, 
u+ie) when approaching this cut from above. Consequently, the forward-scattering ampli
tude F(5,0) must have not only a right-hand cut in the complex 5-plane, corresponding to the 
physical region of the 5-channel, but also a left-hand cut, — oo < 5 <  =  0, associated
with the physical region of the w-channel. This cut begins at the branch point 5(1/^) =  0, 
corresponding to the threshold wmin = 4m2 for two-particle reactions in the w-channel 
(see Fig. 11). According to (5) the physical region of the w-channel must be identified with 
the lower edge of the left-hand cut. Moreover, if there exist stable particles with masses mk 
and m, and quantum numbers of the 5- and w-channels, then there must be poles at the 
points sk =  m\ and 5(1//) =  4m2—m2l . Figure 11 also shows one possible route of analytic 
continuation of the amplitude from the w-channel into the 5-channel, which was discussed 
in § 11.2. The existence of this continuation is proven in axiomatic field theory .(135)

If we now turn to the amplitude F(s\ /, u{t)) for fixed s' = 0, by using a similar combina
tion of the analytic properties of the nonrelativistic amplitude and the crossing properties 
of F(5, /, u) one can obtain a reasonable picture of poles and “two-particle” cuts of F(s\ /, u) 
in the complex /-plane. This picture refers only to those cuts and poles which may be asso
ciated with physical regions and stable paticles, and avoids the question of whether there 
are other cuts and poles. In the present model (equal masses, forward scattering of the 
lightest particles), the position of the cuts in the complex /-plane has the same form as in 
the 5-plane (see Fig. 11). The cuts will change in general if the masses of the particles are 
different, if the lightest particles are not the ones scattering, or if unstable particles exist.
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Unitarity and discontinuities o f the amplitude

In the nonrelativistic theory, the analytic continuation (1) of the amplitude into the lower 
half plane and the calculation of the discontinuity (2) of the amplitude across the cut are 
performed using the unitarity condition. We shall thus use explicit expressions for the 
scattering amplitude of scalar particles to illustrate the relation between unitarity and 
discontinuities of the amplitude across cuts in the relativistic theory.

In § 11.1 we obtained (11.18) and (11.27) for the scattering amplitude of scalar particles. 
These two expressions coincide for momenta in the physical region but differ in the non
physical region. Equation (11.18) is meaningless outside the physical region, since the 
integral diverges there. Formula (11.27) contains the retarded commutator of fields instead 
of the T-product. As a result of microcausality, this commutator [<£(*), #(>0] vanishes for 
space-like intervals: (x— y)2 < 0. This is important in proving the existence of a region of 
analyticity of the amplitude (11.27) as a function of s. For these reasons we shall work 
with (11.27):

<3, 4 1 S - 111, 2> =  -  J  d*x d4yfi(x) K(x) <31 d(x-y) [<P{x\ <P(y)} | \)K {y )H y \  (6)

assuming for simplicity that particles 2 and 4 are identical.
Let us write the unitarity condition :

(S+- \ ) + ( S - l )  = - ( S - \ ) ( S + - l \  

and calculate the matrix element according to (11.27):

<3,4|S+-1 |1 ,2 >  = < 1 ,2 |S -1 |3 ,  4)*

= -jd * xd * y f;(x )K (x )(3 \6 (y -x )m x ),0 (y )] \\)K (y )M y ). (7)

Then the right-hand side of the unitarity condition will contain only the usual commutator 
of the currents J(x) =  K(x) 0(x) and will not contain the singular functions 6(x):

<3, 4 1 (S - 1) (S+ - 1) 11, 2> =  J d*x diy fi(x )  <31 [J4(x), J fr ) )  | 1 > M y). (8)

This formula simplifies if one introduces the relative coordinates £:

x = X+ ^$, y = X -\% , (9)

and performs a shift by X  in the matrix element (8):

J(x) = eiPXJ(x -  X)e~ipx. (10)

Integration with respect to X  in (8) gives a 6-function which, when omitted, leads to the 
amplitude

<3,4|7’- r + |l,2>  = / J^ /4 * (il)< 3 |[y 4(|-|), 72( - | | ) ]  | l ) / 2( - l l ) .  (11)

Expanding the right-hand side of (11) in terms of a complete set of intermediate states, 

<3, 4 1T - T + 11, 2> =  i2n £  b{p, +p2- p n) (31 J4(0) | n) (n 1 J^O) 11 >
n

- i l n ^ K p i - P i - P n - )  <3 i MO) |n ) <«' I MO)11> = 2i(As- A u). (12)
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The quantum numbers of the states | ri) are the same as in the system 1 +2, i.e. in the s- 
channel. If the isospin of the states 11,2) or 13,4) is well defined, all states | n) have the same 
values of isospin I* hypercharge, parity, and G-parity under the strong interactions. The 
quantum numbers of the states | ri) coincide with the quantum numbers in the w-channel, i.e. 
the system 1+4. Thus the first term on the right-hand side, 2iAs, in (12) is defined by the 
spectrum of particles and states in the 5-channel, and the second term 2iAu by the spectrum 
of particles and states in the w-channel.

Since the energy spectrum is positive As contributes to the right-hand side of (12) start
ing at the two-particle threshold s0(t'), i.e. in the physical region of the right-hand cut 
s0 s <  oo in the complex 5-plane. Moreover, for m2 <  s <  5 ^ ,  one may have 5-function 
contributions to As from stable particles in the 5-channel. In the w-channel region, i.e. for 
5(w0) 5 >  — oo, As is equal to zero. As(s, f )  is called the absorptive part of the amplitude
in the 5-channel.

The absorptive part As in (12) may easily be transformed into the canonical form (1.68) 
(for the 5-channel):

As = —  £  <3, 4 1 I n) {n \ T \ 1, 2> 8*(p„ - Pl - p 2), (13)
 ̂ n

if one bears in mind the relationQl. 14) between the amplitude for the process 1+2 — n and 
the matrix element of the current:

<«, out | J m  | 1) =  -{ 2 n fl2 (n \T \l ,  2>, (14)

and identifies | n) with | w, out).
The terms Au in the sum (12) are nonzero at the points ut = rrif = (Pi—p J 1, corre

sponding to particles with mass ml in the w-channel, and above the two-particle (1 +4)— 
threshold w0, i.e. Au is nonzero along the segment s(u0) => 5 >  — 00 of the complex 5-plane, 
but Au vanishes in the physical region of the 5-channel. Au is the absorptive part of the 
amplitude in the w-channel; it determines the right-hand side of the unitarity condition in 
the w-channel:

Au = £<3, 2 | r + |« 'X « '|3PI (15)
 ̂ n'

In relation (12), written for the 5-channel, we could set Au = 0. However, if on the left- 
hand side of (12) we passed from the 5-channel amplitudes <3, 4 1 T\ 1, 2)and(l, 2 1 T| 3, 4)* 
to the single analytic amplitude F(s, r, w), then (12) would be an expression for the discon
tinuities of the analytic amplitude across the segments of the real 5-axis corresponding to 
the physical regions of the 5 -  and w-channels.

Let us trace the basic steps of such an approach. For the moment, let us introduce the 
notation

<3, 4| T\ 1, 2> = F+(s, f) , <3, 4| T+ \ l ,2 )  = F~(s, f )  (16)

for j-channel amplitudes which are given respectively by the integrals (6) and (7) after 
isolating the 6-functions expressing the conservation of energy-momentum using (9) and 
(10). The integrand in the expression for F~ contains the retarded commutator of local
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fields

t') = — «J  exp (/>*+/><)! j
X i e ( i i )  (31 m  [ * (±  *). (17)

i.e. the integration in (17) is performed only inside the backward light cone. Consequently,(149) 
the integral (17) may be continued from the real axis s >  s0 to the upper half-plane Im 
s >  0. More precisely, the value of F+ along the real axis s >  s0 is the boundary value of the 
function F+(s-hi£, 0> e 0, when approached from above. This characterizes the relation 
between micro-causality [the retarded commutator in (17)] and analyticity.

The expression for F~(s, ?) arising from (7) differs from (17) by the replacement of 0(|) 
by 6(—£), i.e. it contains the advanced commutator. The integral representation for F~(s, t') 
for Re s >  s0 thus will be defined in the lower half plane Im s < 0, while the amplitude 
F~ in (16) is the boundary value of the function F~(s—ie, /')> e — 0, with the real axis 
approached from below. (The proof in ref. 149 is limited to small values of t >  0). Thus 
neither F+($, f )  nor F"(s, t') may be identified with the analytic amplitude F(s, t’)y which 
must be defined in the whole complex 5-plane. In the upper half 5-plane above the physical 
5-channel region the functions F(s, t') and F+(s, t ') coincide, and it is necessary to find an 
analytic continuation of F+($, ?) into the lower half-plane.

Let us assume that the analytic continuation of F+(s, t') along the path encircling the 
threshold point s ^  (Fig. 12) is F~(s, t'), so that

f (s, n
F+(s, t'), Im s^ O ,
F~~(s, t'), Im s < 0,

Re S 5s 5min /. (18)

The possibility of such a continuation assumes the existence of some finite segment / of the 
real axis between the left- and right-hand cuts, along which F(s, t ') is regular and F+(s, f )  = 
F~(5, /')• The existence of a finite segment / between the cuts is nontrivial for unequal 
masses or in the presence of unstable particles; it has been proven in general.(101) The 
analyticity of F~(s, f )  and F+(5, t') along the segment / may be proven for some region of 
values of t’ in the simplest cases.(149) In the general case (arbitrary masses and spins) the 
existence of the amplitude F(s, t’) with properties (18) must be postulated. Consequently, the 
difference

F(5-M*£, 0 - F ( 5 - /£ ,  O  = 2iAs(s, /'), (S 2*50), (19)
£-►+0

coinciding by virtue of (16) with the unitarity condition (12), is the discontinuity of the 
amplitude F(s, /') along the right-hand cut. To pass to the left-hand cut one must perform 
an analytic continuation into the physical u-channel region using crossing relations [see 
§ 11.2 and Fig. 11, as well as eqns. (6) and (7)]. Then for s < 5(w0) we find that the second 
term on the right-hand side of (12)

F(s—ie, t')-F(s+ ie, t’) =  (s <= s(u0)), (20)
e—+ 0

gives the discontinuity of F(s, t’) across the left-hand cut.
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i
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Fig. 12. Analytic continuation from F+(s, /) to F~(st t) via a path around the threshold branch
point in the complex 5-plane.

The discontinuities As and Au [see (13) and (15)] will be real if, in addition to particles 
2 and 4, particles 1 and 3 are also identical, i.e. for elastic scattering. Then (18) will define an 
analytic continuation on the basis of the Schwarz reflection principle

F(s\ O  =  F*(j, /'), (21)

i.e. F(5, /) is a real-analytic function.
In general the discontinuities (13) and (15) are real only when the amplitude is T-inva- 

riant. For scalar particles,

in | |pu P2, in) = (p3,/>4, in | T 1TS+T~1T \p u pz, in)
= 1̂T̂ 2T??3T 4̂T<-F3, -Pi ,  OUt | S \ ~p  l, OUt)*
= îTr?2T^3T^4T(-F3, ~Pi, in IS | - p i, - p 2, in)*,

where T \pr, in) = rjrT | —pr, out). Since the T-transformation is antiunitary, one may 
set all i]rT to unity, multiplying the single-particle state vectors by a phase factor. Passing 
to the c.m.s. and performing a rotation by 180° in the plane of the vectors p3~ p A and 
Pi ~P2'

<>3, P i \ S +~ \ \  p U P2) =  </>3, Pi  | S -  1 | p u  />2)*.

From this it follows that eqns. (13) and (15) for As and Au are real. If the theory is PT- 
invariant, then this result (21) may be obtained using the PT transformation.

The number of states | n) in the sum (13) for the absorptive part As depends on the energy 
in the y-channel, i.e. on s. As the energy is increased, more and more new processes 1 -j-2 — n 
become possible. As each threshold sn is passed, the absorptive part of As acquires new 
terms so that sn correspond to new branch points. In the present model, with equal-mass 
particles, the threshold branch points occur at sn = 4m2, 9m2, 16m2, . . not counting 
thresholds for production of particles of different mass. From each such branch point at 
s — sn we may pass a cut along the positive real 5-axis to infinity. Analogously, from each 
branch point associated with a w-channel threshold, one must pass a cut along the negative 
real 5-axis to — <». On the segment of the real 5-axis between the threshold values s0 and 
5(«0) for two-particle states, both As and Au, according to (18), will vanish, aside from 
points giving the contribution of single-particle states.

From the form of the 6-function in (13) it is clear that the single-particle state | na) contrib
utes in the 5-channel if there exists a particle with mass n?a < 50, spin 0, and quantum num
bers of the 5-channel. The contribution of this particle to As is equal to

4 X) =  ~ j g -  bis-nibg^glu. (22)
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Similarly, a particle with mass ml <  4m2 and quantum numbers of the w-channel yields a 
contribution to Au equal to

Al1] = — S(u -  mfygbuglte.

The constant g ^  describes the effective coupling of the spinless particles a, fc, c:

gobc = -{2nY {b \Jc{G)\ah (23)

where the momenta are related by pa = pb+pc• The factor (2n)z in (23) is introduced to 
preserve the relation with perturbation theory based on the Lagrangian formalism. Let the 
interaction Lagrangian for scalar neutral fields tpt (i =  a, b, c) of mass m have the form 
J£j = gabcVaVbVc* the current be defined by (11.10) or Jc(x) = K(x) tpc(x) = — (dM —m2) X 
(pc(x). Then (23) holds to lowest order in J?7.

§ 12.2. Maximal analyticity

In the simplest model for forward scattering of equal-mass scalar particles, we discussed 
the assumed connection between analyticity and causality and the role of unitarity in 
defining the discontinuities of the analytic amplitude. In this section we turn to the analytic 
properties of the amplitude in the general case.

In the preceding section we obtained the singularities of the relativistic amplitude from 
the analytic properties of the nonrelativistic amplitude and crossing symmetry relations. 
These singularities are fully characterized by the spectrum of states of the physical system. 
The existence of such singularities (poles and cuts along the real axis) has been proven for 
the simplest cases.(149)

Let us assume that for arbitrary masses and spins the analytic properties of the amplitude 
are also fully defined by the spectrum of physical states. More precisely, we shall consider 
the principle of maximal analyticity to hold :(150' 152) An amplitude is an analytic function, 
possessing only those singularities necessary for the unitarity condition (in all channels and 
for all sets of amplitudes).

This principle is somewhat indeterminate if the existence of particles is a result of overall 
“self-consistency”, and appears only at the end of calculations based on the unitarity con
dition. If the number and type of elementary particles are fixed, the principle of maximal 
analyticity is in practice equivalent to the assumption that an analytic amplitude has 
only singularities characteristic of all Feynman integrals. The analysis of Feynman inte
grals in fact has allowed one to systematize singularities of the amplitude with some 
confidence. (151,152)

Let us first mention some additional features of the amplitude F(s, /, u) for the scattering 
1 + 2 3+4 of spinless particles that arise when one passes from the simplest model of
§ 12.1 to the real case. We shall now consider the scattering of particles of different masses 
at an arbitrary angle. Particles 1,2,3, and 4 are called “external”, taking “internal” particles 
a, fc, c, . . . ,  as those which appear only in the unitarity condition (for all crossed channels).

In the general case, in contrast to the simplest model of § 12.1, the boundary of the physical 
region does not coincide with the beginning of the cut or with the first two-particle threshold
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branch point. The threshold branch points are always fixed by the masses of the external 
and internal particles taking part in the interaction; the position of these points does not 
depend on the variables s, /, u* The first threshold point in the ̂ -channel, s = (m+M)2, corre
sponds to the two-particle state with internal quantum numbers of the ^-channel (i.e. with 
quantum numbers of the system of particles 1-f 2) having the lowest mass. The particles 
with masses m and M  may be either external or internal. The sequence of thresholds sn = Ml 
consists of the smallest-mass ̂ -channel multi-particle states | n \  arranged in increasing order.

The physical region was studied in § 7.2. The boundary of the physical region depends 
only on the mass of the external particles [see (7.22)]. Moreover, if one of the variables 
s , /, and u is fixed (e.g. t = /'), the lower boundaries of the physical region for the two 
other variables s0(t') and u0(t') will differ from the absolute lower boundaries of the physical 
region s^  and This fact is directly visible on the Mandelstam plane. (See Figs. 4 (p. 152) 
and 15 (p.262), where the line t = f  is dotted. Its intersection with the boundaries of the 
physical regions determines the points s0 and w0.) Thus the physical region will coincide 
with the cut beginning at the first threshold branch point only for forward scattering under 
the idealized conditions of the model of § 12.1; in the general case the cut contains an 
unphysical part (the normal unphysical cut) from the first branch point to the boundary 
of the physical region. An unphysical cut related to the difference between s0(t') or u0(t') and 
the absolute lower boundaries of the physical region may be present in any reaction, and 
we shall not discuss it further.

In the reaction N + N  jr+-f-?r“ the beginning of the physical ^-channel region is 4 
but the threshold branch points on the axis Re s >  0 will occur at sn =  (2nmn)2, n =  1,2. . . .  
The normal unphysical cut will consist of the segment Ami 4m^- We have assumed 
that the character of this reaction is defined only by the external particles N, n. If we also 
allow for interactions with K-mesons, one must accommodate the K-meson branch points 
Stf = (2n'mK) \  n' =  1, 2, . . . ,  and the combined branch points 4(wK+w rt)2 along the axis 
Re s >  0. In the /- and w-channels of this reaction the lowest branch points occur at s = 
(m*-bmN)2 and coincide with the absolute lower boundary of the physical region.

In the case of the scattering of nucleons N-hN — N-f N there is also an extensive unphys
ical cut in the /-channel due to the fact that the masses of the external particles are large 
in comparison with the masses of the internal particles. The internal particles which are 
important for the interactions of nucleons are pions, K-mesons etc. The lightest of these 
are pions, whose mass determines the beginning of the cut t = (2m*)2.

The study of Feynman integrals and the unitarity condition shows that in addition to the 
special points of the two types considered above (poles and threshold branch points), 
the amplitude F(s, /, u) may have singularities of a third type as well—Landau singular
ities/15̂  A point sa of this type lies below the first threshold; hence sa is sometimes called 
an anomalous threshold or anomalous branch point. [One should not confuse the threshold 
sa with the anomalous thresholds introduced in § 7.5, eqn. (7.78).] The position of the ano
malous threshold sa may depend on two invariant variables. An anomalous branch point 
may arise when the masses of the external particle 1 and the internal particles a, b interacting 
with it are related by m\ >  K + m ^ )2; here, as usual, the presence of the three-point inter
action 1 — a~h b assumes the conservation of internal quantum numbers. The presence of 
an anomalous threshold may have important effects on phenomena near threshold. One
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may expect its influence far from the normal threshold to be unimportant. In any case, 
in what follows we shall assume that the amplitude F(s, /, u) does not have Landau singu
larities.

Thus we shall postulate that the amplitude F(s, w($)), for given /' in the physical region,
is analytic in the whole complex 5-plane with left and right-hand cuts, whose positions are 
determined by the normal thresholds in the s- and w-channels (see Fig. 11). If, moreover, 
there exist stable particles in the 5- and w-channels, the corresponding poles must lie on the 
real 5-axis between the cuts. Since 5, /, u are equivalent, a similar structure must be pos
tulated for the complex /- and w-planes.

For the scattering of particles with spin, one must examine spinor amplitudes (§§ 7.5 and 
11.2) or helicity amplitudes (§ 7.4). The spinor amplitudes JH may be expanded in terms of 
invariant amplitudes Fx(s, /, u) free from kinematic singularities. Specifically, the invariant 
amplitudes Fx(s, /, u) have the same analytic properties as the amplitude F(s, /, u) for scalar 
particles. For a reasonable choice of covariants Xh the invariant amplitudes Fx will have 
simple behavior under reflections (6.2) and crossing transformations [see eqns. (11.35) and 
(11.36)]. However, the condition for the discontinuity of the amplitude Fx across the cut 
arising from the unitarity condition is complicated in general and may contain other 
invariant amplitudes Fv. Moreover, the functions Fx(s, w(5)) will be real-analytic only for a
specific set of covariants x xS107>108)

In each of the crossed channels r = 5, /, u the invariant amplitude Fx may be represented 
in the form

F/(5, /, u) = Drl(s, /, u) + iArl(Sy /, w),

where the absorptive part A rl determines the discontinuity of Fx across the right-hand cut in 
the complex r-plane. If the function Fx is real-analytic, Arl will be equal to the imaginary 
part of the amplitude Fx\ in this case the dispersive part Drl of the amplitude Ft in the r- 
channel coincides with the real part of the amplitude. Consequently, for real-analytic 
invariant amplitudes Ft the expansion of the absorptive part of the spinor amplitude d  in 
the 5-channel in terms of the covariants X x will have the form

d  = ^ A slX x = ^ \ m F r Xi. (24)

The covariants Xx in the expansion (24) may be chosen by studying the left-hand side 
of the unitarity condition (1.68) for the reaction 1-f 2 — 3 + 4:

| / « 3 , 4 | r | l , 2 ) - ( l , 2 | r | 3 ,  4)*)

= \ i u r’uT'(M % \{p  1 . . .  Pi) • • • P i)K u r t • (25)

Here The adjoint matrix Jtl may be obtained from the matrix by
multiplying by the matrix g(i) (see § 5.1) in each index. In particular, for the Dirac matrix
J K l  we will have -M =  yo-^Vo-

Let us expand the spinor amplitudes in terms of covariants using (7.77) and the relation

3 fF {p i ■ ■ ■ Pi) = E F6S’ F w) ̂ /T(/h • • • p*)-
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The expansion (24) will be a consequence of (25) if the covariants satisfy the condition

X(pu Pz, Pz> Pi) = X TiP3, p^ Pu Pz)- (26)

These covariants are related to each other by the reflection PT. Reflections are easily taken 
into account if one uses an expansion in terms of /-channel invariants Xt(K, Q) for the 
5-channel amplitude (see §§ 7.5 and 11.2).

The unitarity condition (1.68), rewritten for the spinor amplitudes (25), leads to the 
following expression for the absorptive part in the 5-channel (24):

^ S/Cs, /, u)Xi(pu P2, Pz, Pi) = Pi)JX(Pu P2\n)& \pi+Pz-P3-Pi\ (27)

where J t(p v p2 \ n) u{px) u(p2) = {n \T \pv p2) and u(p3) u{p^M{n  | p3, p4) = (n | T | p3, p4)* 
depend on the intermediate 5-channel states | n). The sum in (27) is over a complete set of 
states |w), i.e. both over states with different numbers of particles, and over all possible 
states with a given number of particles. While the unitarity condition holds only in the phys
ical region, eqn. (27) also defines the absorptive part along the real 5-axis below the first 
^-channel threshold. The masses of stable particles s = ml may lie in this region 0 < s < s ^ .  
The corresponding term in (27) is

-^(tf I P3> Pi)Jft(Pi> Pz Ia) 5(5-iw5). (28)

The single-particle state (28) has the following properties.

1. Selection rules

The quantities Jfl(ply p21 a) and Jtl{a | p3, />4) in (28) may be obtained from the matrix 
elements (“vertex parts”) of the transitions 1 + 2 — a and a — 3+4 by continuation in the 
mass ml from the physical region m\ >  s ^ .  Hence these quantities satisfy all the usual 
selection rules (aside from energy conservation).

2. Factorizability

The coefficient of <5(5—m^) in (28) consists of two factors—the vertex parts referring to 
the interactions a ++> 1 + 2 and a 3 + 4 of the internal particles a with the initial and final 
particles.

If the 5-matrix is isospin- or 5C/3-invariant, the invariant amplitudes F7 must be expanded 
in terms of isospin or SU3 amplitudes using methods considered in §§ 8.3 and 9.3.

§ 12.3. Dispersion relations

Dispersion relations for the amplitude Fs(s, /, u) in one of the variables 5, /, u for fixed 
values of the other variable may be obtained from the Cauchy formula

* /(* ') dz’ 
z' — z

c
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by choosing a contour C surrounding the cuts and consisting of a circle at infinity (Fig. 13). 
This contour also includes small circles around the poles. If the amplitude F(s, t, u) vanishes 
sufficiently rapidly when one of the variables is large,

F(s, tu u) <v 5 a 5 (# >• 0, S  -+• °°), (29)

then one may choose this amplitude as the function f(s).

Fig . 13. Contour C (dottedline) defining the amplitude in the complex j -, or w-plane in
terms of Cauchy’s theorem.

Thus if the singularities of the amplitude are cuts determined by normal thresholds and 
poles associated with stable particles (Fig. 13), and the amplitude itself vanishes with in
creasing energy (in the physical region) according to (29), the amplitude for the scattering 
of scalar particles F(s, tv u) satisfies the following dispersion relationt in s for fixed / =  tx <  0 
(the pole terms are usually not written):

F(s h  u) = — f M s'> | 1 f Au{s{u'\ tu u') du'
U 71 I s' —  S  71 I u'—  U

Jmjn Kmin
00 -y(ttmjn)

_J_ f  A(s\ tu u(s’j) ^   ̂ 1 j* A„(s\ tx> u(s')) ^
71 I S ' — S  71 I S ' — S

(30)

Jmin

where the discontinuities across the cuts, or the absorptive parts A# Au, were defined in 
§12.1. Analogously, if one fixes s =  si and F(su w) ~  t~a for 111 -►«>, one finds dispersion 
relations in / for fixed s :

*mln wmln

Au(su t(* \  u’)
u —u du'. (31)

t  In quantum field theory, dispersion relations were first examined by Gell-Mann et alSlb5)
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For symmetry in s, t, and u we also write the dispersion relation for fixed u = u}:

F(s, t, ui) = ~  j*

$min

As(s', t(s’), ui) 
s '—s

*min

A,(s(Q, t', uj) 
t ' - t d f. (32)

which may be easily derived if the function F(s, t, u) is regular in the complex s- (or t-) plane 
with its respective cuts along the real axis.

In these formulae A,(s, t, u) is the absorptive part in the /-channel or the discontinuity of 
the amplitude F(s, /, u) across the cut for / >  /min in the complex /-plane for fixed s or u :

At(su t, u(si)) = F(su t+ie, u(si))-F(su t - ie ,  u(Ji)). (33)
+0

We note that if the amplitude vanishes as (29) along the real axis, it will also satisfy (29) 
when !$! -► o© in any direction in the complex plane [here / = tv the value for which the 
dispersion relation (30) is written]. Conditions of the type (29) in / or u must hold when 
we are interested in dispersion relations in these variables.

From general requirements of quantum field theory, it follows(U9) that the amplitude 
F(sy /, u) is polynomially bounded in s :

IF(s, /i, u)| < sN̂ \  (s -oo).

For t1 < 0 the asymptotic behavior in s is bounded by the Froissart theorem (see § 13.2).
It has been experimentally established that the total cross-section otot does not fall 

at large energies (it may grow logarithmically) which, by virtue of atot ~  ( l/ j) Im f(j, 0, w), 
means Â (0) ^  1.

If (29) does not hold, the dispersion relation may be written with a subtraction, i.e. for 
the function F ^ ld s —Sj) (s—s2) . . . ),  whose rate of growth is reduced to that demanded by 
(29) by introducing factors (5—5/)“1. The number of such factors is called the number of 
subtractions. For one subtraction, in place of (25),

F(sy /1, u) = (su tu u(tu 5))

■y-Ji f  As(s\ti)d s ' j - J i  f  Au(s\ h)ds' .
n  J (s'—si)(s '—s) 71 J (s'—s{)(s'—s) ’ '

5 min —00

which contains an additional function—the value of the amplitude at the point sv depending 
on tv As above, we do not write the pole terms in (34).

The dispersion relation (30) in s for fixed t is correct not only for / = tv  lying in the phys
ical region of the 5-channel, but for a broader region as well; the absorptive parts As and Au 
may be analytically continued in / from t < 0 to / >  0 and then into the region of the /- 
channel. Crossing relations indicate the possibility of this continuation. This also applies to 
dispersion relations in other variables, of course. However, absorptive parts have physical 
meaning only along the physical part of the cut in the corresponding channel, where they 
are defined by the unitarity condition [see (13) and (15)] and can equal the imaginary part of 
the amplitude.

Dispersion relations allow one in principle to define the real part of the amplitude in 
terms of the imaginary part (in the physical region), if there is no unphysical cut or if the
Nov 18
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absorptive part along it is known from other considerations. When comparing dispersion 
relations with experiment it is thus convenient to take processes with no unphysical part 
of the cut. As we saw in §§ 12.1 and 12.2, one must examine the elastic forward scattering 
of the lightest possible particles for this to be true. For elastic forward scattering the ima
ginary part of the amplitude may be expressed using the optical theorem (7.53) in terms of 
the total cross-section, which may be obtained from experiment. This simplifies tests of 
dispersion relations considerably.

Dispersion relations for forward jz+ N  — jz+ N  scattering have been compared in detail 
with experiment, and have proven successful in this process. For pion-nucleon scattering 
they are treated in detail in a number of books/1,2,11,149,156)

The dispersion relations (30)-(32) were written without taking account of isospin or 
SU3. In an isospin-symmetric theory the transition amplitude (3,4 J T 11,2} must be expanded 
in terms of isospin amplitudes T \ s9 t9 u) (see §§ 8.3 and 11.3), for each of which one may 
write dispersion relations. The dynamics of the process 1 + 2 3+4 will be determined
only by the value of the total isospin, but not by its projection. The threshold points may 
depend on isospin. Since one may write an expansion in terms of isospin amplitudes for 
each crossed channel, while the integration region in dispersion relations covers two channels, 
isospin crossing matrices will occur. Similarly, in an SU3-invariant theory, the amplitude 
must be expanded in terms of SU3 amplitudes (see §§ 9.3 and 11.3), and the dispersion rela
tions postulated for these amplitudes.

If the external particles have spin, one must express the matrix element (3, 4 1 T\ 1, 2) in 
terms of the spinor amplitude via (7.70). This amplitude then must be expanded in terms of 
invariant amplitudes Ft (see § 7.5), preserving crossing symmetry (see § 11.2) and real analy- 
ticity of Ft (see§ 11.3). The amplitudes F, contain information about the dynamics of the 
process; they have simple analytic properties, and dispersion relations may be written for 
them.

Pole terms and stable particles

As an example, let us write a pole term in (30). We insert the absorptive part 
corresponding to an internal stable particle a with mass s = m2a below the physical ^-channel 
threshold, into the first integral in (30). For the process 1 + 2 — 3+4, when all particles are 
spinless, we find from (22) and (30):

F(1)Cs, /) = 1
(2nf

g a 3 ig a l2

m \-s (35)

This term describes an .s-channel pole of F with residue consisting of two factors which 
refer to the interaction of the internal particle a with the final and initial particles, 
respectively. For elastic scattering, = gal2, so the residue is positive.

If the external and internal particles have isospin, then (see § 12.2) the pole at s = ml will 
be present only in the amplitude corresponding to the isospin of the internal particle. 
Similar considerations hold for SU3.

If an internal particle has spin Ja9 then, since the invariant w2 of the Poincare group is 
conserved, the pole at s = m2 appears in the partial wave amplitude at{s) with / = Ja. 
Assuming that the amplitude a{(s) may be continued into the unphysical region of real s 
below the first threshold [see (53) and (54)], we may write the expansion (7.58) for F(s, zs)
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in this region as

F(s, zs)= B ^{21+1) aj{s)Pj{zs). 
/=o

Here B is a normalizing factor, and zs — 1 + 2t/(s—4m2) (see § 7.2); thus the physical region 
in zs will correspond to unphysical values / >  0. From this expansion it is clear that if the 
partial wave amplitude a^s) has a pole 1 /{m2a—$), the residue of F(s, zs) at this pole contains 
the factor P^z^ml)). The factorizability of the residue at the pole follows directly from 
expressions (13) and (28) for absorptive parts. This property is very general, since it relies 
only on being able to define the absorptive parts (13) and (28), i.e. on being able to extend 
the unitarity condition into the unphysical region of real s below the first threshold.

By crossing symmetry, expression (35) also holds in the /- and w-channels. In the /-chan
nel s is a momentum transfer. For identical masses m1 = m2 = m3 = mi = m, s = — (1 — zt) X 
(/-4m 2)/2. Here zt = cos 0„ where 6t is the /-channel scattering angle (see § 7.2). The pole 
term (35) thus may be rewritten as

F (1)U  /) = 1
(2nf

2gaM&al2 ____1
/-4 m 2 zt(m l)~zt * (36)

where zt{ml) = 1 + 2ml/(t—4m2) corresponds to the pole at s = m\. In the physical /-channel 
region the denominator of (36) does not vanish since zt(ml) >  1. The amplitude (36) is maxi
mum for forward scattering in the /-channel, where s = 0 and F(1)(0, /) = gaUgal2m7 \ ^ nf ‘ 

In the pole approximation it is assumed that terms (35) describe the amplitude F in the 
physical region around a pole. The pole approximation corresponds to the Born approxi
mation for channels crossed with respect to the one containing the pole. Thus for a pole 
in the ̂ -channel 1 + 2  3 +  4 ,  the amplitude (35) is the Born approximation for the /-channel
1 + 3 - ^ 2 + 4 ,  which corresponds to the exchange of particle a. The pole approximations 
(35) and (36) are shown in Fig. 1 4 .

3  4

The Mandelstam representation

The double-dispersion relation, or the Mandelstam representation, is a hypothesis 
regarding analytic properties of the amplitude F(s, /, u) as a function of two independent 
variables, e.g. s and /. It is thus a hypothesis regarding analytic properties of absorptive
J8*
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parts (e.g. regarding As(s, t) as a function of /)• The Mandelstam representation was first 
found by studying the unitarity condition to fourth order in perturbation theory.(102) The 
Mandelstam representation for the scattering amplitude of scalar particles F(sy ty u) is

where the pole terms have not been written and s'+ t' + u' = Emf (m,. are the masses of the 
external particles). Here smiQy and umin correspond to the first two-particle states 
with quantum numbers of the respective channels; they are defined by the lightest masses 
of internal and external particles taking part in the interaction, and, for the model of § 12.1, 
are equal to 4m2. The representation (37) is crossing symmetric.

The functions gsn . . . ,  in the representation (37) are called spectral functions. They are 
real. The properties of the spectral functions determine the behavior of the amplitude 
F(sy ty u). The spectral functions may be found in principle from the unitarity relation—in 
perturbation theory, at any rate. In (37) it is assumed that the spectral functions vanish 
rapidly enough that the integrals in (37) are well defined.

One may bound the region of nonzero spectral functions via the limits of integration in 
(37). Each of the variables in (37) varies along the physical edge of the right-hand cut, i.e. 
according to the rule s -► j-Me, etc. Thus, for example, the spectral function may differ 
from zero only in the unphysical region s >■ 4m2, t >  4m2. More precisely, the lower 
boundary of the region in which the spectral function is nonzero may be calculated from 
the unitarity condition using perturbation theory. For the simplest model of equal-mass 
particles (§12.1) this region is shown in Fig. 15.

us

F ig . 15. Regions of nonzero double spectral functions Qtt> Qtu> and Qut in the Mandelstam 
stu plane, for equal-mass particles. Physical regions are shaded.
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If the Mandelstam representation holds for the amplitude F(s, t, u) then single-dispersion 
relations hold for the absorptive parts. For example, for the absorptive part As in the phys
ical 5-channel region,

As(s, /, «) = i  (F(s+ie, t)—F(s — ie, t)) =  -  f  dt' 0  + -  f
11 71 I I  — I  71 I U — U

t min ^ mln

J U  g-i* ^  + 1  (<!,' *>. (38)
71 J / ' - /  71 J t ’ - t  '

'min

This formula allows one to analytically continue As as a function of / or u. The represen
tation (38) defines As as an analytic function in the complex /-plane with cuts from the 
boundary of gsJ to / = «> and from / =  — «> to the boundary of the spectral function gus. 
Figure 15 shows the line s = sA >  0 along which one integrates in (38). In deriving (38) 
we have the well-known relation 1 j(x—ie) = P(\lx)+i7id(x). One may find representations 
for At and Au analogously. Using the Mandelstam representation, one may obtain a disper
sion relation for the partial wave amplitude at(s) as a function of s (see § 12.4).

If the spectral functions vanish too slowly, the Mandelstam representation [and also the 
dispersion relation (38)] must be written with subtractions. It is assumed here that the 
number of subtractions is finite.

§ 12.4. Partial wave amplitudes and fixed-energy dispersion relations. The 
Gribov-Froissart formula

As above, we shall consider the elastic scattering of scalar particles of equal mass m. Let 
us expand the invariant amplitude F(s, /, u) = F(sy z) in terms of partial waves a£s) in the 
5-channelt

F(s, z) = B £  (21+1) a,(s)P,(z) = <3, 4 1 T\ 1, 2), 
1=0

a,(s) = IB

1
J  dzF(s, z)Pt(z), 
-1

5  = 8
(2jt)5 ’

(39)

and study properties of a^s) related to the existence of a dispersion relation for F(s, z) at 
fixed 5. Let the mass of the internal particles be mx >  m.

Let us first assume that this dispersion relation may be written without subtractions for
si >  0:

At(sut', ujf)) dt, , » r  Au(su t(u'), u ) ±
/ '  — t 71 J  u’— u

*mln umin
(/min ~  Wmin = 4/W2),

F(si, (40)

t The coefficient B leads to the correct form of the unitarity condition (41).
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where A, and Au are the respective absorptive parts in the t- and u-channels. We shall trans
form to the variable

z = 1 + 21 2u
(41)s —4m2 s —4m2

(in the physical region z = cos ds). The dispersion relation (40) may be written in the form

f (s, z) - 1 f dz A, ŝ' z  ̂ i 1 r  dz Au(s' z )’ 7i J  z’—z n  I z —z ’
2 0 - Z q

s+4m2
z° = ----A 2~ ^  *•s—4mz

(42)

Let us now extract the partial wave a^s) in (39) from the amplitude (42), using 
1

J  J  dz> = Qiz)’ (/ =  °» *•2- • • •)• (43>
- i

which relates P,{z) to the Legendre function of the second kind Qt(z) (for all z except in the 
segment — 1 < z < 1). Since P,(—z) =  (— 1)' P,{z),

a,(s) = - |  (A,(s, z') + (-l)'A „(s, z))Q,(z’) dz',
Zo

Au(s, z) = Au(s, w( z)), u(x) = —\{ s —4m2) ( 1-hx).

(44)

Equation (44) for a/s) is the basis for analyzing analytic properties of partial wave ampli
tudes. The analyticity in z of F(s> z) allows one to replace it by the absorptive parts At and 
Auy at the same time passing from the functions P{(z) to Qf(z) by integrating over values of 
z which are unphysical in the ^-channel.

Starting with (44) and the properties of the Q/y one may define a partial wave amplitude 
for complex /. The function Qt{z) is analytic in / in the right-half plane, vanishing exponen
tially for large Re /:

g ;(z) -  ~—zr r (,+i){, ( | = cosh-1 z. Re / >  0, | / | — oo). (45)

When passing to infinity along a line parallel to the imaginary axis, the function £?/(z), 
according to (45), is oscillatory.

A number of consequences follow from (44).
1. For large real (integral) angular momenta /, the amplitude a{(s) vanishes exponentially 

with /. In this case, the largest contribution to a{(s) comes from the region of smallest z', 
i.e. from those values of z which are closest to the boundary of the physical region z = 1. 
This contribution may come from poles with the smallest mass either in the w-channel for 
u = ml (the absorptive part Au(s, z)), or in the /-channel for t = m2t (the absorptive part 
At(sy z)). The position of these poles at m2 and m2 is related to poles in z of At and Au by
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z(0 = 1 + 2m*l(s-4m2) and z(u) = 14- 2ml/(s—4m2). The partial waves with very large / 
describe peripheral interactions.

2. Passing to complex angular momenta /, one may find the analytic continuation of at(s) 
by starting from (44). However, the analyticity of Qt{z) in the right-half /-plane, Re / >  0, 
is still insufficient to continue at{s) into the region of complex angular momenta / via (44). 
The right-hand side of (44) depends on / not only through Qt but also via the factor 
( — l)7 = e?7*, which grows without bound when |/ | -►<», Re / >  0. To circumvent this 
difficulty, one must perform separate analytic continuations for the functions and a~. 
We then obtain the Gribov-Froissart formula :(157,158)

By virtue of the properties of the Qt these functions are analytic in the right half /-plane. 
Since they are defined for all complex angular momenta / with Re / >  0, the functions 
a±(l9 s) have meaning only for integral values of /. For even / = 0, 2, . . . ,  a +(/, s) is the 
partial wave amplitude afe), and for odd / = 1,3, . . . ,  a~(/, s) is equal to afe).

Thus in the expansion (38) the functions a ±(/, s) lead respectively to the symmetric and 
antisymmetric parts of F±(sy z) with respect to z:

i.e. F+ contains only even / = 0, 2, . . . ,  while F~ contains only odd / = 1,3, . . .  .
Up to now it has been assumed that all integrals in (40) and (46) converge, so that sub

tractions in the dispersion relation (42) are unnecessary. If, however, the absorptive parts 
At and Au behave as polynomials of degree N  (for fixed s), then N  subtractions are necessary, 
and (46) will define a±(/, s) as an analytic function of / in the region Re / >  N. In view of- 
the asymptotic behavior of Qt{z) for large z .

the integrals (46) converge only for Re / >  N. The subtraction terms in the dispersion rela
tion (42) do not contribute to a±(l9 s) because of their polynomial nature.

We now discuss the uniqueness of the Gribov-Froissart formula (46) for analytically 
continuing the partial wave amplitude to complex / when it is given for integral positive /. 
At first glance it seems obvious that the Gribov-Froissart function a±(/, s) may always 
have terms added to it of the type/( / , s) sin nl, vanishing for integral / and giving a different 
continuation of the partial wave amplitude. However, the uniqueness of the analytic contin
uation via (46) is guaranteed by Carlson’s theorem.

(46)

F±(s, z) = ^ 1 ( 2 / +  1 )Pi{z)a±(l, z)

= b £  (2/+ 1) [P iz )± P i-z )\ aAs) = F+(s, z)±F~(s, -z ) , (47)
/=o

Qi(z) -  z-</+1\  | z | -  oo, | arg z | < n,
2 / ^ - 3 ,  -5 ,  -7 ,  . . . ,

(48)
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Carlson’s Theorem. (15#) Let F(l) be analytic for R e />  N and F(l) <  CeX],] for
|/ | ->■ co. Re I >  0, where X < n. Then, i f  F{1) = 0 for / = 1, 2, 3, . . . .  the function
F(l) is identically equal to zero.

According to Carlson’s theorem, functions of the type/( / ,  s) sin nl are inadmissible since 
(for polynomial behavior of/( / ,  5)) they grow as e*1'1 along a straight line parallel to the 
imaginary /-axis. Consequently, if the Gribov-Froissart amplitude (46) satisfies the condi
tion

a(l,s) <  Ce*W, l / l - c o .  Re / >  iV, X < n, (49)

the analytic continuation via (8) will be unique. From (46) it is clear that a±(l, s) vanishes 
most slowly with | /| along the line Re / = N, where

OO

a±(/, s) -  J (At± A u) d z , (/3 -  Im / -  00). (50)

Since by assumption the absorptive parts At± Au are polynomially behaved (as z^ for z — oo)̂  
the integral in (50) in general cannot grow exponentially as — «>.

Thus under the assumption of polynomial boundedness of the growth of the absorptive 
parts At and Au, the Gribov-Froissart formula (46) provides a unique continuation of at(s) 
into the region Re / >  N, specifically: except for a±(l, s), given by (46), there exist no func
tions /* (/, s) coinciding with the physical partial waves a^s) for even (odd) values of 
/ ss N  and satisfying the condition (49).

Proof. The difference/* (/, s)—a±(l, ^vanishes identically by virtue of Carlson’s theorem.
Let us turn to the unitarity condition for partial wave amplitudes. Let s = s9 be the inelas

tic threshold so that in the region 4m2 < s <  sd only elastic scattering is possible (for pion- 
pion scattering s0 =  16m£). Then in this region the partial wave amplitude afe) for 
/ = 0, 1, 2, . . . ,  satisfies the “elastic” unitarity condition (7.68):

ai(s)-a*(s) = 2/ j / ^ -  ai(s)a*(s). (51)

Let us now write the general unitarity condition for the functions a±(I, 5) starting from 
(51). Using Carlson’s theorem one may verify that the analytic continuation of (51) is

a±(l, s)-(a± (r, s )Y -2 i  J[ a±(l,  s)(a±(l*, s))* = 0, (52)

since the left-hand side of (52) is an analytic function of /, which vanishes for even (odd)
/ >  N  and has asymptotic behavior given by (46). The unitarity condition (52) holds sepa
rately for the functions a +(/, s) and a“(/, s), since (51) holds for each value / = 0,1,2, . . . ,  
separately.

The existence of separate unitarity conditions for a+(l, 5) and a “(/, 5) means that the 
functions a+( f  s) and a “(/, s) may have different (and independent) sets of poles.



ANALYTIC PROPERTIES OF THE SCATTERING AMPLITUDE 267

Analytic properties o f a^s) in the s~plane

These properties may easily be found when the Mandelstam representation holds for the 
amplitude F(s, /, u) in (39) (for equal-mass particles), allowing one to write a dispersion 
relation of the type (38) for the absorptive parts At and Au. We shall start with (44), express
ing the partial wave amplitude a^(s) in terms of the function Qt and the absorptive parts 
At± A u. This formula will also define a^s) outside the physical 5-channel region.

The functions £>7(l + 2//(5—4m2)) in (44) have a cut from s = — <» to s =  4m2 — t for 
integral /. By virtue of the Mandelstam representation or the dispersion relation (38), the 
functions At and Au have a right-hand cut in the complex 5-plane from 4m2 to «> and a left- 
hand cut from -oo to the boundary of the spectral function gtu (see Fig. 15). We assume 
here that the amplitude F(s, /, u) has no poles in the /- or w-channels. In the absence of such 
poles, the partial wave amplitude tf/fa) defined via (44) will thus have two cuts: a right-hand 
cut from 5 ~  4m2 to oo and a left-hand cut from s = — oo to s = 0. In the interval between 
the cuts a^s) is real, so that tf/(5*) = a*(s).

Consequently, if at(s) — 0 for \s\ — oo, then one may write an unsubtracted dispersion 
relation for ^ (5)

0
(53)

where 6/ 5) is the discontinuity of 0,(5) across the cut.
The discontinuity in the physical region across the right-hand cut in principle may be 

found from the unitarity condition. This cut, however, contains amplitudes of more compli
cated processes for 5 2* 16m2. In the elastic scattering region 4m2 <  s <  16m2 the disconti
nuity may be expressed by virtue of (51) in terms of the partial wave amplitudes

bi(s) = at(s+ie) — ai(s—ie) = 2i 1 /-—^-a t(s+ ie)a i(s-~ ie). (54)
£ —► 0 r s

The discontinuity of the function a£s) across the left-hand cut is associated with crossed 
reactions. Equations (53) and (54) suffice for an approximate definition of the partial wave 
amplitudes for low energies/160,161)

Resonances and poles on the unphysical sheet

Let us now turn to the concept of an unstable particle, or a resonance, in 5-matrix theory. 
The notion of a resonance in relativistic 5-matrix theory is related, as in the nonrelativistic 
theory, to the well-known Breit-Wigner formula. In view of the importance of this question 
in elementary particle theory, we present the basic relations below.

The state of an unstable particle, or resonance, was characterized in § 2.3 by its mass or 
energy distribution. This distribution may be obtained if the analytic amplitude has a pole 
sr in the complex 5-plane. This pole may occur only on the second, unphysical sheet, since 
complex poles on the physical sheet are physically inadmissible.

Let us show that the existence of a pole of the amplitude on the second Riemann sheet is
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consistent with unitarity. We shall use (54) as the analytic continuation of the unitarity 
condition to unphysical s. Let us call the partial wave amplitude on the physical sheet a), 
and the partial wave amplitude on the second sheet af\ the functions a) and are the 
values of the analytic function at defined on all sheets. The function ctf is

aY(s) = a}(s*).

We shall now write (54) in a form containing functions on both sheets (for the same complex 
argument 5):

0}(s) -<j}*(s) = 2/ j/ S a}(s) a}](s), (55)

so that

where

=
___________  = a}(s)
1 + 2 i \ / ( s —4m2)Js a}(s) Sj(s)

(56)

SJ(J) =  e2iS,<s) (57)

is the 5-matrix element (for real 5) corresponding to angular momentum /. Formula (56) 
gives the analytic properties of the amplitude aj1 on the second sheet. The function a)1 has 
the same branch points as a). The poles of a)1 occur at the points at which S) has zeroes, 
i.e. they can occur at complex s. At points where a) has poles (for real s < 5̂ ) ,  the 
function af has no poles.

Let a pole of the function a^s) occur on the second sheet at the point sj1 = (fi— zT/2)2, 
where and r  are positive:

1
(2 nf (58)

This expression is just the Breit-Wigner formula when r /fi  1:

g* _  g2 1 _ = _ r
^ —5 2[x \ / s  —/x-h/T/2 ’

if one sets J1' = g2/2fi and remembers that s is the energy in the centre of mass system.
Thus a pole of the partial wave amplitude a^s) on the unphysical sheet at sr = (^ —iT/2)2 

must be interpreted as a consequence of the existence of an unstable particle with spin 
J  = /, (mean) mass {i, and lifetime 1 /T. These poles are of dynamical origin, and the question 
of the arbitrariness of their position remains open. A pole (58) in the amplitude shows up 
experimentally as a resonance in the total cross-section atotC*), where the form of the curve 
atot(.s) near s = /x2 will be governed by

________ ^ ________
(5 -/i2+ r 2/4)2+ r y (59)

Distributions of this type have already been considered in § 2.3.
When r  -  0 the pole sr moves on to the real 5-axis, and in this case must be associated 

with a stable particle; for self-consistency of such a treatment the cut to the left of the point 
5r-b e, e >  0 must be neglected. The residues at the poles of stable particles always factorize;
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we assume that this property also holds for poles of the type (58) corresponding to unstable 
particles.

The elastic scattering of equal-mass particles that we have just considered is the simplest 
example in which one can illustrate the connection between poles on the unphysical sheet 
and resonances. For any process l + 2 - * 3 + 4 w e  shall postulate that the pole term (in the 
invariant amplitude), corresponding to a resonant particle R, has the form

F(s, t) = 1
(2*  f

g R \2 g R M
(s ~  /*); (60)

here the ratio F / /1  need not be small. As in the case of stable particles, the values of gR12 and 
gjni characterize the interaction in the processes R ++> 1 -f 2 and R ++ 3-f 4, i.e. the respective 
vertex parts.

Let us list the properties of unstable particles (see § 2.3).
1. Unstable particles may have definite values of spin J  and internal symmetry and 

reflection quantum numbers. The set of quantum numbers denoting a particle is defined 
by the symmetry group of the interaction in which the particle is produced. For the strongly 
interacting resonant particles, this set includes the baryon number 2?, the isospin /, the hyper- 
charge 7, the SUZ multiplicity n, the parity rjp, and the G-parity.

2. An unstable particle is associated with a pole (60) of the amplitude on the second sheet 
in the ^-channel with quantum numbers 7, B, /, n, ^P, G. Here the position of the pole (i.e. the 
average mass fx and with 71) does not depend on the reaction in which the resonance is 
observed.

3. The residue of the amplitude at a pole associated with an unstable particle factorizes 
according to the same rule as in the case of a pole corresponding to a stable particle.

As we stressed in § 2.3, the concept of an unstable particle is strictly approximate in nature. 
The properties of unstable particles mentioned above, and eqn. (60), may be proven to first 
order in perturbation theory, which, however, is unconvincing in view of the strength of the 
interaction. The basis of (60) is the assertion that an unstable particle has all properties 
of a stable one except for the reality of the point sr at which the pole of the amplitude occurs.

Resonant behavior of an amplitude near s = fx entails not only the existence of a sharp 
maximum of the cross-section (59), but also a characteristic variation of the phase shift 
3(j) when passing through the resonance.

The simultaneous variation of d and \at \ in the resonance region may be depicted on 
polar Argand diagrams.

In the elastic region, when the energy is too low for inelastic processes, the partial wave 
amplitude ah in accord with (51), may be written in the form

■ <6I)

If the value of s is above the inelastic threshold (e.g. s >  16m* for pion-pion scattering), 
then the opening of inelastic channels in the unitarity condition may be accounted for 
phenomenologically by introducing the factor in (61):

fi(s) = (riieî s)-  l)/2z. (62)
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F i g . 16. Argand circles describing partial-wave scattering amplitudes, (a) Interpretation of phase 
shift <5,. (b) Argand circle for a typical resonance, N (\520,3/2”).

In the plane with axes Re f t and Im f h the amplitude (62) is depicted by a point which 
describes a trajectory when s varies. For a resonance this trajectory (on the Argand dia
gram), according to (61) and (62), is a circle with radius depending on ^/(Fig. 16a), and with 
maximum for bt =  n j l  at the resonance. Here the derivative dbjds is positive and
proportional to the lifetime 1/J1, so that the more stable the particle the more rapidly bf 
rises as a function of s.

In actual cases the radius of the trajectory on the Argand diagram will depend on energy* 
since, as energy increases, new inelastic channels open (Fig. 16b). The form of the trajectory 
will be more complicated in the case of resonances in the reaction 1 + 2 -► 3+4 with different 
particles 1, 2, 3, 4.

§ 12.5. Analytic properties of form factors. The pion form factor

In this section we shall follow the same train of logic as in the previous sections of Chapter 
12 dealing with properties of the amplitude. Instead of invariant amplitudes we shall now 
consider the invariant form factors F£f) [see (11.72)], which are functions of one variable. 
The form factors Ffe) contain all the information about the dynamics; the study of analytic 
properties of F^t) greatly increases one’s understanding of interactions.

Let us consider the electromagnetic vertex function of the pion:rc+ as the simplest example. 
This function occurs in the elastic electron-pion scattering amplitude e“ +jr+ e“ + 7r+ 
in the matrix element of the electromagnetic current:

r M(Pi’P2 ‘, h 2) = (p2\MO)I/>!> =  -— 3-Fi(t) (Pi+P2)m + Fi(0 (P i-P 2)m- (63)

where FJ and F | are the invariant form factors depending on t =  (/?2 — /?2)2; here / <  0. 
The current j M is Hermitian. In the process e“ +n+ e~ +rc+, the quantity t is the square of
the momentum transfer. Because the electromagnetic current obeys the continuity equation 
d j*  =  0, the form factor F | is equal to zero:

{p*\  9 ^ ( 0 ) IF i>  =  t f W ^ O ) ]  \ p i )  =  ~ K P 2 - p i ) , * ( P 2 \ j H Q ) \ p i ) .

The vertex function also is involved (for a different region of t) in the amplitude for the 
annihilation process e“ + e+ which is the crossed reaction of the elastic e“7r+
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scattering process. The matrix element of the current in this amplitude (by virtue of the con
tinuity equation) is equal to

r^iPi, Pi, 1, 2) =  (p1, p 2; out |;;(0 )|0 ) =  — ^ (-P i+ P i^P iiO ,

t = (Pi+Pi?, pi = - P i  r n

In § 11.4 we saw that the crossing-conjugate matrix elements (63) and (64) are values of the 
same function in different physical regions, Ff(/) = F[(t) = F(/).

We now turn to the analytic properties of F(t) in the complex /-plane. Let us write the 
matrix element (64) in terms of interpolating fields <p(x) using the reduction formula

(Pi, Pi', out \U 0 )10) =  (Pi-Pi)» F(t)

(2n)312 j*
d*xe‘̂ R x(Pi 10(x°) fo(x), y,(0)] 10>. (65)

The matrix element occurring in the amplitude for the process n -f — e -f e+ may be 
written in analogous form:

<01 j M{0) I Pi, P i, in) = -— 3- (Pi-  PiK F'(t)

"  (2n f*  j d ixe~ ip>xR x{ 0 \d { -x ° ) [̂ (0), ?+(*)] |Pl\  (66)

where F \t) is an invariant form factor. Particles 1 and 2 are the same in formulae (65) and
(66).

Let us form the difference between (65) and the complex conjugate expression (66), bearing 
in mind the Hermiticity of the current

(Pi,Pi, out | j M(0) 10) -  <01 jJO) \Pi,p2; in)*

= -  pn)312 J dixe‘PtXK*(Pi I /u(0)l 10>. (67)

The right-hand side of (65) is an analytic function of / =  (Pi+p2)2 in the upper-half plane. 
This fact may be proven rigorously(103,162) from the locality of fields and currents and the 
positivity of the energy spectrum. Thus the value of the form factor F{t) in the physical 
region (along the positive real axis) is the boundary value of a function analytic in the upper- 
half plane. From (65) and (66) it is clear that if the function F(t) is analytic in the upper-half 
plane, the function F *(t) will be analytic in the lower-half plane.

Formula (67) has meaning for real / >  0 lying in the physical region of the process 
n + 7 — e"e+. It tells us the difference of the boundary values of the functions F(t) and 
F'*(/), defined on opposite sides of the real axis. By analytic continuation of the right-hand 
side of (67) with respect to masses of the vertex particles (i.e. with respect to the pion masses), 
we can pass along the real axis to negative /. But for sufficiently large / >  0, the right-hand 
side of (67) will vanish. This means that F(t) and F *(/) define a single analytic function with
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a cut from some fmjn to while (67) defines the discontinuity of this function. Thus the 
discontinuity of F(t) is

(Pz~Pi)m(F(>+ie)~ F if ~ie))

= “ -̂ 3/2 E | d 'x e ^ R tip i  | y(x) \n)(n\ jM(0) | 0)

=  E  (Pi> Pi > o u t  I n ' i n ^  ( n > i n  I M°)  I ° )n

= W E j  (Pi> Pi \F\n) dR„(pi+p2) (n, in |^(0) | 0). (68)

Here we have introduced a sum over a complete set of intermediate states | n, in), and have 
allowed for the fact that the second term in the commutator (67) leads to the matrix element 
d*(P2 —Pn) ( Pn I AO) I 0), where J(x) = Kxcp(x) is the pion current. This matrix element 
vanishes, since (pn | is a one-pion state. According to (68) the first term | n) must be a two- 
particle term (since otherwise (pu P2 \T\ n) would vanish). Relation (68) may be called 
the unitarity condition for the form factor. It defines the branch points of the function F(/). 
The first branch point corresponds to the two-pion threshold, so that /min = 4m2. The next 
threshold point is at t — \6m2 (by G-parity conservation), etc.

Let us now use PT invariance (see § 11.4):

(0 \jlA0)\pi,p2-, in) = (p i,p2\ out | jM(0) 10). (69)

From this and from (67) it follows that the discontinuity of the form factor F(t) in (68) is 
purely imaginary, and the left-hand side of the unitarity condition may be written 2 i(p2 — pi)M 
Im F{t)j{2n)z. Since the discontinuity of F(t) is purely imaginary, we will have

F{t*) = F+{t\ (70)

so that the form factor F(t) is a real analytic function of t. On the real t axis for t < 4m2 
(outside the cut) F(t) is real.

Thus the pion form factor F{t) is an analytic function in the whole complex /-plane with 
a cut along the real axis from the threshold branch point t — Am2 to » . The discontinuity 
of F(t) along the cut may be determined from the unitarity condition (68).

For the asymptotic behavior of the form factor F{t) as \t\ — ~  there are no rigorous 
theoretical estimates. From scattering experiments it is known that electromagnetic form 
factors vanish rapidly as / “► — <». Hence one may assume that the value of F(«>) is finite. 
Then, for the form factor F (t\ one may write a dispersion reIation(163> 164) with one subtrac
tion

F(t)=F(0) + t f  — — (71)
4m2

The integrand contains only the contribution of the annihilation process e+ + e — 7r+ +n 
(since t 4m2). Im F{t) may in principle be found from the unitarity condition. Relation (71)
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defines the form factor for all complex /, and, in particular, along the negative real /-axis, 
where F is equal to the form factor F[ in (63). In this region, the form factor F determines 
elastic e~n+ scattering.

The value of F(0) may be found from

(P2>7t+\Q\Pi>7Z+) = 2/?05(/>i-/>*),
where Q is the electric charge (in units of |e|). Writing Q in the form of a spatial integral 
over y‘o(x), we find

<F2,^+ | j j o ( x ) d * x \ p u 7 z + )  =  (27i)z d ( p i - p 2) ( p i \ j ( 0 ,  x 0) p i ) ,

which together with (63) gives F(0) = 1.
Up to now we have considered specific terms of the pion triplet. The isospin structure of 

the vertex function for pions with isospin indices /i and i2 (i = 1, 2, 3) may be obtainep 
from (63) or (64) using the rules of § 8.3. Under isospin rotations the electromagnetic current 
jp transforms as the charge Q, i.e. as the sum of an isosinglet j T=° and the third component 
of an isotriplet j 1̂ 1 (see § 8.1 and the Gell-Mann-Nishijima formula Q = / 3+~ Y). We find 
from (64)

(p-v h ; Pr k  I J'jfi) I °> = -(2^3- W  -P i+ P2\  (72)

The term £3|. is easily understood from the fact that both sides of (72) must be symmetric 
with respect to interchange of the variables denoting the pions. According to (72), the electro
magnetic vertex function of pions is the third component of an isovector.

Generalizations. Electromagnetic form factors o f the nucleon

The case of the electromagnetic vertex function of the pion is in many respects the sim
plest. Since pions are spinless and since the electromagnetic current is conserved, this vertex 
function is described by only one form factor F(t). The existence of isospin does not increase 
the number of form factors (as a consequence of current conservation). Since the pion mass 
is the lowest of the masses of external and internal particles that one would consider in 
a theory of strong interactions, the cut of the function F(t) coincides in its entirety with the 
physical region 4ml < t < <» of the annihilation reaction e+e“ — nn. Since there are no 
stable particles with mass 0 < m2 < 4m* and internal quantum numbers of the electro
magnetic current, the function F(t) has no poles along this segment.

For particles with spin, the vertex function of the vector or axial-vector current depends, 
first of all, on several form factors (see§ 11.4). Following the same steps as for spinless 
particles, we may obtain an expression of the type (69) for the discontinuities of form factors. 
For a suitable choice of the covariants X M in the expression (11.72) for the vertex function, 
the form factors F,(/) may be made real-analytic: F^t*) = F*(t) (see also § 12.3). However, 
in the case of particles with spin, one must allow for the appearance of kinematic singular
ities in F//). After removal of the kinematic singularities, one may postulate analytic prop
erties for the form factors F7(/). The function Fy(/) is assumed analytic in the whole 
complex t plane with a cut from /min >  0 to / = «>, where t ^  is the first threshold for
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a multi-particle annihilation reaction depending on the quantum numbers of the form fac
tor F/(r) in the /-channel. The threshold branchpoint /min may not coincide with the begin
ning of the physical region if the mass m of the external particles is larger than the mass of 
the internal particles contained in the states | n) in the unitarity condition (69). Then the 
cut of the function F//) will consist of the (normal) unphysical part /, <  / <  /0, in which 
the unitarity condition is inapplicable, and the physical region /0 < / < oo.

Aside from the normal threshold branch points, vertex! functions may also have anoma
lous threshold branch points for /a< t ^ .  These points arise for the following mass relation 
between the external particle a and the internal particles b and c:

ml >  ml+ml,

if particles a, b, and c may interact directly with one another (i.e., for example, if one can 
write a Lagrangian for the abc interaction).

Moreover, if there are no zero-mass particles in the theory, so that the beginning of the 
cut is at /^q >  0, there may be poles in the interval 0 < t < /min corresponding to stable 
particles with the same internal quantum numbers as those of the current j  . For example, 
the matrix element (jr | aM(0) 10) of the axial current vertex function between the vacuum 
and the pion state has a pion pole at / = m%

Let us consider as an example the electromagnetic form factors of the nucleon. The matrix 
element of the current between one-nucleon states contains four invariant form factors—two 
isoscalar form-factors F f and F25 and two isovector form-factors F[ and F% in the com
binations F, = -(F?+T3Ff), / = 1,2:

</>2, ff2;lN|y„|/>i, Ou N'> = u(p2, a2) r Mu(pu d )

= - ^ 3  <t2) {v»Fi(t) -  i a ^ vF2(t)} u(pu <x j), (73)

where q = P\—p2 and t = q2. A possible term q^Fz is omitted since it contradicts current 
conservation: dMj M = 0 or q^F^ = 0. The wave functions u(p, a) are the eight-component 
Dirac functions describing the isospin doublet with isospin components N, N' = p, n; 
here the masses of proton and neutron are considered equal. Using the Dirac equation 
(or the explicit expression for u and w), one may easily check that the term u(pi+P2Y  u is 
not independent but leads to a linear combination of terms of the type uyMu and iuo^qju. 
By virtue of hermiticity of the current the form factors Fi and F% are real.

The electric charge of the nucleon (in units of e) is equal to Qp = 1 for the proton and 
Qn = 0 for the neutron. We shall use this fact in normalizing the form factors Fv From

(Pi, o%, NI j7o(*) d3x \ p u Ou N') = 5nW 2/>o5(/»i-p2)

and the normalization of the wave functions uyAu = 2p0 it follows that the charges Qp and 
Qd may be expressed in terms of the form factors Ff(0) and FtF(0), so that

Ff( 0 ) = 1 .  F i(0) =  1; (74)

Fi(/) is called the electric, and F2(/) the magnetic form factor. The form factor F2(/) at 
/ = 0 may be expressed in terms of the anomalous magnetic moments of the proton and
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neutron fip and fin:
<Fi{0) + n m  =  /ip, e(F?(0)-Fy(0)) = juD. (75)

Indeed, the matrix element of the magnetic moment operator p. = («e/2) j  (xxj) dzx  is 

(P2y o2\ N |ai3 |p i,cti; N>

where one sets q = 0 after performing the derivative. Let us now set pi = 0, a1 = a2 = y. 
Since

(by (5.32) = - [y \  y']), then in this case

(p* o2\ N | fiz \pu Ou N> = 2mseF2(0) b(px- p 2).

On the other hand, for pt =  0, a± =  <r2 =  —, the state | N) will bean eigenstate of the 
operator /z3, so that

</>2, cr2; N | /x31/?i = 0, N> = p u T m ^ p ^ p ^

we thus obtain eF2(0) =  /zN, i.e. eqn. (75).
The expansion (73) expresses the electromagnetic vertex function of the nucleon in 

terms of the electric and magnetic form factors Fi(t) and F2(t) in a manner free from kine
matic singularities. We may consequently postulate that these form factors are analytic in 
the complex /-plane with a cut along the positive real /-axis, where the beginning of the cut 
/min is determined by the masses of the particles interacting strongly with the nucleon. The 
lightest of these are pions. The value of / ^  is the smallest m2 of a state with quantum num
bers of the current But like the charge <2, the electromagnetic current is the sum of an 
isoscalar and an isovector. The isoscalar part of the current j*  has isospin 7 = 0  and nega
tive charge parity (the electromagnetic current is a first-class current): C/^C-1 = —j%. 
Consequently, the G-parity of this current is also negative: G/^G"1 =  —7*. The lowest 
state with 7 = 0  and rjG = — 1 is the three-pion state, so that / ^  =  9m% For the isovector 
current j y one will have 7 = 1  and G/^G-1 =  j y. The lowest state in this case contains 
two pions with isospin 7 = 1 ,  G-parity r]G = +1, and lowest mass / ^  = 4ml.

2
e

-  y  u(p2, 02) eVkokJu(Pu <*i) F2(0) d(p2- p i).

t

4m 2

o Ret

F ig . 17. Singularities of the isovector electromagnetic form factor of the nucleon in the
complex /-plane

Nov 19



276 INTRODUCTION TO ELEMENTARY PARTICLE THEORY

The physical region of the annihilation vertex (coinciding with the physical region of the 
reaction e++e~ — N+N)  begins at t =  4mjj. Consequently, the isoscalar form factor will 
have an unphysical cut from = 9m* to t =  4m£j, while the isovector form factor will have 
an unphysical cut from t ^ n =  4m* to t — 4m^ (Fig. 17). The region t <  0 will correspond 
to the vertex part {p2, c2; N | j(0) | px, a1; N), which contributes to the elastic e~N-scattering 
amplitude.



C hapter  13

ASYMPTOTIC BEHAVIOR OF THE SCATTERING  
AMPLITUDE AT HIGH ENERGIES. 

REGGE POLES

The asymptotic behavior of the amplitude at high energies is one of its most important 
features. Experiments in the high-energy region exhibit simple and striking regularities. 
While rigorous bounds based on analytic properties are rather close to experiment, they 
cannot describe the asymptotic regime of the amplitude. The study of the asymptotic 
behavior of the amplitude as a function of complex momentum and angular momentum 
variables and of its crossing-symmetry properties has led to the phenomenological concept 
of Regge poles or trajectories. An introduction to Regge-pole theory will be presented in 
this chapter.

As in Chapters 11 and 12, we shall discuss only spinless equal-mass particles, indicating 
how to generalize these calculations. Special attention is paid to introducing the concept of 
a Regge trajectory and to discussing the properties of trajectories. Although the theory of 
Regge asymptotics is still incomplete, the concept of a trajectory is of fundamental impor
tance in elementary particle physics.

§ 13.1* Scattering at high energies (experiment)

High-energy scattering (s m^y or s »  1 GeV2) has a number of simple properties. The 
high-energy region is thus convenient for checking the basis of any theory of strong interac
tions.

Experimentally the best-studied processes are two-particle reactions of the type 
a+b c+d  and total cross-sections crXoX(ay b).

Two-particle processes may be subdivided into: (a) elastic scattering a+b a+b\
(b) diffraction dissociation a+b -+ c+dy in which the internal quantum numbers (By Yy Qy 
/, etc.) of particles c and ay d and b coincide (while spins, in particular, may be different);
(c) charge-exchange reactions a+b -+ c+dy where particle c (or d) has internal quantum 
numbers different from the quantum numbers of particles a and b. Of course, all charges of 
the systems a+b and c+d  are identical.

Examples of diffraction dissociation are the “excitation” of the resonance K* with spin- 
parity 7P =  1+ and the resonance N* with 7P =

K± + N -  K*±(l + ) + N, N + N -  N *(f-) + N
19* 277



278 INTRODUCTION TO ELEMENTARY PARTICLE THEORY

Examples of charge-exchange reactions are the processes

n~ + p -*nQ+ n, K“ -fp AQ+(o.

The charges exchanged in charge-exchange reactions are those of the system a + c in the 
/-channel. For diffraction dissociation, the system a-he is neutral with respect to /, Y, etc. 
From the standpoint of internal symmetries, diffraction dissociation is equivalent to elastic 
scattering.

Aside from diffraction dissociation and charge-exchange scattering, inelastic processes 
also include the multi-particle reactions

a + b  -*■ (ci~h . . .  -h crt)+ (rfi-h . . .  - \ - d m)9

in which there are more than two particles in the final state.
The analysis of experimental data yields the following characteristic features of high- 

energy scattering.

Total cross-sections <xtot(a, b)

Figure 18 shows some experimental curves*165’166) of r tot, including those obtained at 
the Serpukhov accelerator,(167) at the Fermi National Accelerator Laboratory (FNAL),(168) 
and at the CERN Intersecting Storage Rings (ISR).(169) The total K+p cross-sections rise 
slowly above GeV, while the pp total cross-section rises by about 4 mb within the 
ISR energy range, and others (except pp) rise at FNAL energies.

Fio. 18. Total cross-section <rtot as a function of squared c.m. energy s.(170)
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In what follows, for reasons of simplicity, we shall sometimes assume that at high ener
gies the total cross-sections are constant:

b) = const. (1)

Under the condition (1), the Pomeranchuk theorem, to be discussed in § 13.2, states that 
the total cross-sections (on the same target) for a particle and an antiparticle approach 
the same value as s-» oo * b) = <rt0,(fl, b).

Elastic scattering

With increasing s, the scattered particles are concentrated more and more in the region 
of small scattering angles (6 «= 0), or in the region of finite momentum transfer t. At high 
energies, the elastic scattering proceeds mainly at 6 ^  0 (the diffraction peak), and with 
increasing momentum transfer 111 the differential cross-section falls exponentially (Fig. 
19):

F i g . 19. Differential cross-sections for pp scattering as a function of t. (From J. V. Allaby 
etcd., Nucl. Phys. B52, 316(1972).)
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where a lies between 7 and 13 GeV~2 for all elastic processes. The elastic scattering cross- 
section <tc\(a-\-b -► a+b) falls with increasing energy but levels off and begins to rise again 
above s ^  1000 GeV2.(169)

Diffraction dissociation

The behavior of the differential cross-section in this case is close to that observed in 
elastic scattering. The differential cross-section has a diffraction peak, while the total cross- 
section for the process, o(a+b -► c+d), falls relatively slowly with increasing s.

Charge-exchange scattering

Processes of this type are characterized by a rapid fall of the cross-section o(a+b — c-brf) 
(with increasing s) in comparison with the elastic scattering cross-section o{a-\-b a+b):
near t = 0, as s gets large.

do(a+b c + d)!dt
do(a + b — a + b)/dt W

Multi-particle processes

An important case is one in which the internal quantum numbers of the groups 
(q-h . . .  -f cn) and (^-b . . .  -f dn) are the same as for particles a and b respectively. As in the 
two-particle case, these reactions are called diffraction dissociation. At high energies such 
reactions are an important part of inelastic processes. For example, the process ;r-bp — 
2ji+A proceeds mainly via “dissociation” of the proton into rc-fZl,i.e. jr-bp — jr-j-(^-|-zl). 
The process jr“ -bp -► 2jz~ +7i+ -f p has two maxima, corresponding to the “dissociations” 
of the pionnT -► (27r“jr+) and the proton p -► (jr~jr+p). Quasi-two-particle processes have 
the same characteristic features as two-particle reactions. As in the case of two-particle 
processes, the particles are emitted (at high energies) predominantly forward and backward 
in the centre of mass system. Let us assume that q  . . .  cn emerge forward, and particles 
dl . . . d u backward. Then, as in the case of two-particle processes, the asymptotic cross- 
section for the process is approximately constant when the internal quantum numbers of 
the group (q-h . . .  -f cn) are the same as for particle a, or, in the absence of quantum num
ber exchange, a ++ (q-h . . .  4-q). The cross-sections for processes in which the system 
tf-h(q-b . . .  +cn) is not neutral fall rapidly with increasing energy.

One sometimes measures only the number of particles n of a given sort c, i.e. one studies 
the process a+b — «c-h (anything). Experiments of this type determine the multiplicity 
n of particles c as a function of s. At high energies the multiplicity grows slowly with s:

n % const In s or n % const j1/4 .

Experiments in which all particles are observed are called exclusive, while those in which 
only one particle of a given sort is observed are called inclusive.
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§ 13.2. Bounds on the amplitude at high energies

The asymptotic behavior of the amplitude at high energies is of interest from two points 
of view. First, one may expect that at high energies, as in any other limiting case, the behavior 
of the amplitude will be governed by simple laws, allowing one to make a clean comparison 
between theory and experiment. It is assumed, of course, that the theory can predict 
the asymptotic behavior. Secondly, the asymptotic behavior is needed in calculations; the 
dispersion relations of § 12.3 were written with a number of subtractions determined 
by the asymptotic behavior in s, t, or u. We shall present below the simplest derivation(171) 
of the Froissart(172) bound for the elastic scattering of spinless particles of identical mass m.

A restriction on the growth of an amplitude with energy at high energies follows from 
the unitarity condition for an amplitude analytic in a region of z = cos 0. This bound is 
related to the existence of a unitary limit on partial wave amplitudes (see the end of § 12.4; 
also Fig. 16). By virtue of the unitarity condition, the asymptotic regime of the analytic 
amplitude may vary only within some (rather broad) bounds. The Froissart bound is an 
upper limit on the rate of growth of the amplitude. Using the optical theorem, a bound of 
this type may be expressed in terms of the total cross-section.

Let us assume that the amplitude F(s, /, u) =  F(s, z) is analytic in z = zs — cos ds in an 
ellipse C with semi-major axis z0 = l + 2tM/(s—4m2) and with foci z = ±  1. The quantity 
'm >  0 does not depend on s and coincides with the lowest singularity in the /-channel. In the 
absence of poles, one will have — *min : in this model, tM = 4m2. This region of analyticity
in z (the Lehmann-Martin ellipse) is larger than the physical region — 1 z <  1. Analyticity 
in this region may be proven(173) from axiomatic field theory assuming that the minimum 
mass in the theory is nonzero.

Let us further assume that, as in the case of dispersion relations (§ 12.3), the amplitude 
F(s, z) grows with s no faster than a polynomial:

for all z on the edge of the Lehmann-Martin ellipse. Let us verify that these assumptions, 
together with the unitarity condition, bound the possible growth of F(s, z) as s — <».

Since F(s, z) is analytic in z, we may use the Cauchy formula

|F(s, z)| ^ asN̂  {s^oo) (4)

c

integrating around the ellipse C.
Let us pass from F(s, z) to the partial wave amplitudes a^s) :

i

°M = i  f *  §
-1 c

Pi(z)F(s, z')dz’ 
z '—z —  j>F(s,z')Q,(z')dz\ (5)

c
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where B = 8/(2jt)5 and Q,(z') is the Legendre function of the second kind. From (5) one 
finds at once the bound

max \< m \  max 4 1 , ( 6 )

where I is the sum of the semi-major and semi-minor axes of the ellipse: |  =  z0 + V 2S-I .  
The asymptotic behavior as s -► «> will be

£ ~ , + 2 / t -

(The sign ~  denotes asymptotic behavior.) Inserting the value of \Qfe)\mm on the ellipse 
into (6)

and the preliminary bound (4) for | F(s, z)|m„ , we find

I **/(*) I (S — 00),

or

f r i / y
:B F / V F 3 !

(7)

From (7) it is clear that at high s the partial wave amplitude a£s) falls rapidly with /. 
Let us now turn to the unitarity condition for a^s). According to this condition [see (7.68) 
and (§ 12.4)], the value of 1 ^ )1  cannot exceed the unitary limit:

I */(*)! (8)

We now separate the sum over partial wave amplitudes in F(s, z) into two parts. The first 
part Fi($, z) contains the partial waves from / = 0 up to some L, and the second part F2(s, z) 
the remainder. Let us choose the angular momentum L  so that the bounds (7) and (8) 
coincide. Comparing (7) and (8) in the asymptotic region:

L U 2 tL  ^  S N ' . (9)

But as s -► oo one has In |  ~  2(tM/s)112. Consequently, for s — «> one may choose

L = N f

2 \/tM
s112 In — ,

Sl
( 10)
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where sx fixes the scale of s. The first part Fx{s, z) is bounded by inserting the unitary limit 
of the partial wave amplitude (8). For forward scattering (z = 1)

' L — l  I /  o \ 1/2 L - l  /  « \  1/2
|F U M )i =  B j ;?o(2/+ l ) ^ ) | - s ( 7- ^ )  £ ( 2/ + l) =  * ( ^ )  L2. (11)

The second part F2{s, z) is bounded using (7), obtained from the assumption of analyticity 
of F(s, z) in z. For forward scattering (z = 1)

\F2(s, 1)1 = B\ £ ( 2 / + l )  <*,(*)
\ l = L

Let us bound the sum in this expression

BR{s)t-L £  l~ll2(2l+ l) |- ( '-w . (12)
!= L

y  /-i/2(2/+ i)i-< '-«« y  (2/+i)i-<;-«
l= L  l —L

= £  (2L+l + 2n)|-- =  (2L+1)— - r - 2 |</[l/(j r -1)-1 -  (2L+1)I 21
l - l  ( l - l ) 2 '

Asymptotically, this sum is

s112 s N ’
W (21+1) +  ̂ ~ 2 ^ S," S'

Consequently, as s -► the bound on the second part is

AT I / tut  \  1/2\ ^  *
1)1 <  BsN£~L — — s In s ~  const 5Ar/+1 In si 1 \

2/m
= const s In s. (13)

The function F%(s, 1) grows more slowly than Fx{s, 1), and the asymptotic behavior of the 
amplitude is characterized only by the part Fx{s, 1). We thus find from (10) and (11) the 
Froissart bound

| F{s, 1)| <  const L2 =  const s In2 s. (14)

This bound was first obtained using the Mandelstam representation. From (14), using 
(7.49) and (7.53), one may derive a bound for the total cross-section:

<rtot ~  Im F(s, 1) <  L2 ~  const In2 sy (15)

and for the elastic scattering cross-section:

/ dot\ \
I dt ) tmQ

; const In4 s. (16)

To obtain a bound on the growth of the amplitude for / ^  0, one must take account of 
the inequality

| Pi {cos 6) | <  {2/nl sin 0)1'2 (0 < 6 < n).
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One then obtains a bound on the asymptotic behavior of the scattering amplitude at fixed 
angle:

| FO, z) | const (0)^/4 ln3/2 s (0 < 0 < n). (17)

The above bounds rely on the choice of angular momentum L, which in turn depends on 
the assumed region of analyticity. By extending the region of analyticity in z one may ob
tain (174,175) a stronger bound on the growth of F(s, z) when 0 ^ 0 .  For forward scattering, 
0 = 0, the Lehmann-Martin ellipse gives the maximum possible region of analyticity in z, 
and a further strengthening of the bounds is impossible.

The Froissart bound does not allow one to decide whether the cross-section grows without 
bound at high energy or approaches a constant limit. If one assumes that the amplitude 
grows polynomially (without terms of the type In j) then, according to the Froissart bound, 
the degree of growth of sP is bounded by N  ^  I and the total cross-section will approach 
a constant asymptotically. This means that the number of subtractions in the dispersion 
relation in s cannot exceed two, so that we can set N  = 2 in (4) or,

and then, according to (15),

Otot In2 s. (18)

The general considerations presented above refer to the asymptotic region s — «© and can
not fix the scale Si connected with the beginning of the asymptotic region. In the simplest 
case of 7i7t scattering, one may actually find the number Ji-(176)

The diffraction peak

For large energies the angular distribution of elastic scattering has a sharp maximum 
(a diffraction peak) for small angles 0 % 0 or t % 0. The width of the diffraction peak may 
be characterized by the quantity

A = gel
(doe\ldt)t=Q

(19)

The width of the diffraction peak is exactly A when d a jd t vanishes exponentially with t ; 
i.e. A is the interval of the square of the momentum transfer over which the differential 
cross-section falls by e.

A bound on d o jd t at t = 0 was obtained in (16). Let us modify the derivation to obtain 
a bound on A. We start with the formula

/ do* i \U /,
As before, in deriving an estimate for F(s, 1) we may replace the infinite sum over / by a 
sum from 0 to L ~  const s In 5, since the remaining part grows more slowly with increas-

B - F ( j ,  1) s
= B ■|&(2/ + l ) fl|(J)
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ing s. Moreover, we shall use the Bunyakovskil-Schwartz inequality, which gives

^ B2j t o (2/+ ° 7 ? (2/' + 1)l a/'(j)|2 const 7  L2<T“ •

Hence one finds a bound on the width of the diffraction peak :(177)

A >  const In-2 s.

(20)

(21)

The lower bound on the diffraction peak thus decreases with increasing s (the diffraction 
peak may shrink with increasing energy).

Let us return to eqn. (20) and use it to obtain a relation between the asymptotic behavior 
of the total cross-section and the elastic scattering cross-section. Replacing F by Im F, we 
obtain, using (10) and (15), the inequality

2

(Tel const — L (5 -  °=>). (22)h r  s

According to (22), the asymptotic behavior of atl cannot differ sharply from the asymptotic 
behavior of crtot. If atot(s) ^  const, then atl cannot vanish more rapidly than ln“2 s.

The Pomeranchuk theorem

Let us examine crtot(a, b) and crtot( J, b)—the total cross-sections for scattering of the particle 
a and the antiparticle a on the same target b. Let us assume that the asymptotic behavior as 
s — oo of these cross-sections is finite and nonzero. Then they must be equal:

Otot(a, b) = otot(a, b) = const.

In contrast to the above asymptotic bounds on the amplitude, the Pomeranchuk theorem 
cannot be derived from general assumptions alone (locality of fields or micro-causality, 
positivity of the spectrum, unitarity). An additional assumption is the demand that the real 
part of the amplitude for elastic forward scattering vanish more rapidly than its imaginary 
part:

Re F(s) J _  
Im F(s) In s (s~ ± °o ). (23)

The function F(s) is the elastic scattering amplitude for b -fa — b+a (in the ^-channel) 
on the upper edge of the right-hand cut s ^  smia in the complex 5-plane ; on the lower edge 
of the left-hand cut s <  *y(wmin) the function F(s) is the forward elastic scattering amplitude 
for the reaction with antiparticles b+a — b 4-a (the w-channel).

If assumption (23) holds, the amplitude F(s) will be imaginary at high energies. But, by 
virtue of the assumed constancy of the total cross-sections and the optical theorem, the 
imaginary part of the amplitude is proportional to s at both ends s — ±  oo of the real axis:

Im F(s) = Afftot(a, b)s (s — + «>),
Im F(s) = -  AototOz, b)s (5 —  00),
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where the real factor X is the same for both limits. Consequently, F(s) = iXoioi(a, b)s on the 
upper edge of the cut on the right for s -+ oo and F(s) = ~-iXaiot(a, b)s on the lower edge of 
the left-hand cut for s — oo. The Pomeranchuk theorem then may be proven by analyti
cally continuing F(s) around a circle of infinite radius. The existence of this continuation 
may be seen by writing a once-subtracted dispersion relation for F(s).

Generalizations of the Pomeranchuk theorem for total cross-sections which do not ap
proach constants are discussed in ref. 178.

§ 13.3. The Regge-pole hypothesis and the asymptotic form of the amplitude

Let us consider the asymptotic form of the elastic scattering amplitude F(s, /, u) for scalar 
equal-mass particles at high energies and small angles, i.e. for s -+■ oo and fixed t 0. By 
virtue of crossing symmetry and analyticity of F(s, /, u), its asymptotic behavior in the 
5-channel at s -► oo and / 0 is connected with its asymptotic behavior in the /-channel for
finite / >  0 and large (unphysical) values of zt =  cos 0, -*• «> (which corresponds to s oo).

At first glance one does not seem to gain much by transforming from the asymptotic 
behavior with respect to s in the 5-channel to the asymptotic behavior with respect to zt in 
the /-channel. The importance of the latter was first shown by Regge.(l79)

Regge found a way of uniquely continuing the partial waves a^E) into the region of 
complex / in the nonrelativistic case. He then showed, for this case, that the asymptotic 
behavior of the scattering amplitude in z = cos 0 was fully determined by the poles / = oc(E) 
of the function a(l, E ) in the complex angular momentum plane. The function a(U E ) is the 
analytic continuation of a^E) in the complex /-plane; its poles in / came to be known as 
Regge poles.

In the nonrelativistic case, a(l, E ) is an analytic function of two variables / and E (and 
not just an analytic function of / for fixed E). While initially defined only for positive ener
gies E >  0 (in the scattering region), this function hence may be analytically continued into 
the region E <  0.

The position of a Regge pole / =  <x(E) depends on the energy E\ as energy varies the Regge 
pole describes a trajectory a(E). As a consequence of the analytic properties of a(l, E ), the 
Regge-pole trajectory oc(E) is an analytic function of E, which is determined both for E >  0 
and for E <  0. The segment of the trajectory with E <  0 is real: Im a(E) = 0, while in the 
scattering region E >  0 the poles are complex: Im a(E) ^  0. The trajectory points with 
integral values Rea(£) =  /0 thus describe bound states with angular momentum /o for 
E <  0 and resonances with angular momentum /0 for E >  0. Consequently, according to 
Regge, the asymptotic behavior of the nonrelativistic amplitude in z is determined by bound 
states and resonances.

If one assumes that Regge analysis basically retains its form in the relativistic theory 
(“the Regge-pole hypothesis”) /180,1813 then, according to crossing symmetry, one expects 
the asymptotic behavior of the amplitude F(5, /, u) in the 5-channel to be determined by the 
resonances and bound states in the /-channel. This simple relation is borne out by experiment.

We shall not consider the nonrelativistic case and begin at once with the relativistic 
theory. We shall rely on the analytic properties of the total amplitude established in 
Chapter 12 (in the complex 5- and /-planes) and of the partial wave amplitudes (in the
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complex /- and 5-planes), on the crossing symmetry properties of the amplitudes, on the 
unitarity condition, and, of course, on experimental data at high energies.

We first note the steps in finding the asymptotic behavior of the amplitude F(s, /) for 
/ — oo and s <  0. Let us consider the amplitude F as a function of s and zs in the 5-channel:

and ask for the asymptotic behavior of F(s, z) at high (unphysical) values z — oo and fixed 
5 >  4m2. This series in / converges only for values of z lying inside the ellipse with foci 
z =  ± 1, not containing the singularities of F(s, z) (the Lehmann-Martin ellipse, see § 13.2). 
For this reason, to find the asymptotic behavior of F(s, z) for z — oo, s >  4m2 one first 
needs an analytic continuation of F(s, z) into the region of large z. The function F(s, /) 
thus obtained will give the asymptotic behavior in the /-channel, / — oo, for unphysical 
5 >  4m2, so that the final step consists of the analytic continuation of this function from the 
region s >  4m2 into the region s <  0.

Let us list the assumptions regarding the analytic properties of F(s, /) necessary to obtain 
its asymptotic behavior in the /-channel.

1. It is assumed that the amplitude satisfies dispersion relations in / with N'(s) subtractions, 
if 5 is fixed and lies in the region

which contains an interval between the upper edges of both cuts in the 5-plane. The number 
of subtractions N' is determined by the power N  (see §§ 12.3, 12.4, and (4)), so that N' = N  
for integral N' and 1 < N ' < N  for nonintegral N'. We shall assume N' = N  for simplic
ity.

2. It is assumed that the amplitude and its discontinuities in the /- and w-channels 
At(t, 5) and Au(u, 5) are analytic in 5 in the region (24). This condition allows us to continue 
the function a±(l, 5) from the region Re 5 >  4m2 into the region Re 5 <  0 by a route passing 
over the real axis and avoiding the branch points of the amplitude.

Let us now find the asymptotic behavior of the amplitude F(s, z) for z — 00 when 5 lies 
on the upper edge of the 5-channel cut (i.e., Re s >  4m2, 0 < Im 5 < e). We shall use the 
analytic properties of the Gribov-Froissart functions a±(l, 5) (see § 12.4) in the complex 
angular momentum variable /. The functions a±(/, 5) are analytic in / in a half-plane lying 
to the right of the line Re / = N(s). In this region, the functions a±(/, 5) behave for | /| -► «> 
as

where /M = 4m2 is the first singularity in the /- or i/-channel, and is independent of 5. For 
integral values of / s* N(s)> the functions a±(l, 5) are uniquely determined in terms of the 
physical partial wave amplitudes 0,(5):

F(5, z) = (21+1) 11/(5) Pi(z) (z = Zs),

—a < Re 5 <  4m2+a, 0 < Im 5 < e, a >  0, e — -fO, (24)

(25)

a +(/, 5) = ai(s) for even / >  N,
a~(U 5) = at(s) for odd / >  N.
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From the properties of the functions a±(ly s) it is clear that instead of the asymptotic 
behavior of F(s, z) one finds the asymptotic behavior of the functions

F±(s, z) = \ B Y  (2/+ 1 )a,(s)[P,(z)±Pl( - z ) } + \B  Y  (2/+ i)a±(l, s)[P,(z)±Pl(-z)].
l=N+l

(26)

If z is in the physical region, — 1 z <  1, then, by virtue of the properties of a(l, s), eqn. 
(26) may be written as a contour integral:

**(*, 2 ) =  j?  (2/+ 1 )ai(s)[Pl(z)±Pt(-z)}

+ L B C (2l+l)a±(l9 s )[P jz )± P j-z ) \ dl 
+ 2 j  sin nl * '  *

c

The contour C (Fig. 20) encloses only poles of the integrand along the real /-axis arising 
from sin n l  Evaluation of the integral in (27) via its residues gives (26). The sum from 
/ = 0 to / = N  in (26) and (27) is displayed explicitly to reflect the fact that the analytic 
properties of a±(l9 s) in / are known only for Re / >  N.

Fig. 20. Contours of integration in complex /-plane defining scattering amplitudes F ±(si z) 
in terms of partial wave amplitudes a ±(ly s).

Let us now replace the contour C by the contour C  consisting of the line Re / >  N  
(see Fig. 20). The integral in (27) does not change since £*(/, s) and P/z) do not have singu
larities inside C', while the integral along the large semicircle Rc is equal to zero by virtue 
of the property (25) of the Gribov-Froissart functions and the asymptotic bound on the 
behavior of Legendre polynomials in /:

(2/+ l)P /(—cos 0) 
cos n (/+ \ )

cX 
| sin 0|1/2

exp — (|Re 6 Im X\ + |Im 6 Re A|) (28)

where A =  Consequently, for -1  z <  1 the sum

F ^ s , z ) = \ B  Y  (21+ 1) a±{l, s)lP,(z)±Pl(-z ))
l=N+l

is identically equal to the integral
, i n f  (2/+ 1)a±(l9 S ) [Pi{z)±Pi(-z)\F„(s, : ) = j * l ----------------------  dl

a

(29)

(30)
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along the line C' parallel to the imaginary axis (see Fig. 20). In contrast to the integral in 
(27), the integral (30) also converges for |z| >  1,so that it can serve as an analytic contin
uation of Fj$(s, z) to large z. However, F0(s, z) still is not the amplitude F±(s, z). To obtain 
an integral representation of the type (30) for the amplitude, one needs to know analytic 
properties of the functions a±(l, s) in the region of the complex /-plane to the left of the line 
Re / >  N(s).

According to the Regge-pole hypothesis, the singularities of a±(l, s) in the complex 
/-plane are simple poles (Regge poles), whose position depends on s. Let the poles of the 
function a±(l, s) for Re / <  N(s) be at the points / =  a ^ r )  with residues /?*($), so that each 
pole contributes an amount

M s )
l-*±(s)

(31)

(in Fig. 20 these poles are denoted by crosses).
To pick out the contribution of the Regge poles in (27), let us move the contour C' to the 

left until it coincides with the line Re / =  — y. Then, aside from the integral along this line, 
one picks up the contributions of the Regge poles a i (5), and also the contributions from the 
poles of the integrand for / = 0,1,2, . . . ,  N(s). Expression (27) then takes the form

F*(,, x) = '  B Tv ’ '  2 J sin nl
-i+/~

+ \ B  (21+1) [flrfj)-a±(l, j)] [F,(z)± P i -  z)}. (32)

Here the functions a±(l, s) are the result of analytic continuation of a±(l, s) from the region 
Re / >  N(s). These functions may not coincide with a/r) for even (odd) / <  N(s), since 
Carlson’s theorem (see § 12.4) guarantees the uniqueness of the continuation only if a±(l, s) 
is sufficiently bounded for 11\ — «>, i.e. for Re / >  N(s). Expression (32) is applicable so far 
only to the region s >  4m2. The second term in (32) is the contribution from the poles of the 
functions a±(l, s). The contour C' cannot be moved to the left of Re / = — y  without further 
special considerations, since the function g /z) in a(l, s) grows exponentially as |/ | — °° 
to the left of Re / = —L [see (12.45)].

Let us find the asymptotic behavior of expression (32) for \z\ — «>. Since z = 1 + 2tj 
(s—4m2), the limit of large z for s >  4m2 is equivalent to the limit t — «>. For Re / >  —— 
we have, asymptotically,

Fdz) % z '+ 0 (z '-2) (|z| -  oo). (33)

In calculating the asymptotic behavior of P/i—z), it is important that s >  4m2 in (32), 
since as |z| — »

P i—z) =  Piz) exp (ini sgn [Im z])+ 0(z-,_1).
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The physical region of / in the /-channel corresponds to the upper edge of the cut in the 
/-plane, where / =  Re t+is, s >- 0. Then, for s >  4m2, we will have

and, consequently,
Im z =  Im (1 + 2tj(s—4m2)) >  0,

P ,(-z) = e -anPiz)+0{,z~>-1). (34)

From these asymptotic formulae for P/z), it is clear that in the absence of a third term 
the asymptotic expression (32) in z for s =► 4m2 is determined by the pole term with the 
largest value of Re / >  0, or the right-most pole a*(s) in the /-plane. The contribution of 
a single pole a*(5) to F{s, z) for | z| »  1 is equal to

tzB(2<z ±(s)+  1) p'Hs)z*±(5) vHs), (35)

where 77* is the signature factor:

77* (l± e~ Mflt) 1
—sirnra* (36)

i.e. if one introduces the signature a =  ± , then

noc
1 — cot 2 9
. ncc z+tan ~2 ~,

In (35) we have introduced the notation

Q — + > 

a = —.

I \  2«+l )
P ~ P 2«[/\a+ l)]2 ‘

The integral in (32) vanishes for |z| »  1 as ze~*, e — +0, and hence gives no contribution 
to the asymptotic behavior. In particular, if there are no poles a(s) and the third term in (32) 
is equal to zero, then the amplitude vanishes asymptotically as | z\ ->oo.

Thus the asymptotic regime of the amplitude (32) as t 00 will be described by a sum of 
terms arising from the Regge poles:

F(s, / ) - £  nB(2ocHs)+1) fe(s) t ^ ° V±(s). (37)
n

if one temporarily neglects the third term in (32). Here

Let us now discuss the third term in (32) and the analytic continuation of the expressions
(32) and (37) into the region s <  0. (The region $ < ( ) , / >  4m2 characterizes the /-channel.)

The functions F±(s, /) are analytic in s in the region (24), according to assumption 1 on 
page 287. Moreover, by virtue of assumption 2, the function a(l, s) may be analytically
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continued in the region (24) to negative s. One may verify this by writing (12.46) in the form

oo

= „ ( , ^ )  {  di A‘(s< O itA I”(». * ) ] a ( '+ 7 ^ y )
*M

and noting that all branch points may be avoided by passing into the upper half plane 
(Im s =  e >  0).

Consequently, on the right-hand side of (32), the two first terms and each individual 
term in the third piece will be analytic in s in the region (24). This means that the number of 
nonzero terms in the third member of (32) cannot depend on s and must be equal to Nmin— 
the smallest value of N(s) in the analyticity region (24). But for s <  0 we can use the Frois
sart bound (for the /-channel) and set Nmin =  1. Then the third term in (32) will contain 
the partial waves <p0(s) (in the case of F+) and 9̂ (5) (in the case of F~) which are independent 
of a±(/, s) and reflect the fact that, along with Regge poles, there may exist “elementary 
poles” with / = 0, 1.

In the case of inelastic scattering (in the /-channel), according to experiment, N ^  <  1. 
Moreover, for elastic scattering (in the /-channel),N (5) also seems to be less than 1 when 
5 <  0. Then one may take N^  <  1 and set 9̂ (5) = 0. We shall assume that (p0(s) is also 
equal to zero. With these assumptions, the asymptotic behavior of F±(s, /) for / — is 
fully determined (within the framework of the Regge pole hypothesis) by (37). In view of 
the analytic properties of F(s, /) and a(s, /), this expression, while initially derived for / >  0, 
s >  4m2, also holds in the physical region of the /-channel (/ >  4m2, s <  0).

Similarly, one may obtain the asymptotic behavior of the amplitude in other crossed 
channels. In the 5-channel, as 5 «►<», the contribution of one pole a f (/) to the amplitude 
is equal [in analogy with (37)] to

F (5 ,  /) ~  7iB(2x±(t)+ (38)

where j3±(/) is the residue of the function

^ » ( 7 ^ ) '  T m w

at the Regge pole / =  <%*(/).
The position of the pole a(/) in the complex angular momentum plane varies with /. 

As in the nonrelativistic case, this curve a(/) is called the Regge trajectory. For eqn. (37) 
the Regge trajectory is a(5).

Physical interpretation o f the Regge trajectory

The poles / = a(5) are sometimes called “moving”, in contrast to a fixed pole I = b 
whose position does not depend on 5 . The existence of fixed poles is inconsistent with the 
elastic unitarity condition (12.52):

a(l9s )-a * (r9 s) = 2i
1/2

Nov 20

a ( / ,  s ) a \ l \  5 ) , (39)
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which holds in the region from s = 4m2 to the first inelastic threshold 5faeI. If we insert 
the expression for the amplitude a(l, s) near a fixed pole

a{i,5) ^  f r i  ’ (4°)

into (39), it is easy to see that consistency of (39) and (40) at / ^  b demands g($) = 0, i.e. 
the residue of a fixed pole must vanish for 4m2 < s <  5incl. But, like the amplitude 
F(s, /), the residue g(5) is analytic in s. Thus, if g(s) vanishes in a finite interval of 5, then it 
must vanish in the whole region of analyticity in s. These considerations are true only in 
the absence of moving Regge cuts [which has been postulated earlier in connection with 
(31)].

The trajectories a +(s) and a (5) are distinct from one another. Since the unitarity con* 
dition (39) is written separately for the functions a+ and a~ (see § 12.4), the poles of these 
functions will also be independent. The trajectories a+ and oT are called trajectories of 
positive and negative signature respectively.

The physical interpretation of Regge trajectories oc(s) is determined, on the one hand, by 
their role in the description of the asymptotic regime of the amplitude (37) and, on the 
other, by the possibility of relating the values of a($) at individual points to quantities 
characterizing bound states and resonances. For s <  0 the Regge trajectory a($), according 
to (37), describes the asymptotic behavior in the /-channel; for 0 <  s <  4m2 the points 
Sj, at which the trajectory passes through integral nonnegative values oc(sj) =  / ,  may corre
spond to bound states with spin J  and mass m* = Sj. For s >  4m2 at points where 
Re a ^ s)  =  7, the trajectory of the pole passes close to the physical region (if Im a ^ s )  is 
not large), generating resonances there (see the discussion on poles and resonances in 
§ 12.4). The imaginary part of a(j) determines the width of the resonance. Here, in corre
spondence with the meaning of the functions s \  even-signature trajectories 0̂ ( 5) 
may contain resonances only with even spins J  = 0, 2, 4, . . . ,  while odd-signature trajec
tories a “(5) correspond to resonances with odd spins J  = 1, 3, 5. . . .

To see that resonances may be associated with points of the trajectory Re a($y) =  y, let 
us find the partial wave amplitude a(l, s) in the 5-channel when the full amplitude F(5, 2 ) is 
given by one Regge pole in (32):

F(5, 2 ) — 7lB
(2a*(g)+ l) /3 * ( j) [ i^ ( - z )± P ±(z)} 

sin 7rtx±(5)
(41)

Using the formula

2
C d / \ d / \ j  1 sin no.
j  P>(- 2)*■= *  ( « - 0 ( « + 7 + i)

we find, at Re ol(sj) =  y,
„ ^  -  (2«*(*)+!)/?*(*)(1 ± (-1 )J) 

A ) ~  ( a ± - y ) ( a ±  + y - l )
(42)

If the signature a of the function a° is positive (negative), there are no poles for odd (even) 
integral a.
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Let us now expand Re a near the resonance J :

Re a = / +  (s-5 ,) cc'(sj), <z'(s) = d R ^ s^ (43)

We have assumed that near a resonance Im a(5) ^  Im <x(sj) and fi(s) ^  /J(57). Then for the 
partial wave Qj(s) near the pole with Re a(5y) = / ,  we obtain the Breit-Wigner formula:

The self-consistency of this interpretation of a Regge trajectory a(s) demands that the 
width r  be a positive quantity which vanishes below the first threshold s^  = 4m2. Con
sequently, in such a picture, a(j) must be real for s <  smin = 4m2. Since the masses of the 
resonances grow with spin, i.e. experimentally, a'($) >  0, one must have Im a(s) >  0 for 
* >■ W

The reality of a(5) in the region 0 <  s ^  4m2 may be proven (within the framework of 
assumptions 1 and 2, made at the beginning of this section, and the Regge-pole hypothesis) 
starting from the analytic properties of the quantities (5—4m2) ~; <**(/, s) in the complex 
5-plane. On the other hand, reality of a($) above the threshold s^  = 4m2 would contradict 
the elastic unitarity condition (39).

The unitarity condition (39) and the analytic properties of the functions^—4m2)~/a±(/, s) 
allow one to finda82,183) the threshold behavior of the Regge trajectories a(^) (5m̂n =  4m2) :

where a(4m2) and the constant c are real and s => 4m2. From (45) it is clear that in the com
plex /-plane the Regge trajectory rises into the upper half plane, beginning at the point 
a(4m2) on the real axis.

From formula (45) it also follows that the function a(s) has a cut in the complex 5-plane 
along the positive axis beginning at the first threshold: 4m2 s <  <». It is usually assumed, 
on the basis of correspondence with the nonrelativistic theory, that this is the only cut of the 
function a(5) and, consequently, a (5) does not have a left-hand cut inherent in the partial 
wave amplitude a(/, 5).

Thus one may combine two important features of hadron physics in Regge trajectories 
a (5). On one hand, for 5 < 0, when 5 has the meaning of an invariant momentum transfer 
in the /-channel, the trajectory <x(5) determines the asymptotic form of the amplitude as
/  — 00,

On the other hand, for 5 >  0, (where <y/s is the invariant energy), the trajectory a(s) 
determines the bound states and resonances of the 5-channel and can be constructed 
using experimental data on masses and spins of resonances. Here, the lower the energy 
of the resonance the closer is this part of the trajectory a (5) to that (5 < 0) characterizing 
high-energy scattering in the /-channel.

t This definition differs from that used earlier.

(2a ± f a ) + l ) l * f a ) ( l ± ( —1)Q 
A )  (.s-sj+ iT )* '(sj) (« + /+ 1 )

with widthf
Im a(sj)

oc(s) =  a(4m2)+ c(4m2—s)a<4m’)+i -f . . . , (45)

20*
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§ 13.4. Simplest consequences of the Regge-pole hypothesis. The diffraction 
peak and the total cross-section

Let us consider the asymptotic behavior of the elastic scattering amplitude 1 + 2 — 1 + 2 
of spinless equal-mass particles at high energies V s when the behavior of the amplitude in 
the 5-channel is fully determined by one trajectory a(/) with the largest value of Re a(/).

We first write the basic formulae for the asymptotic behavior in the 5-channel in the one- 
pole approximation. As we shall see below, these formulae hold not only for elastic scatter
ing but also for any two-body process 1 + 2 — 3 + 4. According to (38), the amplitude in 
the one-pole approximation has the form

F ± ( 5 ,  /) *  const (2<x±(f) + 1) 0±(/)

for 5 — oo, where the upper signs refer to positive signature and the lower to negative. 
The overall constant and the residue /?*(/) in (46) are real. In the scattering region, the 
trajectory oc±(/) is real (see § 13.3).

Using (46), let us find the asymptotic behavior in the 5-channel of the total cross-section 
<rtot(l, 2), the differential elastic scattering cross-section da jd t and the elastic scattering 
cross-section crel. These quantities are directly observed in experiment (see § 13.1), and 
rigorous bounds exist for them (see § 13.2). By the optical theorem and (46), the contri
bution to the total cross-section is

a'ot = T  [ ( i - w j j ] 1'2 Im F(s' 0)

% const ( 2 a ± ( 0 ) + I m  j/?±(0) |+ | t a n  (47)

The differential scattering cross-section d a jd t  (in the 5-channel) in the one-pole approxi
mation is asymptotically equal to

«  - |  F(s, t)|* = |/(/)Ps2(‘('>-i). (48)

Experimentally, the asymptotic cross-section d a jd t has a maximum (the diffraction peak) 
as a function of / for t % 0, exponentially falling as the momentum transfer |/ | increases 
(see § 13.1). The region of small t is thus the most important, and we may expand a(/) 
around t = 0:

<x(t) = a(0) + /a'(0)+ . . .
If the dependence off  (/) on t in (48) is neglected, assuming that/( /)  varies slowly in compari
son with exponential behavior, one has

^  ( ^ r )  exP [2«'(0)#Inj] (t < 0). (49)

Consequently, the amplitude with one Regge trajectory indeed describes an exponentially 
falling cross-section in t if the trajectory slope is positive: a'(0) >  0. For elastic scattering, 
the positivity of a'(0) also follows from theory.{184) The slope in / of the differential cross- 
section at small t depends on 5, and with increasing s the diffraction peak shrinks.

/+  ^tan ncc^t) \
“ ~ )  J (46)
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The position of the trajectory a J(t) cannot yet be obtained from theory .We must therefore 
turn to the experimental facts (§ 13.1).

The cross-section <rtot will not grow with s if a(0) 1. The value a(0) = 1 corresponds
to the Froissart bound (for polynomial growth of the amplitude). If the interaction is suffi
ciently strong that a(0) attains the bound a(0) =  1, one may write the expression

for <rlot, where we have expanded a(/) for small t: a(/) = a(0)-j-a'(0) t (a'(0) is real).
For positive signature in (46) and (47), the limit as / -► 0 exists when /?(0) ^  0:

tftot -  m  = const; (50)
Thus the forward scattering amplitude in the asymptotic region will be purely imaginary:

F(s9 0) % ij5(0)s9 Re F(s9 0) % 0.
If the signature of the pole with a"(0) = 1 is negative, the amplitude at t — 0 will behave 

as /?(/)//, i.e. first of all, it will be real (for real /?(/)), and, secondly, it will be finite only when 
/?(/) = at near t — 0. This negative signature pole with a~(0) = 1 must be rejected. It 
violates the assumption (23) leading to the Pomeranchuk theorem, and contradicts the 
semi-empirical notion of a nearly imaginary amplitude F(s, 0) at high energies.1.

The trajectory leading to a constant or nearly constant asymptotic total cross-section
(47) is called the Pomeranchuk trajectory aP. It has positive signature and aP(0) ^  1. 
From (50) it is also clear that /?p(0) >  0. (This fact may be proven.(184))

The total elastic cross-section trel in the asymptotic region may be found by integrating 
(49) for a + = ap:

= (~dt ) ,=0 2aR0) In j  ~  I n T ' (51)

Consequently, when dominated by the Pomeranchuk trajectory, the elastic cross-section 
vanishes logarithmically with energy at the same time that the total cross-section remains 
constant. The width of the diffraction peak for elastic scattering A — (rei/(datlfdt)t=0 [see 
(19)] will vanish logarithmically with increasing s: A ~  (In s)~x. By definition, all remaining 
trajectories a^(/) lead to a vanishing total cross-section (47). These trajectories thus must 
lie lower in the (a, /)-plane than the Pomeranchuk trajectory a*(/) < aP(/) for at least a 
finite range of / < 0.

Diffraction dissociation and charge-exhange reactions

If one traces the derivation of the one-Regge-pole term (46) and the assumptions made 
there, it is easy to see that the restriction to elastic scattering is not essential. The masses of 
the scattered particles were set equal only in order to avoid unnecessary complications. 
In the same way, internal particles (in the sense of the unitarity condition) were assumed 
heavier than the external ones to avoid normal unphysical cuts from s ^ n to the beginning

t Moreover, using (19) and (21), one would find such a pole gave in contradiction with uni
tarity.
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in the amplitude JF(1) ^ gal2gazJ(s—ml)- The resonance a is replaced here by a “Reggeon.” 
Instead of a pole in the amplitude for a fixed mass s = m\ and J  = / a, determined by 
the properties of the particle a, in the case of a Regge pole (52) we obtain a series of reso
nances whose masses are related to their spin by the Regge trajectory function a (s). In the 
crossed channel, the Reggeon diagram of Fig. 21a determines the asymptotic behavior in the 
/-channel; it is related to the exchange of the Reggeon a (j). In the case of the Pomeranchuk 
trajectory, the Reggeon aP is called the Pomeron.

2 4 2 4

Fig. 21. (a) Exchange of a single -̂channel Reggeon a(s) governing asymptotic behavior in 
the /-channel, (b) Multi-Reggeon exchange, leading to branch points in /.

As in the case of a particle, when introducing the idea of one-Reggeon exchange we 
should also allow the possibility of multi-Reggeon exchanges (Fig. 21b). The exchange of 
several Reggeons corresponds to a branch point of the amplitude*185,186) and gives rise to 
nonleading terms in the asymptotic behavior of the amplitude [see below, eqns. (58)—(60)].

Let us consider pion-nucleon scattering, -*7r2± N 2, (^-channel) as an example.
In the /-channel, Nj +N j, one may have amplitudes with internal quantum num
bers /  = 0, /3 = 0, and / = 1 , / 8 = ± 1 ,0 , T = 0 (we are assuming isospin symmetry for the 
strong interactions). These amplitudes correspond to trajectories a(/) with the same quan
tum numbers, including the vacuum trajectory. All these trajectories determine the s- and 
w-channel asymptotic behavior. In turn, the ^-channel trajectories a(s), which will have the 
quantum numbers B =  1, /  = /3 =  ± y , Y =  0 and B — 1, 1 =  -§*, /3 = ± -§-, ± \ ,  Y = 0,
are important for the asymptotic behavior in the w- and /-channels. In the w-channel 
7Ti+N2 N1±7t2 we have antibaryon resonances with B = —1 for /  =  *-, y- The trajec
tories a(w) with these quantum numbers may contribute to the asymptotic behavior in 
the s- and /-channels. In general, the leading trajectories yield the dominant contribution. 
By definition, the Pomeranchuk trajectory dominates if it is allowed by quantum numbers.

Factorizability of residues and universality o f trajectories

In order to display these properties(187) let us consider reactions in the /-channel involving 
two types of spinless particles which we may call pions and kaons (we shall neglect compli
cations related to isospin):

tt + tt — tt+ tt amplitude /( / ,  /),
K + K — n +  n amplitude g(l, /),
K + K — K + K amplitude h{ly /).

The transition 2n  3n  is considered forbidden, as for real pions.
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The unitarity relations in the /-channel in the elastic scattering region 4m2 < t <  16m2, 
m = m„, continued to complex angular momenta /, are [see (12.52)]:

/(/, /)-/*(/*, i) = 2iy(t) f(l, /)/(/* , i), 
gd, ')-£*(/*, t) = 2iy(t)g(l, /)/*(/*, 0, 
/!(/, /)-/!*(/*, 0  =  2/y(/) g(/, /) g*(/*, /),

(53)

where y(r) = ((/—4m2)//)1/2. The second and third of eqns. (53) relate to the unphysical 
region (in t) of the reactions K +K  — jt+tt and K +K  —K +K , since here / <  4m^. 
(For t >  4m^ the right-hand side of the third eqn. (53)contains the term yK(/) h{l,t) /).) 

The unitarity condition (53) may be solved for/ ,  g, h (see also § 12.4):

/(A 0  = /*(/*> t)
1 -2 i y ( t ) f \ l \ t )  ’

AA 0 = g*(/*, 0
1 -2iy(t) /*(/*, t) ’

AA t) = //*(/*, 0  + 2/y(0(g«(/«, 0)2
l-2 /y (/)/*(/*,/)

(54)

Hence all amplitudes / ,  g, and h have the same pole at 1 —2 iy(t) f*(l* t) = 0. Near the pole 
/ = <z(t) the amplitudes have the form

/ ( / , ')  =

gd, t) =

i m
2i y{t) (l-iz(t)) '

A')s*(/*, 0
/-a ( /)

_  2iy(t)f}(t)(g*(l*, /))2 
1 ’ '  /-« (/)

(55)

which demonstrates universality of the trajectory a(/).
From (55) it is clear that the residues of the amplitude r„n =  /3/2/y, 

rKK = 2/y/?[g*(/*)]2 may be written in factorized form

^ A b ( 0  =  £ /M a ( 0 £ S B a ( 0 >  ( 5 6 )

where gAAa characterizes the “interaction” of the trajectory a with the particles A = n, K. 
This relation, obtained for 4m2 < t < 16m2, may be analytically continued to any t.

If one trajectory <x(t) is sufficient to describe the asymptotic regime, eqn. (56) implies 
limiting relations between total cross-sections :(187)

OaC°BD = 0ADaBC* (57)
where aAB = atot(A, .6).

In particular, for the scattering of a particle on an antiparticle A+A  — A+A , relation 
(57) gives = cr^ if one bears in mind that This is in accord with the
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Pomeranchuk theorem (§ 13.2). The inclusion of spin does not change this result. However, 
for currently attainable energies one must take account of several trajectories in the ampli
tude, and the simple limiting relations (57) are not obtained.

Unphysical states

If the “intercept” of the trajectories a(0) is positive, then as a result of the positivity of 
the slope a'(0) a trajectory a(0 may vanish for some / <  0, i.e. in the scattering region. Now 
for a trajectory with positive signature, the point a+(/0) = 0 must correspond to a particle 
6 with spin 0 and with mass m\ = tQ. In the present case t0 <  0, so the value a + = 0 refers 
to an unphysical state. In order not to allow such a state in a theory, we must assume that it 
does not interact with physical particles, i.e. gW2(f0) = &534U0) = 0 at the point t = t0 < 0. 
But then all one-pole Regge-term amplitudes vanish at this point. Using similar reasoning 
about the inadmissibility of unphysical states, we conclude that a positive signature residue 
must vanish at the points tn <  0, where oc+(tn) = — 2w, n = 1, 2, . . . ,  while a negative 
signature residue must vanish at the points tn <  0, wherea“ ( 0  = —(2n + 1), n = 0,1,2. . . .

The Regge-pole hypothesis and cuts

Let us consider briefly a further consequence of the Regge-pole hypothesis and the 
unitarity condition according to which the functions a±(l9 s) must have branch points as 
well as simple poles in the complex /-plane. This contradicts the assumption of the mero- 
morphic nature of a±(l, s) in the /-plane (“the Regge-pole hypothesis”). The poles of the 
function a±{l9 s) in the /-plane, nonetheless, may provide the main contribution to the asymp
totic part of the amplitude, in which case the Regge-pole hypothesis can serve as a good 
first approximation.

The need for branch points in the complex /-plane follows from the unitarity condition, 
with multi-particle intermediate states included. For these states the two-particle term on 
the right-hand side of (39) or (53) must be supplemented with terms containing integration 
over the angular momenta and masses of the complexes forming the multi-particle states. 
The analytic continuation of this multi-particle unitarity condition into the complex 
/-plane leads to amplitudes containing two or more Regge poles. In analogy with branch 
points in the j-plane corresponding to the threshold for production of physical particles 
in the ^-channel, the threshold o^\t)  for “production” of n Regge poles corresponds to a 
(logarithmic) branch point a(cn)(t) in the /-plane. The location of a branch point corresponding 
to n identical Regge poles depends in a simple way on the number h:(185,186)

4 n)(0 =  -  » +1 • (58)

These branch points may also be illustrated using Reggeon graphs (Fig. 21b). The branch 
point corresponds to an additional term in the amplitude referring to the simultaneous 
exchange of n Reggeons.

Let us consider the asymptotic behavior of the amplitude due to a cut of the function 
a±(l, s) in the /-plane with right-most branch point ac(j) >  0, Im ac =  0. To isolate the neces-
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sary term in the amplitude, we shall assume that the cut with a branch point at <xc(s) is the 
only singularity of <**(/, j), and return to the steps leading from (27) to (32). Then, instead 
of a sum over Regge poles in (32), we obtain an integral along the boundaries of the cut:

B 1 \± e~ inl
0 = y  2 l{2l+X)Aa±{Us)^ - ^ ^ dh (59)

where Aa± is the discontinuity of the function a±(l, s) across the cut:
Aa±(l,s) = \[a±(l+ ,s)-a±(l^s)]

(/+ and /_ are the values of the variable / on the upper and lower edges of the cut).
Comparing F f with expression (37) for the one-pole term of the amplitude, we see that 

the contribution F f corresponds to a continuous distribution of Regge poles. The asymp
totic contribution as / — «> from F f  will contain an additional In s in the denominator:

F?(s, t) % const In"1 j / e±(,). (60)

The function F f has definite signature, but the signature factor cannot be brought out from 
under the integral in F*. The phase of the asymptotic expression Fc thus depends on the 
form of the cut and the discontinuity Aa±. From eqn. (59) for the cut’s contribution, it is 
clear that the “residue” (i.e. the “const” in (60)) cannot factorize here.

Thus the existence of cuts in a±(/, s) entails a term s*e~^j\n  s , in the asymptotic behavior 
of the amplitude, where the power is determined by the position <zf of the right-most branch 
point of the cut. When the contribution (60) of the cut vanishes more rapidly in comparison 
with the pole a* (i.e. when o^it) >  a*(0)> one may neglect the cuts as long as the poles 
themselves exist, the energy is high enough, and scattering in the diffraction peak is being 
considered.

Inclusion o f spin. Fermion Regge poles

Up to now we have discussed only spinless equal-mass particles, implicitly assuming that 
the Regge pole model may be extended to particles with spin. The spins of external particles 
may introduce complications of two types. First of all, for particles with spin the total 
amplitude may be decomposed into several independent amplitudes (helicity or invariant 
amplitudes), which may have kinematic singularities. Each independent amplitude for the 
scattering of states with definite parity must be Reggeized separately, since the strong 
interactions conserve parity. Kinematic singularities must be eliminated before Reggeiza- 
tion. Secondly, processes involving fermion Regge poles lead to additional complications. 
Fermion Regge poles corresponding to states with opposite parity are complex conjugate 
to one another in the physical scattering region.(188) We shall illustrate these features via 
the example of fermion Regge-pole exchange in pion-nucleon scattering.

In the process 1^+%  N2+7r2, the fermion Regge poles have the quantum numbers of
the w-channel Nx+7r2 — Let the nucleon momenta be ply p2 and the pion momenta
be kv  Jt2. The expansion of the spinor am p litu d e^ / in terms of w-channel covariants has the 
form

J l  =  a + 6q, (61)
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where q = (Pi+/?2—&i—&2)/2, while a and b are invariant amplitudes. In this notation, 
u — q2.

The fermion Regge poles in the u-channel may describe resonances both with positive 
and with negative parity (with respect to the neutron). Hence one must relate the invariant 
amplitudes a and b to the amplitudes f + and/_  with definite parity (in the u-channel c.m.s.):

J t  =  /+($, t> u) [q + V«] + / - [ s -  (62)

In the w-channel c.m.s. the new covariants q± Vw become y°± 1. However, the new expan
sion of JH introduces a Vw kinematic singularity. The amplitudes a and b do not have 
this singularity: in the complex w-plane, the dynamical cuts begin at threshold branch 
points (see § 12.2). In order that the functions V «(/+—/_ ) and/+ + /_  be regular and 
nonzero at u =  0 subject to the condition / + ^  /_  that there be no parity degeneracy, 
we must set

/+  =  f ( V u ,  s), / - = / ( -  V u , s). (63)

Thus amplitudes with opposite parity are related to one another. At u =  0 they coincide: 
/ +(0, s) = /_(0, s). In the u-channel, where u >  (mN+m„)2, the amplitudes f ± depend on 
the total energy W  =  V u ; here

f +(W, s) = M - W ,  s), W  >  (mN+ 0 .  (64)

Comparing with the spinless case, we see that here there are two independent amplitudes 
/ + and /_ .  After passing to the Gribov-Froissart amplitudes, continuing them to complex 
/, and introducing the Regge-pole hypothesis, we finally obtain four amplitudes /+ , f a_, 
differing from one another with respect to parity and signature a. Each type of amplitude 
corresponds to its own trajectory:

j a±(u) = t4(u)+^.

Let us compare the properties of the trajectories and the residues for opposite parities. 
We write the asymptotic expressions for / |  in the i-channel in the case of one fermion 
pole ./J (u):

f+{s, u) = /9+(u) / +% +(«+), ) 

f- (s ,  u) = /9_(u) \

By virtue of (63) we have, for each signature a :

0C.+ = x(\/u ), «_ = a( —\/w),

0+ = /i(V«), =

Consequently, for u = 0, the trajectories a + anda_ and the residues and /?_ will coincide. 
Let us now show that, for u <  0, opposite-parity trajectories and residues will be complex 
conjugates of one another. To do this we consider the absorptive parts ax and of the 
amplitudes a and b in the physical 5-channel region:

fli = (j9+i‘+-/9-i‘-) V u , bi = (0+i*++/9_i"-),
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where ax and bx are real. For u <  0 it then follows that

«+(«) = «-(w), jM«) = P - ( u ) .  (66)

In the region u >  0, the trajectories <z±(W), as functions of the energy W in the w-channel 
satisfy the MacDowell symmetry conditions(188a)

*+(W) = (67)

Consequently, linear fermion Regge trajectories a(w) = a(0)+a'w will be parity-doubled.
The parity of the nN system in a state with orbital angular momentum / is r\^(nN) = 

t7p(N) (—1)/+1, where ryp(N) is the parity of the nucleon (which is taken as positive). For given 
total angular momentum J, thercN system may have two values of /: /+ = J+ \  or /_ = J -  \  
i.e. the partial wave amplitudes aJl+ and a{_ have opposite parity. From this it follows that
both for bosons and for fermions it is convenient to introduce the concept of normality of a
trajectory:

N  = r$X  -1  /  (bosons), I ̂
N = (fermions), )

where rfP and J  are the parity and spin of the resonance on the trajectory. The value of N 
is the same both along a boson trajectory and along a parity-doubled fermion trajectory.

§ 13.5. Properties of Regge trajectories

As was shown in the previous section, Regge trajectories a(/) describe the asymptotic be
havior of the amplitude in the ^-channel at high energies, s — <», and finite / <  0. On the 
other hand, for t >  / ^  in the /-channel region the real part Re a(tj) = J  is equal to the 
spin of resonances of mass m j = t7, while the imaginary part Im a(/7) characterizes the 
resonance width r .  Thus trajectories lead to a relation between resonances in one channel 
and asymptotic behavior in another (crossing conjugate) channel. The set of trajectories 
oc(s), a(/), and a(w) in principle contains information both on resonances in all channels 
(including those at low energies ^  1-2 GeV), and on the high-energy behavior of a given 
amplitude for finite momentum transfer. Trajectories a, like particles, are assumed universal 
in the sense that they are the same for all reactions with the same quantum numbers. Hence, 
if one knows the trajectories a in this picture, one can interrelate resonances and asymptotic 
behavior in general, i.e. for all reactions. The basic features of the Regge trajectory descrip
tion of resonances and of the asymptotic behavior of scattering amplitudes are supported 
by experiment. The notion of Regge trajectories is thus of fundamental importance in 
hadron physics.

Let us summarize the properties of Regge trajectories noted above in §§ 13.3 and 13.4, 
adding experimental information on the known trajectories.

Each trajectory a is labeled by the set of those quantum numbers characterizing particles 
(charge, isospin, parity, etc.), with the exception of spin and mass. Moreover, a trajectory 
a is characterized by signature a. The spins of neighboring resonances on a meson or baryon 
trajectory differ by 2. Meson trajectories with positive signature a = 4-1 contain only 
even spins, and trajectories with odd signature <r = — 1 contain only odd spins.
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The set of trajectory quantum numbers depends on the symmetry of the strong inter
actions. When SU3 holds, this set includes the SU3 multiplicity n, the isospin 7, the additive 
quantum numbers B, t — 73, T, and the parity rjp and G-parity rjG. All resonances lying 
on the same trajectory will have the same values of B, w, 73 =  /, F, rjG, rjp\ i.e. when SU3 
holds the trajectories form SU3 multiplets. The set of resonances on a trajectory is some
times called a Regge family of particles.

A trajectory is denoted by its lowest-spin particle. For example, the ^-trajectory, or ae, 
is the trajectory with the quantum numbers of the g-meson (7° =  1+, rjp =  — 1, a = — 1), 
containing mesons of odd spins beginning with the g.

If trajectories are indeed universal, they are characterized by quantum numbers without 
respect to the reactions whose asymptotic behavior they determine.

The same trajectories determine the asymptotic behavior of different reactions. This 
property follows from the unitarity condition (see § 13.4).

Elastic scattering is always associated with trajectories possessing vacuum values of the 
charges Q =  73 = Y = B = 0: for elastic scattering 1 + 2 — 1 -1-2 the initial and final state 
in the /-channel reaction 1 + T — 2+2 always contain a particle-antiparticle pair. Experi
mentally, the existence of two vacuum trajectories has been established—the Pomeranchuk 
trajectory ap and the second vacuum trajectory a P,. The Pomeranchuk pole / = ap is by 
definition the right-most pole in the complex angular momentum plane. The trajectory aP(/) 
is the one that guarantees the constancy of the total cross-section at high s. The trajectories 
aP and ccp, are also important for the asymptotic behavior of diffraction dissociation proc
esses. From experiment,

aP'(0) < a P(0).

The quantum numbers of the trajectories a(/) describing the asymptotic behavior in the 
^-channel (1+2 — 3+4) are determined by the quantum numbers of the invariant ampli
tudes in the /-channel process (1+3 -*>2+4). The charges B, 73, F, and Q of these trajec
tories are those of the states (1+3) or (2+4). Since the amplitude generally depends on 
several isospin or SU3 amplitudes, the asymptotic behavior of such a process may depend 
on several trajectories. In particular, the asymptotic behavior of ttN scattering near the 
forward direction will be related to the trajectories ap, ap,, and ae; the asymptotic behavior 
of the cross-section fo rT ^+ N  — g* + N may depend on the contribution of the trajec
tories a^, aAj, ocn9 aAi, etc.

The residues at Regge poles / = a factorize. Factorizability of residues is a consequence 
of the unitarity condition. For a reaction in the ^-channel, 1 + 2 — 3+4, the residue at the 
pole I = a(/),

P(t) = gtta(t) £24a(0

decomposes into factors g ^ it)  characterizing the interaction of particles a, b with a Reggeon 
a. Since a pole term of an amplitude is invariant with respect to all internal symmetry trans
formations of the strong interactions, /?(/) is also invariant with respect to these transforma
tions. Isospin and SU3 invariants of this type may be constructed using methods studied in 
Chapters 8 and 10.

To some extent the form of the trajectory a(/) is determined by general considerations.
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From unitarity it follows that Im a(/) ^  0 for / >  4m2 (above the elastic threshold), since 
the poles cannot occur on the real /-axis.

The interpretation of poles as bound states demands that the imaginary part of the trajec
tory vanish: Im a =  0 in the region 0 <  / <  4m2 (below the elastic threshold).

In the narrow-width approximation for resonances, in which resonances are considered 
as stable particles, one may set Im a = 0. This approximation will be used below.

At the point / = 0 two inequalities hold:
a(0) <  1, a'(0) >  0.

The first of these follows from the Froissart bound and the assumption of polynomial 
growth of the amplitude, while the second is based on the experimental vanishing of the 
cross-section with increasing momentum transfer t at constant s.

Let us pass the (real) trajectories ocx(t) through the known resonances (/ >  0), including 
scattering data for the / <  0 region. Then we obtain a series of mesonic and baryonic 
trajectories. The most important mesonic trajectories are aQ, «w, aAt and (Fig. 22).

Fig. 22. Mesonic Regge trajectories showing spin J  as a function of squared mass m*.

The trajectory ocQ passes through the particles q(Jp = 1” , m = 765 MeV and£(Jp = 3’ , 
m =  1680 MeV). As a consequence of isospin symmetry, the trajectory actually consists of 
three trajectories with /  =  1, /3 = ± 1, 0.

The isoscalar trajectory contains, besides the particle co (JPG =  1 , m = 784 MeV),
the particle co3 (J1*3 =  3 , m = 1675 MeV).

The isovector trajectory A2 passes only through one established meson A2 (JPG = 1+ 
m = 1310 MeV). On the second vacuum trajectory (Fig. 22), there is only one meson 
f (JPG — 2 m = 1270 MeV). The trajectories ac, aa, aAt and aP. nearly coincide with one 
another. The explanation of this fact (“exchange degeneracy”) will be given below.

Figure 22 also shows the trajectories oc„ and ar  Besides thepion?r(140) with = 0 ,
the trajectory also contains the meson A3 (1640) with J PG =  2 " .  The trajectory 9, aside 
from the meson (p (1019) with = 1— and / G = O’ , at present contains no other parti
cles. The meson f ' (1514) with =  2++ and 7° =  0+ begins a new trajectory, which 
seems to coincide with the ^-trajectory.

Of the baryonic trajectories, the 27a, N„ Aa, 27., and S a are well established.
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The trajectory Ad begins with the isoquartet/I (Jp =  - |+, m =  1236 MeV) in the decimet; 
it contains also the resonances A (Jp =  - |+, m = 1950 MeV) and A(Jp =  —+, m =  2420 
MeV), and possibly also A (m % 2850 MeV) and A (m % 3230 MeV), if the spins of these 
resonances are found to be —+ and - + (Fig. 23).

Another trajectory related to the decimet is the isotriplet trajectory Es which contains the 
resonances 27 (Jp =  -f+, m =  1385 MeV) and E  (Jp =  - |+, m =  2030 MeV) (Fig. 23).

The trajectories Na, Aa, 27a, and begin with the particles of the baryon octet. The 
nucleon trajectory contains the resonances N (JP = —+, m = 1688 MeV) and N (JP =  —+, 
m =  2220 MeV); the Aa trajectory also contains two other particles, while the 27a and S a 
contain for the moment only the and *|+ states. The octet with spin J p = - |+ is formed 
by the above-mentioned N-resonance and particles with mass mA =  1815 MeV, ms  =  
1910 MeV, ms  =  2030 MeV. Figure 23 shows one of the octet trajectories—the trajectory

Figure 23 also shows exchange-degenerate trajectories of those just mentioned. For 
example, the trajectory Aa passes through the resonances A  (Jp =  *|~, m =  1520 MeV) 
and A (JF = m =  2100 MeV).

The Pomeranchuk trajectory occupies a special place among all Regge trajectories. This 
trajectory passes through an integer at 0 but has positive signature, so the point aP (0) =  1 
cannot correspond to a particle. It seems, in fact, that it has no resonances whatever on it; 
at least, none has been observed. While nonvacuum trajectories describe the asymptotic 
behavior of two-particle charge exchange scattering (which vanishes as s -+ <»), the Po
meranchuk trajectory describes the asymptotic behavior of elastic scattering for small 
angles and (for the total cross-section) all inelastic processes. The source of this trajectory is 
not clear at present.

Figures 22 and 23 illustrate the following characteristic features of trajectories.
1. To a good approximation, trajectories are linear not only in a small region around 

/ ^  0, but for a finite interval of / as well:

A

I 2 S 4 5 6 7 8

m2, GeV2 

Fig. 23. Baryonic Regge trajectories.

«(0 =  a(0)+a'«fl/. (69)
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2. The slope a'(0) of all trajectories is approximately the same (with the exception of th 
Pomeranchuk trajectory):

<x'(0) *  0.9 GeV~2. (7)
Reference 189 gives some typical intercepts and slopes for various Regge trajectoriesa(/) 
More recent reviews should be consulted for precise parameters.(170) The Pomeranchuk 
trajectory seems to have considerably smaller slope of about — GeV“2.(190)

As we saw in § 13.4 the values ofa(f) at t = 0 directly determine the asymptotic behavior 
of the forward scattering amplitude as s -► ©c: F($, 0) ^  $a(0). The intercept a(0) character
izes the role of the trajectory in the asymptotic behavior of the amplitude. A comparison

F i g . 24. Imaginary part of Regge trajectory function, Im a(j), versus s =  m*9 for and Ny
trajectories.

of the values of a(0) shows that, after the Pomeranchuk trajectory, the greatest effect on the 
asymptotic behavior arises from the mesonic trajectories p, co, A2, and P' and the baryon 
trajectories 4 j, and Na.

Knowing the trajectory slope a'(0) and the experimental total resonance widths T, one 
may calculate Im a at the resonance points via the formula Im a =  a'(CIj/V The graph of 
Im a as a function of s = m2 is approximately linear (Fig. 24) above the elastic threshold; in 
Fig. 24 the solid line is the straight line Im a = 0.14 (y—1.17), and the dotted line is the 
curve Im a = 0.15 (s—1.2)0,95.

Exchange degeneracy

By exchange degeneracy we mean the overlapping of trajectories with opposite signa
ture/19̂  When exchange degeneracy is present, resonances with the same (or even different) 
internal quantum numbers lie on trajectories spaced by one unit of spin, not by two as in 
the general theory (§ 13.3). For example, the trajectories q9 A2, cu, and P' =  f all nearly 
coincide with one another.

The occurrence of signature in characterizing trajectories is related to the fact that the 
analytic continuation in complex / is possible only for the separate Gribov-Froissart

t  See eqn. (44) for the definition of J 7 in this context.
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amplitudes a+(l, 5) and a (/, s) (see § 12.4). We thus return to the definition (12.46) of these 
amplitudes. In the /-channel

«*(/, s) = z)±Au(u(t), z)] Q,(z) dz,

*0

Z = 1 +
2s 

/-4 m 2 '

(71)

From the definition of a± it follows that the sign ±  has no meaning for the separate poles 
<%+ or a"  if either As or Au does not contribute to the Regge asymptotic behavior ,yot±(0. 
We shall assume that (with the possible exclusion of the Pomeranchuk trajectory aP) 
trajectories are always associated with resonances. If, for example, there are no resonances 
of the type r in the /-channel, then the trajectory ar(/) does not exist.

The absorptive parts As and Au in the physical regions of the s- and w-channels may be 
calculated using the unitarity condition (see § 12.3). Since we shall relate the existence of the 
trajectories ocn(s) and a^w) to the existence of resonances in these channels, it is sufficient 
to use the resonance approximation in determining the contributions of As and Au to the 
Regge asymptotic behavior. Let us replace the multi-particle states |tj) in eqns (12.13) and 
(12.15) by resonances. Then it is clear from expression (71) for a± that if the 5-channel 
contains no resonances, the contribution of As to the Regge term vanishes and the trajec
tories <**(/) will be degenerate: <**(/) = a “(/). Both trajectories a +(/) and a “(/) will be due 
only to resonances in the w-channel.

Analogously, the trajectories a +(/) and a '( /)  will be degenerate if there are no resonances 
in the w-channel and, consequently, Au does not contribute to the Regge asymptotic behavior. 
These cases (As = 0 or Au = 0) differ with respect to the signs of the residues at the Regge 
poles.

Thus degeneracy of trajectories with respect to signature, or exchange degeneracy, signi
fies the absence of resonances in one of the crossed channels.

The experimentally observed trajectory degeneracies (see Fig. 22 and 23) may be ex
plained by the fact that no exotic resonances exist (see § 10.3). Let us assume that only those 
resonances are observed whose quantum numbers are equal to the quark-antiquark system 
qq (mesons) or the three-quark system qqq (baryons). The allowed 5C/3 multiplets will 
then be singlets and octets (for mesons) and singlets, octets, and decimets (for baryons).

Let us consider the scattering processtt+ -f tt“ . In this case the 5- and /-channels
are identical. They may contain resonances beginning with g (/ = 1, odd spin) and f (/ =  0, 
even spin), lying on the trajectories £, a(g) = — 1, and f, a(f) = +1. The w-channel is the 
reaction 7r+-f7r+ — 7i+-h7t+, so that the resonances in the w-channel must be exotic (isospin 
I = 2). The absence of exotic resonances means that the trajectories g and f must coincide:

9 = f- (72)

One may also arrive at this conclusion by considering the reaction tc"“ + K+ — tt"-(-K+. 
In this case, (72) follows from the fact that the resonances in the w-channel would have 
the quantum numbers of the7r“K - system and would be exotic.
Nov 21
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In the process K+ + p — K+ +p the quantum numbers of the K+p system (isospin /  = 1, 
hypercharge Y = 2) do not belong to the “allowed” baryon SUZ multiplets, so that the 
^-channel can contain only exotic resonances. Consequently, the trajectories in the /- and 
w-channels must be degenerate. In the /-channel, p+ p  — K+ + K~, several trajectories 
a ±(t) are possible: two trajectories of positive signature (the isotriplet A2 and the isosinglet f) 
and two trajectories of negative signature (the isotriplet g and the isosinglet co), as well as the 
isosinglet trajectories q> and f '. However the last two, <p and f' are not important since they 
couple weakly the to nucleon-antinucleon channel. The degeneracy due to As % 0 means 
that the p+ p  combinations of the trajectories (g+co) and (A2+f) coincide.

A similar analysis may be performed for the /-channel n + h — K+ + K “ of the reaction 
K+ + n — K+ + n, since the K+ + n-system also has exotic quantum numbers. The exchange 
degeneracy in this case entails the degeneracy of the (n + n) combinations of the trajectories 
(£+co) and (A2+f).

Thus the absence of exotic resonances in the ^-channels of both reactions K+ + p and 
K+ + n leads to the separate equality of the trajectories with isospin 0 and 1: g = A2 and 
co = f. But, from the 7r+7i“ reaction, it was found above that g = f. Consequently, the 
absence of exotic resonances explains the degeneracy of the meson trajectories:

g = A2 = f = co.

While exotic resonances may indeed exist, their contribution to absorptive part of amplitudes 
for reactions with the usual particles is small in comparison with the allowed resonances. 
We shall return to the question of exotic resonances in § 14.4.

Regge trajectories and particle classification

In contrast to the classification of particles with respect to internal symmetry groups 
like SUZ, the classification of particles in Regge families is primarily an approach to the 
explanation of the particle spectrum. In SUZ classification the first step consists of the assign
ment of quantum numbers and the mere explanation of the level splitting.

Another distinctive feature of the classification of particles into Regge families is the 
treatment of particles on trajectories as composite objects. For isospin or SUZ classification 
of particles the dynamical complexity or elementarity of particles is not discussed; the 
internal symmetry groups (like the Poincare group) lead to a kinematic classification of 
particles whose elementarity is identified with the irreducibility of the representation. In the 
classification of particles into Regge families one may distinguish two types of particles: 
bound states and resonances. Particles of the first type lie (in mass) below the two-particle 
threshold, while particles of the second type lie above this threshold. Hence bound-state 
particles are stable while resonant particles are unstable. Particles of both types are compo
site objects. Thus, when classifying particles in Regge families we encounter for the first 
time the question of whether there exist truly elementary particles (which do not lie on 
Regge trajectories) or whether all particles have the same nature and are composite. Ele
mentary particles may be associated with “elementary” poles of the Gribov-Froissart 
amplitude with / Nmin % 1 [see (32) and the discussion of the third term in (32)].

Comparison with experiment shows that a treatment of all strongly interacting particles
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as composite is fully self-consistent. Such particles, like the nucleon, pion, and kaon, all lie 
on trajectories. In particular, the nucleon lies on a trajectory with resonances in the rcN 
system of spins - |+, - |+, . . . ,  and is the first particle ~ + of this Regge family.

A remarkable regularity of trajectories is their universal linearity and almost universal 
slope (with the exception of the Pomeranchuk trajectory). The linearity in the mass-spin 
relation m2(J), and the parallel nature of trajectories for all particles and resonances, may 
have a deeper basis (for example, see Chapter 14). Assuming that the linearity of trajectories 
continues to hold in the experimentally observable mass range, we may predict the existence 
of new resonances. The slow growth in mass of the resonance widths r  (or the imaginary 
part of the trajectories), allows one to use the concept of a resonance at high masses (see 
Fig. 24).

If one recalls the isospin symmetry of the strong interactions, one sees that trajectories and 
Regge families must exist as isomultiplets, and, in the limit of SUZ symmetry, in the form 
of SUZ multiplets.

21*



C hapt er  14

DUALITY AND THE VENEZIANO MODEL

Regge behavior is a characteristic feature of amplitudes at high energies; resonances 
govern the properties of amplitudes at low energies. Now, Regge trajectories, which describe 
the asymptotic behavior of the amplitude in the j-channel, may themselves (by analytic 
continuation into the crossed-channel region) pass through resonances in crossed channels. 
(The sole exception seems to be the Pomeranchuk trajectory.) Thus (if we do not consider 
diffraction scattering and the Pomeranchuk trajectory), the physics of elementary particles 
is to an important degree determined by resonances. The behavior of the amplitude at high 
energies, however, cannot be thought of separately from its behavior at low energies. The 
values of the amplitude in these regions are connected with one another by finite energy 
sum rules (FESR). Consequently, one may describe amplitudes approximately either using 
Regge poles or using resonances at low energies. Such a “dual” approach is described in the 
present chapter.

As an example of a dual amplitude we shall consider the Veneziano model, many of 
whose consequences are in remarkable accord with experiment. We shall perform several 
illustrative calculations using the Veneziano model. We shall not discuss multi-particle 
Veneziano amplitudes, detailed problems of unitarization, and other problems of the theory 
(e.g., its generalization to the case of fermions).

§ 14.1. Finite energy sum rules

Knowledge of the asymptotic behavior of the amplitude allows us to estimate dispersion 
integrals and to obtain sum rules connecting the low-energy region of the amplitude with 
its asymptotic behavior.(192~195) The derivation of sum rules is based on the Cauchy theorem 
according to which the integral over a closed contour C of a function e(v) regular inside the 
contour is equal to zero:

$e(v)dv = 0. (1)
c

Let us consider the scattering amplitude F(v, t) for spinless equal-mass particles as a 
function of v =  (s—u)l2m and t. In the complex v-plane, the function F{y, /) has singulari
ties along the real v-axis for v >  0 associated with the ^-channel, and singularities for 
v <  0 associated with the w-channel. The physical region of the s- and w-channels corre
sponds to F{v+ie, f)andF(—v-ie , t). The discontinuities of the function F(v, t) across the

310
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cuts v >  0, t <  0, are equal to

F(v+i0, l)~ F (v—iO, t) =  2 iIm F(v, t), v > 0 ; 1 
F (—v—i0, t)—F (—v+iO, t) = 2/ Im F( — v, t), v >  0. J

(2)

Here Im F(v, t) and Im F(—v, t) are the values of the imaginary part of the amplitude in 
the physical regions of the s- and u-channels, i.e. Im F(y, t) is chosen along the right-hand 
cut, while Im F(—v, t) is chosen along the left-hand cut in the v-plane.

Let us first introduce a sum rule for the amplitude F~(v, t) antisymmetric under v — — v 
(and having negative signature). Let the asymptotic form F~(v, /) for v — ±  be deter
mined by a finite number of Regge poles a,(t) (i = 1,2, . . . ,  n). According to (13.38), we 
may write F~ in the form

Fas(»>, 0 = y  bj (0 V (a(0) «,(0
.=i r(a ,{t)+1)

bj(t)
—F(a,-f 1) sin non [( — *')“* —v“*]. (3)

where b is expressed in terms of the function /? introduced earlier [see (13.37)] as follows:

b~(t)= 7iB(2oci+ 1 )T(ai+ 1 )&-(/). (4)

All b]~(t) are real for / < 0. From (3) it is easily seen that the analytic properties of F”(v, t) 
in the v-plane are the same as for the function F“(v, /). Both have right- and left-hand cuts in 
v since the function va has a cut for v < 0, while the function ( —v)a has a cut for v >  0.
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F ig . 25. Contour of integration in complex v-plane used in writing finite-energy sum rules.

Let us chose the contour C in the integral (1) to be the contour CA shown in Fig. 25, 
which has already been used in deriving dispersion relations (§ 12.3), but now let the radius 
A remain finite. The integral over the circle CA of F~(v, t) may be rather large, since asymp
totically F~(v, t) va(0/(/) , a «s 1. Let us thus apply the Cauchy theorem (1) not to 
F(v, t) but to the function

6(v, /) = F"(v, t)-F~(v, t) =  -  e ( -  v, f),

where F~(v, /) is given by formulae (3). The function F“(v, /) has the same crossing-sym
metry properties (under v -► — v) as F“ (v, /), and also satisfies the relations (2). According 
to (3), for v >  0,

(5)
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Let us now choose the boundary value v — A so that (a) for v => A one may use Fas(i>, /) 
instead of Fas(i>, /), and (b) the integral over the circle CA

J e(v, t)dv ^  0

A

may be neglected in comparison with J Im F(v, /) dv. In other words, we shall approximate
o

the asymptotic behavior of the function F~(v, /) by a sum over the Regge poles F~(i>, /) up 
to terms of order e >  0. This, in turn, assumes that one may extend the Regge hy
pothesis in the /-plane to the region Re / < — —. In the case of potential scattering, the inte
gration contour in the /-plane [see (13.27)] indeed may be moved to the left of the line Re 
/ = -  (see ref. 159).

Under these assumption there remain in (1) only the integrals over both sides of the real 
axis, and, as a result of the properties of e(i>, /),

A

J Im e(v, t) dv = 0. 
o

Consequently, for the amplitude F (v, t), one has the sum rule

A

A

j* Im F“(v, t) dv 
o

r  ( ^ + 1) ^ 4 1 ) (6)

In the case of the amplitude F+(v, /) symmetric under the crossing-interchange s ++ u, or 
— v, an analogous sum rule may be written for the antisymmetric combination 

F+(v, t)/v:
a +
f ±  Im F+(v, t ) d v = Y  T r f i T  —  +7rf+(°> ')• (?)J V  i I (a, + 1) a/
o

In (7) the signature of the trajectories is positive.
Since the energy interval 0 < v <  A is finite, the sum rules also may be written for even 

“moments” of the antisymmetric amplitude F~(v, /):

5 , vn Im F"(v, t) y  bT(t)Al‘ 
i (a, + /J+ l) r (a ;+ l) (8)

Here the number of Regge poles which must be included in F~(v, t), and the radius of the 
large radius of the large circle A„, will depend on the (even) power n. The function F~(v, t) 
approximates F(v, t) to order v~n~1~e, since the condition

J v”{F(v, /)-Fas(v, /)} d v ~  0 (9)

must hold. The number of Regge poles in (3) will grow as the power n in (8) and (9) grows.
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For the symmetric amplitude F+(v, t), eqn. (8) is replaced by

A
Im F+(v, t) 77 2= 0, 

77 < 0, ( 10)j/l + l
0

-where n is an even integer, and F{n) is the «th derivative of F with respect to v.
In the FESR (8) and (10), the integral on the left-hand side is over the low-energy region 

in the 5-channel while the right-hand side contains the Regge trajectories a(/) in the /-chan
nel. In these formulae / «  0. The sum rules (8) are consistency conditions imposed by the 
analyticity of the amplitude and by the asymptotic Regge form assumed in (9). The choice 
of the cut-off value rmax = A in (6) and (10) is determined by the onset of the asymptotic 
regime, which, however, still has not reliably been established. The choice A ^  2 GeV 
yields good results in a number of cases.

The direct use of (8) and (9) involves the correlation of experimental data with one another 
—the scattering phase shifts and the asymptotic parameters of the scattering amplitude. 
Using the phase shifts, one may find b and a;, and, inversely, given fc,- and a,, one may 
refine the low-energy scattering parameters.(195)

However, the significance of FESR does not involve merely the correlation of scattering 
data with one another. The pictures of scattering at low and high energies are significantly 
different. At low energies the total cross-sections have resonance-like behavior, so that the 
characteristic features of the imaginary part of the amplitude at low energies are determined 
by resonances. At high energies the basic features of scattering are described in the Regge- 
pole language. If one replaces Im F in the integrand by the contribution of resonances, 
FESR will be an approximate relation between the integrated contribution of resonances 
(in the s- and w-channels) in the region from 0 to v = A, and the contribution to Im Ffrom 
the Regge poles a(/) at v = A. Consequently, FESR unify two different ways of describing 
scattering approximately—the resonance approximation (at low energies) and the Regge- 
pole model (at high energies). By virtue of analyticity one may continue the functions <%*(/) 
and b±(t) from the region / 0 into the region / >  4m2, where / has the meaning of an
energy variable in the /-channel. For / >  4m2 the trajectoriesa(/) (on the right-hand side of 
the FESR) pass through resonances in the /-channel, and, consequently, the low-energy 
resonances in the 5-channel in Im F are connected via FESR with the low-energy resonances 
in the /-channel in <%(/); the direct-channel resonances (the left-hand side of FESR) thus 
“build” the Regge trajectory in the crossed channel (the right-hand side of FESR). In turn, 
the resonances in the /-channel (in FESR for the /-channel) give rise to the trajectory <%(s) 
with resonances in the 5-channel (for s < 0) on the right-hand side. Of course, Im F in the 
low-energy region is not determined solely by resonances; there exists “background” 
scattering. However, the connection between resonances in both channels will be preserved 
if, for example, one of the trajectories a does not contain resonances but corresponds to 
background scattering and describes the phenomenological effect of inelastic processes.

The analysis of experimental data via FESR indicates*196’197) that the Pomeranchuk 
trajectory is “built” (in the sense of FESR) by the nonresonant background of the 5-channel 
amplitude, while the remaining trajectories a(/) are associated with resonances in the 5-chan-
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nel. In other words, if one represents the amplitude F(v, t) as the sum of “background” 
(the dilfractive part Fp(v, ()) and “resonances” (the nondiffractive part Fres(v, /)):

F = FP + Fr„ ,

then, in the sum rule, (« is odd and positive)

A/• >otp + l + /l

I ” ,m F ti’- »  *  ~  ™  ( a ,+  l + n ) r (»p-H) " »
0

the right-hand side will contain only aP. For the resonance part the sum rule will have the 
form

j  V” Irn (Fres- F as) dv fe 0,

A

I'" Im Fr%( v, t) dv
<«?(a*(0+l + «)F(a±+l)  ’

(12)

where n is positive and odd for F+, and n is nonnegative and even for The right-hand 
side of the second equation depends only on the trajectories a^/), on which resonances in 
the /-channel are situated. Equation (11) also signifies that the Pomeranchuk trajectory 
aP(0 determines the asymptotic behavior of elastic scattering in the ̂ -channel independently 
of whether there are resonances in this channel.

To illustrate FESR, let us consider the difference of total cross-sections

fft'ot =  i [ tT to t ( ^ “ p ) - t / t o t ( ^ + p ) ] .

The asymptotic behavior of a[oi as v «> is well described by a single trajectory aQ(t) which
also determines the asymptotic behavior of the charge-exchange scattering rc~p -*• n°n at 
t = const <  0. By virtue of the optical theorem, the value of a[ot is related to the imaginary 
part of the difference of the forward scattering amplitudes Im F \v , 0), where F' = 
\(F(n~p)~~F(n+p))\ in our terminology F'(s, /) is the resonance amplitude: F9 = F”s 
(there is no Pomeranchuk pole in the asymptotic behavior). The asymptotic amplitude 
corresponding to F^s will obviously contain only the trajectory ccQ : =  Fe.

We will now write the FESR (12) with n = 0 for the case of forward scattering:

A
J  Im (F~ (̂v, 0) - F e(v, 0)) dv % 0,
0

and insert in it the function Im F~(v, 0), found by measuring fftot(rc~p) and (ytot(n+p)> 
and the extrapolation to small v of the function Im Fe(v, 0). Graphs of these functions are 
shown in Fig. 26. Not only is the average of the Regge term Im FQ equal approximately to 
the average of ImF“ , but, as a consequence of its monotonicity, the Regge term Im Fe itself 
at low energies is an average of Im F “, which has resonant behavior.

FESR also allow one to view the problem of exchange degeneracy from another point 
of view. We found earlier (see § 13.5) that in the resonance approximation the trajectories
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F ig . 26. Imaginary part of F~ in ttN scattering from crtot(^'P)-<7tot(̂ +P) (wavy line) and 
corresponding o exchange term Im FQ (smooth line).

of the /-channel would be degenerate if there were no resonances in the s- or w-channel and, 
consequently, Im F = 0 in these channels. Here the left-hand side of the FESR (12) depends 
on the Regge trajectories and residues; it vanishes if the contributions of the individual 
terms cancel one another. For this to occur, not only the trajectories but also the residues 
(up to a sign) must be identical. This is consistent with the general formula (13.71) for the 
amplitude a±(l, t) according to which, in the resonance approximation, a+ =  a~ in the 
absence of resonances in the w-channel, and a+ = —w” if there are no resonances in the 
^-channel. Thus FESR lead to the equality (up to a sign) of the residues b+(t) =  ±b~(t) for 
exchange-degenerate trajectories a +(/) = a “(/).

§ 14.2. Duality. Duality diagrams

The FESR (12) for the “resonance” amplitude Fres, and the example we have just con
sidered (Fig. 26), suggest a new approximate approach to the construction of amplitudes 
based on the existence of resonances and the concept of Regge trajectories. This “dual” 
approach consists in passing from integral equations of the type (12) (for n =  0) to local 
ones.

Let us assume that the integral over the low-energy part of the spectrum coming from 
Im Fres in (12) maybe replaced by an approximate sum of contributions of resonances 
(in the 5-channel). This is the well-known resonant approximation in the dispersion approach 
(see § 12.3). From dispersion relations, it is clear that the amplitude Frcs(5, /, w) may then be 
written as a sum of pole terms in the 5-channel up to the asymptotic region in 5. If there are 
no resonances in the w-channel, then

Fttt(s, t) % ’ s„ >  0.n S -S n

In this approximation we neglect the nonresonant values of absorptive parts of the amplitude. 
But dispersion relations describe the amplitude fully in principle (if the absorptive parts are 
known).
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On the other hand, according to (13.32), this same “resonant” amplitude Fres may be 
written in terms of Regge-pole terms (without the Pomeranchuk pole) and an integral 
along the line Re / = - -  in the complex /-plane (and also terms arising from the cuts). 
Let us neglect this integral (and the contribution from the cuts) and assume that the ampli
tude Frcs may be written approximately in the form of a sum of contributions from a finite 
number of Regge-pole terms in the /-channel:

Fres(*> 0  »  FresOv, 0  =  Z M On

This form of the amplitude is used to describe the asymptotic behavior of the resonant 
amplitude F®css in (12).

In a dual approach it is assumed that not only the integral formula (12), but also 
Fns(v,t) % Fft9(v, /), holds for each value of v. In this approximate treatment, the amplitude 
is described using either resonances in one channel or Regge poles in the crossed channel. 
These descriptions supplement and complement one another; they are called dual.(198"200) 
The duality of the descriptions of amplitudes using Regge trajectories in the /-channel and 
resonances in the ^-channel is shown symbolically in Fig. 27.

t

Fig. 27. Symbolic expression of duality. The relation is understood to hold only for imaginary 
parts, and when suitably averaged over s.

Let us enumerate the assumptions underlying duality (if there are no resonances in the 
w-channel). The dual description refers to the resonant amplitude Frcs = F - F P which 
remains after separating out the diffractive part associated with the Pomeranchuk pole 
from the full amplitude F [see (II)].

1. In the whole physical region of the ^-channel, the resonant amplitude is

Fres(*, /) *  £  I  ■ (13)
n S  Sn i

The number of resonances sn must be infinite since in this case the sum of pole terms must 
give Regge asymptotic behavior for large By virtue of crossing symmetry, this approxi
mate equality holds for resonances in the /-channel and Regge poles in the ^-channel.

2. The sum of resonance poles of the amplitude in the /-channel is an analytic function 
which is approximately equal for / < 0 to a sum over Regge poles in the /-channel:

(14)
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The resonances and Regge trajectories appear asymmetrically in formulae (13) and (14) in 
the sense that the number of trajectories taken into account must be finite while the number 
of resonances is infinite. The finiteness of the number of Regge poles in (13) and (14) is 
related to the fact that the sum over all Regge poles diverges.(201) The total number of 
Regge trajectories, of course, will be infinite, since in each partial wave a^s) there must 
exist an infinite number of resonances.

3. In addition to these two assumptions we shall also use the experimental linearity of 
trajectories and the positivity of their slope in the (Re a(/), /)-plane:

R ea =  Re a(0)+a'(0)/,

where the slope a'(0) >  0 is the same for all trajectories (§ 13.5). In order that the trajectory 
may contain an infinite number of resonances, it must grow indefinitely.

The assumption of infinitely rising straight-line trajectories means that

v  _  V V fM* (\
Y t - t k Y V  /-* /( ') * U ;

where the right-hand side contains a sum over the Regge trajectories in (13) and (14) and 
over the infinite number of resonances on each of these trajectories. By virtue of crossing 
symmetry, an analogous equation will hold, obtained from (15) by the substitution t s.

Up to now we have assumed that there are no resonances in the w-channel. To take these 
resonances into account in (15)-(17) presents no problem. Since the absorptive part in the 
w-channel Au will be nonzero in this case, the dispersion relation in s requires the ^-channel 
amplitude Fns to contain additional terms c'nf(u—un) (in the resonance approximation). 
The representation of the amplitude Fr*s in terms of /-channel Regge trajectories maintains 
its form.

The case in which one of the channels is lacking resonances is important for dual theories 
since the absence of resonances entails the degeneracy of trajectories in crossed channels, 
and the number of parameters is reduced significantly. There thus arises the possibility of 
the self-consistent calculation of resonance parameters lying on trajectories, on the one hand, 
and encountered in the direct channel on the other.

Duality diagrams

Missing or exotic resonances (i.e. resonances whose contribution to FESR is greatly 
suppressed) have specific quantum numbers (see § 10.2). Exotic resonances do not exist in 
the simplest quark model, where the quantum numbers of particles are the same as in the 
nonrelativistic quark combinations qq (mesons) and qqq (baryons). Thus in the quark 
model one may introduce duality diagrams(202), which illustrate the restrictions arising from 
the dual relation between channels for meson-meson and meson-baryon scattering.

In a duality diagram each baryon is depicted by three quark lines going in the same direc
tion, while each meson is represented by one quark and one antiquark line, i.e. by two lines 
in opposite directions (Fig. 28). The channels connected by duality to one another corre
spond to diagrams of the type shown in Fig. 28a without intersecting lines. The allowed 
resonances may be found in the intermediate quark states, i.e. by cutting the diagram in
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half in the direction of the channel of interest. The imaginary part of the amplitude is equal 
to the sum of the resonant contributions in the given channel.

The diagram contains intersecting quark lines (Fig. 28b) if only exotic resonances can 
occur in either the s- or /-channel. Passing to the meson-meson duality diagram for the w- 
and /-channels with no intersections, we see that resonances must be lacking in the j-channel. 
In this case the imaginary part of the amplitude Ftcs in the ̂ -channel is equal to zero for large 
s and only the w- and /-channels are “dually” related to one another.

F i g . 28. Duality diagrams for meson-meson scattering, (a) Planar diagram, giving rise to an 
amplitude with nonzero imaginary part, (b) Nonplanar diagram, giving rise to a real amplitude.

Duality diagrams contain information in addition to that related to asymptotic SUZ and 
the absence of exotic states. By assuming in the quark model that only the combinations 
qq and qqq are possible, we thereby reject more complicated combinations of the type qqqq 
and qqq{qq), even if they give singlet and octet states.

To clarify the assumptions at the root of duality diagrams, let us consider the meson- 
meson scattering process a+b c+3, where the particles a, b, c, and d belong to the pseu
do-scalar octet P (see § 10.1). Let us write the Regge amplitude in the ^-channel (in the 
variable v = (s—u)j2m\ analytically continued to small j, taking into account the factor- 
izability of residues (13.52) and excluding the Pomeranchuk pole:(196*202)

In an SUZ invariant theory, the Reggeon E  is an SUZ multiplet. The interactions gaEc and 
SbEd °f *he trajectories E  (or the Reggeons) with the particles must be SUZ-invariant; they 
must be constructed by the same rules § 10.3 applying to the interaction Lagrangians.

Let E  stand for the vector V(Jp = 1“) and the tensor T(Jp = 2+) nonets of trajectories 
with signature av =  — 1, aT = -F1. We shall choose nonets and not octets in view of the 
mixing of the neutral term of the octet with an SUZ singlet (see § 10.2). The interactions 
(Lagrangians) of the Reggeons E  = V ,T  with the meson octet P have the form

t t

Fr J ° + b — C + J) — ZgaEc(t)gb£d(t)Es
(16)

gPxTPt ~  y/2yPTlr (P^T, P2}) 
gPiVpt = iy /typy  Tr (P\{V, P2]),

(17)

(18)

where yPT, y VT are the coupling constants of the pseudo-scalar octet P with the trajectories 
of the T- and F-type, and P, T, and V are 3 by 3 matrices of the multiplets (see § 10.1). The 
interaction gPTP is described by pure D-type coupling, while gPVP is described by pure
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F-type coupling (see § 10.3), since F-coupling in (17) and Z>-coupling in (18) would violate 
charge-conjugation invariance. For the same reason, in (17), one cannot exclude the inter
action of the P-mesons with a singlet component of the tensor nonet: Tr (FF)Tr T. The 
absence of the decay f ' — nn indicates that this term is suppressed, and it is omitted here.

Let the ̂ -channel be exotic, i.e. let it have the quantum numbers of exotic resonances, and, 
consequently,

Im Fm(Pa+Pb ~P-c+P3) = 0, s >  4m2, / % 0. (19)

Here Pa . . .  F3 are those members of the pseudo-scalar octet F for which the systems (Pa+F6) 
and(Fj+F3) are exotic, e.g. n+n+. Equation (19) is the starting point in proving the dual 
nature of duality diagrams. We insert the Regge amplitude (16) as Fres into (19) and then 
find the conditions imposed by the vanishing of its imaginary part. We also use the experi
mental data (see§ 13.5) according to which parts of the V- and F-multiplets are degenerate:

«p- =  aA, =  =  ac = «o,
aK* = a K** = &1, af' — QCy =  0C2 .

Moreover, we take account of the experimental fact that yPT = yPV = yP.
After inserting these experimental relations into (16), the Regge nondiffractive part of 

the amplitude Fres may be written in the form

Fm(a+b -  c + J)  ~  4fP{[(Pc, JPa% jkPb, k‘Pdij)+ (Fa. ;'F C, /F„, k‘Pbi,')]

(
c \ af(l)

— J ,(21)

where P / and ocf are the elements of the matrices Pand a, and, according to (20), = a0 for
0,/?' =  l,2;a^ =  a | = axfor q = l,2 ;an d a j =  a2.

Expression (21) is the basis of the construction of duality diagrams (Fig. 28) for mesons. 
The indices a of the particles Pa correspond to the initial and final states of the diagram, 
while the quark lines correspond to summation over quark indices in (21) (an upper index 
refers to an antiquark and a lower index to a quark). The “allowed” diagram (Fig. 28a) is 
just a symbolic representation of the coefficient of ( — cot 7i<x+i) in (21). In fact, if one trans
forms this coefficient into the form

( W  (PaPb) /  +  ( W i J CPbP aV  , ( 2 2 )
then it becomes obvious that it does not contain intermediate states in the multiplets 10,10*, 
and 27. The “antidual” diagram with intersecting lines (Fig. 28b) is the coefficient of — esc tcol. 
The first term in (21) is nearly purely imaginary if one sets a % —, while the second term is 
real. The vanishing of the coefficient (22) of ( — cot n<x+ i) in (21) when the diagrams of Fig. 
28a cannot be drawn means, according to (19), the absence or cancellation of resonances 
in the j-channel. Of course, for exotic intermediate states in the 5-channel, the coefficient 
(22) vanishes automatically.

A similar analysis applies to meson-baryon scattering. In the case of baryon-baryon and 
baryon-antibaryon scattering, the construction of duality diagrams encounters difficulties 
unless exotic states are permitted in the baryon-antibaryon system.(203)
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§ 14.3. The Veneziano model

Veneziano(204) proposed a model dual amplitude based on straight-line trajectories and 
narrow resonances. We shall thus assume a(s) = a(0)+a'(0) s, Im a(^) = 0 for the trajec
tories a(^). Analogous expressions are assumed for the trajectories a(/) and a(w).

Let us consider for simplicity the scattering process n+ +n~ n+ where there are 
only two dual channels s and /. In the w-channel the process is n+ +n+ — n+ +n+, so that 
the resonances in the w-channel can exist only in exotic states (/ = 2), which we neglect. 
The processes are the same in the s~ and /-channels, and the amplitude FTes(n+ +n~ — 
n+ + tz~ )  must be symmetric in s and /. The poles in both channels include resonances on 
the g- and f-trajectories with 7° = 0+ and 1 + . The absence of resonances with 1 = 2  
entails the exchange degeneracy of the q~ and f-trajectories, aQ =  af. Thus the resonances 
on the combined a pf trajectory must be separated by one unit of spin.

The Veneziano amplitude V(s, /) is a function of the trajectories, and for the process 
n + + tz~  7t+ + n ~  has the form

V(s, t ) = - l
r ( i-« (5 ) ) r ( i-« ( /) )

r ( l - a ( j ) - a ( / ) ) (A >  0)r (23)

where the trajectory a = apf with a(0) — is taken as linear, A is a constant, and T(z) is the
y-function

r(z) = J e~Hz~x dt. Re z >  0, 
o

T(z+ 1) = zr{z).

If one introduces the Euler /9-function,(205)

i

B(x,y) = = (24)
0

the amplitude (23) will be equal to

V(s9 t) = -1(1 -« (/)-« (0 ) B(1 -a ( s \  1 -«(/)). (25)

The function r (z ) has poles for integral nonpositive z = 0, —1, —2. . . .  The residue of 
r(z) at the pole z = — n (rt >  0) is equal to

lim r(z)(z+n) = (—1)"— - (26)
z “ ►  —rt

Thus when t <  0, s >  0, the amplitude (23) describes resonances in the ^-channel with 
mass s = m2j  for oc(mj) = J = 1, 2, . . . ,  while for s <  0, t >  0, it describes these same 
resonances in the /-channel. In the region s >  0, / >  0, the residues at the poles in s, 
considered as functions of /, do not have poles in /, since at this point the denominator also 
has a pole.
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For |z| — °o (|arg z| < n —e, s >  0)

,27)

If one sets z = — a(5) = — a(0) — a'5, then (27) will hold for

\s\ - o o ,  |arg5] <  7 1 - e ,

i.e. in the whole complex 5-plane, except along the positive real axis, where there are poles 
(if Im a' = 0). Using this fact, we introduce an imaginary part into a', i.e. we set

a(5) = a(0)-ba'(5), Im a' = const =  e >  0.

Then we obtain from (27) the Regge asymptotic behavior

V(s, t) -  AT( 1 —«(/)) ( - a '5)‘<'>, (s -  co). (28)

By introducing an imaginary part of a' in deriving (28), we have imitated the “smearing 
out” of resonances in order to compare V(s, t) with a real amplitude. Analogously,

V(s91) ~  AT( 1 -a(5)) ( -a'/)**), (/-<*>). (29)

From these expressions, it follows that the trajectory slope a' characterizes the energy scale 
in such models.

The crossing symmetry of the Veneziano amplitude is clear from its form (23). One may 
also show(204) that the Veneziano amplitude satisfies the sum rules of § 14.1, so that the 
integral over the moments of V(s, t) in v — s —u, on the one hand, is equal to the “weighted” 
sum of the Regge terms, and, on the other hand, this sum comes entirely from the resonance 
contributions of V(s, t).

Thus the Veneziano amplitude satisfies all conditions required of a dual amplitude. 
Resonances and Regge behavior are both determined in V(s, t) by the trajectories and by 
the form of the amplitude. The concept of a trajectory a is basic to the dual Veneziano 
amplitude. Let us consider the behavior of the amplitude V(s, t) near a pole of the 5-channel 
a(wy) = J = 1, 2. . . .  According to (26),

T(1 -oc(s)) ~  a \s -rrfj)  ’ (30)

so that, near a pole, V(s, t) % Cjj(s—m)), where

,  _  , 1 /, x(t, rM t) (« (0+ 1 ) .. .  [«(/)+(J-2 )] 
"a(,)" J)--------- (j-T)l---------

= 4 ( | - 7 - “ (' ) ) ( a<t +- ',o 2))- (31)

By virtue of the linearity of the trajectories, c} is a polynomial of degree J  in t. In the 
physical region of the ^-channel, t contains cos 6 linearly, so that in (31) one encounters all 
Legendre polynomials up to P j(cos 8). Consequently, a pole in the ^channel at a(m^) =  J
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refers not only to a particle with spin 7 but also to particles with 7 —1,7—2, . . . , 0  (“daugh
ters”). Thus each “parent” trajectory with a(/w*) =  7 will be accompanied by a series of 
daughter trajectories a(n) with ain\n?j) =  7 —n. In Fig. 29 the daughter trajectories are 
parallel to the “parent” trajectory with spacing Zl7 = 1. The number of daughter trajec
tories a(w) is infinite, since there are an infinite number of resonances on the parent trajec-

Fig. 29. Daughter trajectories in the Veneziano model, shown as lines parallel to the leading
(degenerate) gf trajectories.

tory. (In factorizable multi-particle dual amplitudes, one also finds a high degree of degen
eracy among daughters.) The Veneziano amplitude (23) may be represented in the form of a 
sum

V(s, t) =  -A y  / a «  + 7\
M  j - i )

1 — a(5) — a(f)
7 —ot(s) (32)

which, by virtue of a (s) = a(0)+a'5 anda(/w*) = 7, is an expansion in terms of poles in the 
5-channel. As a consequence of the (5, t) symmetry of V(s, t) a similar sum may be written 
in the /-channel. Thus an infinite set of poles in the 5-channel generates a set of poles in the 
/-channel and vice versa, so that the descriptions of the amplitudes from the point of view 
of poles (resonances) and trajectories are equivalent. However, eqn. (23) for the amplitude 
is not unique, since one may add terms of the type

y f , _  v r(iw-<*($»r ( n -<*(/»
1 ’  ’ r(m+n+p-<z(s)-x(t))  '

(p 0, -p * s  m, - p  =s n, m, n 1),

(33)

without changing the basic properties of the amplitude. In contrast to (23), the first pole of
(33) associated with the trajectory a(s) now appears at a(s) =  m, while the first pole of (33) 
in a(t) lies at a(t) =  n. The asymptotic behavior of (33), instead of (28) and (29), has the 
form

V'(s, t) ~  s<o-*-p, s — j  ^
V\S , t) ~  t*U) ~m-P, t -  oo. j

Terms of the type (33) are called satellite terms. In defining the Veneziano amplitude via the 
/3-function (25), the indeterminancy with respect to terms of the type (33) corresponds to the
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fact that if one modifies the integrand of the ^-function in (25) by a function / ( x) regular 
in the segment 0 <  x ^  1, so that

B -  B' = J/(ii) if—w-Hl - w )-^)-1 du9 (35)
o

the dual properties of the amplitude (25) do not change. An expansion of the function/in 
a series leads to a sum of satellite terms:

B '= f(0 )B + Z  £  c,
m, n p=0

r(w -q(j))r(m -a(Q ) 
m,p r (n + m + p — q(j)— q(0 ) ’

(36)

where n >  0, w >  0, /?0 = —min (h, ra), and /  = —A. The term with m = 1, n = 1, 
p = — 1 is excluded from the sum.

Using several satellite terms one may eliminate unwanted daughter trajectories.(206) The 
full Veneziano amplitude in all cases, however, is determined only up to satellite terms.

Another important shortcoming of the Veneziano model is its inconsistency with unitar- 
ity. Since the trajectories a are real, the poles lie at real *y and /. This contradicts unitarity, 
according to which resonance poles must lie on the second sheet. When the imaginary parts 
of the poles vanish (i.e. when the total width of the resonances vanishes) the residue at the 
pole (i.e. the partial width) must also vanish.

The Veneziano amplitude (23) is written for spinless particles. Its generalization to the 
case of fermions encounters difficulties.

§ 14.4. Some applications of the Veneziano model

Resonance widths

The Veneziano model contains only a few parameters, so that its predictions may be 
checked easily. In the case of n+rr — 7i+7i~ scattering, the residues (31) of the amplitude 
(23) depend on a single constant X. Now the residue at a pole corresponding to a resonance 
in the s- or /-channel is characterized by a constant for the interaction of the resonance 
with the7r+7r” system for zero momentum transfer, i.e. by a decay width of the resonance 
into n+n~. In the Veneziano amplitude (23), the constant X is the same for all particles in the 
trajectory a, and thus determines (together with a') the relative magnitude of the partial 
widths of all resonances lying on a.

A phenomenological interaction of the^jr system with the p-meson may be written in the 
form

G<,nn̂ (<h +  o) (qx -  ,

where eM is the polarization vector of the p-meson. The residue at the p-meson pole of the 
amplitude is then equal to

-Gl„„4q>q', ?i =  - ? 2 = ¥-

where q and q[ are the initial and final momenta of the n+ particles in the center of mass 
system. On the other hand, the contribution to (23) from the term with J  = 1 is equal to
Nov 22
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— Aa'/, which also contains a daughter trajectory contribution passing through the point 
J = 0 at / = The contribution of the p-meson itself is equal to —2Xq*q\ from 
which we may find A:

A = 2 G ^ .  (37)

is known from the width of the g-meson: r Q *s 100 MeV. The width T f of the next 
resonance may be determined by (31) in terms of r e and the trajectory slope a ' & 0.9 GeV“2, 
which may be found independently in terms of the resonances (see § 13.5). Equation (23) 
cannot be strictly accurate at mf, however, since it predicts an unobserved J p = 1" reso
nance (p') at this mass with an appreciable nn  coupling.

nn-scattering(207)

Let us construct the isospin amplitudes T(/) for nn scattering from the amplitude (23). 
Since pions obey symmetric statistics, the amplitudes T(/) (I = 0, 2) in the ^-channel are 
symmetric under / w, while the amplitude T(1) is antisymmetric. Consequently, in the 
5-channel,

n o) = P{VQe{s9 0 +  V„(S9 u))+yV6e(t, u \ 
TP  = a{Vee(s, t ) - V QQ{s9 u) ) 9 

TP  = VeQ{U u).
(38)

The relation between the coefficients a, /J, y may be obtained from the condition that exotic 
resonances be absent. For the amplitude (38), this means that in the /-channel jt+ +n+ -*■ 
n + +?r+ the amplitude with /, = 2 is equal to zero (/, is the isospin in the /-channel). 
Expressing the amplitude Tt in the /-channel in terms of the amplitudes Ts in the 5-channel 
(38) and the crossing matrix Xts

T P  = £ { X tf- 'T P  = yVeQ(s9 u \  (39)

one may easily find y = — —a, /J =  + -|a. Moreover, the amplitude T P  cannot have a pole 
at a(/) = 1, since the trajectory ap(/) is isovector, while the resonances on the af trajectory 
begin with J = 2:

[residue of J ^ ]  = 0 at a(/) =  1, (40)

yielding a — 1. Thus all three nn amplitudes (38) depend on one constant A.
Let one of the pions have zero mass and its momentum also approach zero, while the 

remaining pions stay on the mass shell: p? = m\ (i = 2, 3, 4). Then the invariant variables 
are equal to s = / = u = ml. One may attempt to apply the Veneziano formula (23) for the 
nn scattering amplitude off the mass shell without any modifications. It turns out that one 
then obtains results coinciding with those of current algebra, which are examined in the 
following chapter.

As will be shown in Chapter 15, when pX/l -*• 0, one has

F(ml, m%, ml) = 0, p ^ n )  =  0 (41)

[see the Adler consistency condition (15.74)]. In order that the amplitude W9e(s, t, u)
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satisfy the condition (41), the relation

*eO£) = T-

must hold. Describing the g-trajectory in the form ae(s) =  \+<x'(s-m%

Since ml <sc

a 1
2 («?-«*)

=  0.88 GeV"2.

a 1
^  2ml *

This formula agrees well with experiment.

(42)

(43)

(44)

Quantization o f trajectories(208)

The Adler consistency condition (41) refers to all processes with one soft pion:

7i+ A  — B+c.

The amplitude for such a process also must vanish when the pion momentum approaches 
zero: pM(n) 0. In the Veneziano model this condition leads to mass “quantization.”

We shall examine below the application of the Veneziano model to the scattering of 
particles with spin. The scattering amplitudes may be first expanded in the usual manner 
(see §§ 7.5 and 11.3) in terms of invariant amplitudes, and these invariant amplitudes may be 
described in the Veneziano form. As was pointed out earlier, the application of the Venezi
ano model to fermions encounters difficulties (the appearance of unphysical states). None
theless we shall formally apply the Veneziano model to the scattering of fermions as well. 
We thus arrive at interesting results agreeing with experiment. This may indicate the unim
portance of the difficulties just mentioned with respect to the quantization of trajectories. 
Thus let us consider a typical term in the Veneziano-type amplitude for the process ti+A  — 
B+c. It has the form

h /  r ( k + j A-oLx(s))r(i+jB~<XY(t))
W x ,is • r) ~

(45)

where JA and JB are the spins of the external particles A and B ; the integers /, k> and n 
(n «£ l+k) characterize the resonances on the trajectories <xx(s) and a Y(t). Trajectory X  has 
internal quantum numbers and parity of the (n+A) system, while trajectory Y corresponds 
to the (ti+B) system. The normality of the trajectory X  must coincide with that of the system 
(A+pion with zero orbital momentum), and consequently, must be opposite to the normal
ity of particle A. Analogously, the normality of the T-trajectory must be opposite to the 
normality of B [see (13.68)].

Let us assume that the vanishing of the amplitude F(ti+A  — B+c) when pM(n) = 0 
(or s = t = m^, u = m*) does not arise from the mutual cancellation of terms of the 
type (45) for any A , B, and c. Then each term (45) must be separately equal to zero, which is 
possible if the argument NAB of the y-function in the denominator is integral and NAB 0>
22*
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i.e.
ax(mA )+ a r(/wl) — Ja + Jb+Nab> (46)

where the number NAB may be considered as characteristic of the particles A and B. In the 
case of the scattering process n+ A — A+c', one must have

^x{m\) = JA+ —  , (47)

while in the case ofjr-f-£ — fi-f-c" the condition takes the form

Consequently, the number NAB obeys the rule

2Nab = Naa+NBb\ (48)

all numbers of the type NAB, NBB must be either odd or even. From nn  scattering it is 
known that for A — n and X  =  q the quantity (47) is equal to aQ(trfy — \  [formula (42)], 
i.e. Nnn is odd. Consequently, for all particles A the number NAA must be odd. The mass 
of particle A in the condition (47) may be expressed in terms of the parameters of its trajec
tory <xA and its spin JA:

2 J A -ccA(0)
mA =  ------- - 7 ---------- (49)

Then (47) becomes

«*( 0)+ —  (Ja - * a(0)) = Ja + —  . (50)
<Xa £

Now this relation must hold also for a particle a of spin JA on a parallel daughter trajectory 
aa which lies one unit below <zA. Consequently, <x'x[<x'A = (-■) (NAA—Naa), which is an integer. 
But if we consider a different scattering process in which the scattered (“external”) particles 
lie on the parent or daughter trajectories X> while the particle A is one of the resonances in 
the ^-channel, then in (50) one should also interchange X  ++ A, and the ratio ot'A[<x'x  would 
also be an integer. Consequently

oca= oc'x, (51)

so that the trajectories <xx  and <xA are parallel. Thecondition (50) now connects the intercepts 
of the trajectories:

*x(0)-ctA(0) = \N aa (Naa an odd integer). (52)

Formulae (51) and (52) express the “quantization” of trajectories in the Veneziano model; 
if a particle on the trajectory ax may decay into a pion and a particle of opposite normality 
lying on the trajectory ocA, then the trajectories <xA and <xx  are parallel, while the difference 
of their intercepts (52) must be half an odd integer.

Using the approximate formula a' % — m2Q or ^  0, we may write (49) and (52) in the 
form of a relation between the masses of the particles X  and A :

= "?A + 2 m \( jx - J A- ^ (53)
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with a mass “quantum” m2. Choosing as pairs (X , A) the particles (Ai, 9), (A, N ), (K*, K), 
(A2, rj), we obtain the mass formulae

The first of formulae (54) was obtained historically from the spectral sum rules of Weinberg 
(see § 15.5). In the case of the baryon Y* = 27 (1385) in the decimet, two types of pairs 
(X, A \  are possible, specifically (Y*, A) and (Y*, 27). Here (53) gives

which, in fact holds for the average ~(m^+m^). One must, however, bear in mind that the 
mass formulae for the octet and for the decimet (see § 10.1) are different, which perhaps 
demands the introduction of satellite terms. Moreover, the Veneziano model has so far 
not been satisfactorily generalized to the case of fermions.

Thus despite its oversimplifications (narrow resonances in all channels) and difficulties 
(satellite terms and unitarity), the dual Veneziano model evidently captures many features 
of hadron dynamics in a remarkable way. One might imagine that the Veneziano amplitude 
is some sort of Born approximation to the real amplitude. Much work has been devoted to 
the development of the Veneziano model and its generalizations to the case of multi-particle 
amplitudes (see the reviews of refs. 209-211).

m \x = 2 m% = 4 + ^ ,
twk* = 4  + 4  m i2 = 3 m2e+m2. } (54)

(55)



C ha pte r  15

ELECTROMAGNETIC AND WEAK CURRENTS.  
CURRENT ALGEBRA

As in  the case of interactions, currents may be subdivided into strong, electromagnetic, 
and weak. Strong currents were introduced earlier in § 11.1 as sources of hadronic fields. 
The possibility of using the reduction formula to introduce weak currents is doubtful since, 
on the one hand, the presence of zero-mass particles disturbs a series of proofs in axiomatic 
theory, and, on the other hand, we do not at present know of fields which could be sources 
of weak currents. We shall consider the weak currents jj^x) as local vector or axial vector 
operators serving as a primary basis for internal symmetry groups (see Part III).

The current algebra of Gell-Mann starts with the assumption that the spatial integrals 
of the densities of weak currents

J dsxj°(x°, x)

are equal to the generators of some internal symmetry group (exact or approximate). To 
some extent, current algebra uses both the group-theoretic and dispersion approaches de
scribed in earlier chapters. The relations between group generators are replaced by local 
relations between current densities. The matrix elements of currents may be expressed in 
terms of form factors whose behavior is analyzed using ideas of the dispersion approach.

In contrast to strong currents, weak and electromagnetic currents are observable (in 
principle). This property is related to the smallness of their coupling constant with electro
magnetic and lepton fields, allowing one to apply perturbation theory. In other words, the 
weak and electromagnetic lepton currents can play the role of “test charges” in studying the 
structure of the strong interactions without disturbing them.

This chapter also contains a section on the violation of CP invariance, since this question 
is related to problems of the weak interactions which we discuss in connection with current 
algebra.

§ 15.1. Electromagnetic and weak currents

The interaction of systems with the electromagnetic field Au(x) is described by the La- 
grangian

■£(x) = -  ejM(x) A“(x). (1)

The electromagnetic current j M = j^+ jl consists of hadronic j* and leptonic j \  parts. The
328



ELECTROMAGNETIC AND WEAK CURRENTS 329

electric charge
Q = e f j 0(x)<Px (2)

is conserved: [Q, P ] = 0, [Q, S] = 0, which entails the current conservation equation

d% (x) = 0. (3)

The electromagnetic current is neutral:

[BJ,] = IL J J  = [¥,]„] = [IZJ M] = 0.

Under SU3 rotations, the hadronic current j* transforms like the hadronic electric charge, 
i.e. as a sum of v^ 6 and t^3:

j f a )  = {vA x)+ V3-  »P8W»)• (4)

where v^{x) is the octet of vector currents (a = 1 . . .  8). In terms of [/-spin multiplets, the 
electromagnetic hadron current (4) is a t/-spin singlet.

Formula (4) for the hadronic current means that the spatial integrals of the densities of the 
v0z and vos define the generators of the group SU2—the isospin component /3 and the hyper- 
charge Y\

|  v03(x) d*x = I3, — = |  loa(x) d3x = Y. (5)

The quantities / 3 and Y are conserved separately, if one neglects the weak interactions. In 
this case, the currents v ^  and vm8 are also conserved in the sense of (3):

d^vu2(x) = 0, dMvMs(x) = 0. (6)

The electromagnetic interaction is invariant separately with respect to the operations 
C, P, and T. From (1) and from the transformation properties of AM (see Chapter 6) it then 
follows that the electromagnetic current and the separate currents and are first-class 
currents (see § 11.4):

CjaC - 1 = - j M9 Cv^C  - :1 = -  C v^c  - 1 = -  Vtf. (7)

The matrix elements of the currents then may be found from lepton-hadron scattering 
experiments and electro- and photoproduction of hadrons. The matrix elements of the current 
between single-particle states (vertex parts, see § 11.4)

r„(p', X'; p, X) = (p \ V  I j M(0)| p, X) (8)

appear, for example, in the amplitude T(e“h — e"h) for the scattering of an electron on 
a hadron:

r(e-h -  e-h) =  - «(*i) r X I c * ) - j ^ W ,  X '; p, X ). (9)

The matrix elements of the current between one- and two-particle states appear in the 
amplitudes for electro- and photoproduction, also calculated to first (electromagnetic)
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order:
y+a  —► b-\- c, e -|- a —► e H-c-\- d.

In the pole approximation, when the main contribution to these processes comes from 
a resonance with the quantum numbers of the (fc+c) or (c+d) system, these matrix elements 
may be expressed in terms of one-particle matrix elements of the type r j^p\ X ; p, X).

The vertex parts contain effects of the strong interactions. By virtue of current conser
vation, eqn. (3),

( p ^ -p ^ ) r M(p \X ;p ,X )  = 0. (10)

The electric charge (2) of a hadron h may be expressed in terms of the value of A  at zero 
momentum transfer:

</>', A'; h \0 \p, X; h> = 2pod(p—p') du'Qh = (2 n? b { p -p ')r 0{p', X \p , X). (11)

The vertex functions F^ may be expanded in terms of invariant-form factors (see § 11.4), 
whose dependence on invariant momentum variables is determined only by the dynamics 
of the process.

The matrix elements of the current and the form factors are usually considered to lowest 
electromagnetic order, so that one need not worry about renormalization of the charge 
Q by electromagnetic effects. Let us see whether the charge Qh of hadrons is influenced 
by strong interactions. If, for simplicity, we pass to normalized proton states |p, A), with 
(/?, X \ p, A) = then instead of (11) we may write the electric charge of the proton in 
the form

Q p  = (/»> A q \ p > A -

The unrenormalized (“bare”) charge Q° appears in the phase transformation of the inter
polating proton field W, i.e. in the commutator

[0, ¥ ' ] = - $ ¥ '  (12)

But the matrix element of the left-hand side of this relation between the vacuum and a one- 
proton state

(o\[Q ,W ]\p7A = - Y t (o \w \n )(n \Q \p 7 A  = - ( o \w \p 7X)Qp
n

may contain only the proton as an intermediate state | «), since, being a conserved opera
tor, Q must be diagonal in all states. Consequently, Qp = Qp, and the strong interactions 
do not renormalize the electric charge. This result is in fact contained in (11) as well, since 
it is directly connected with the normalization condition for the electric form factor Fi(0) = 1 
(see § 11.4).

While the properties of the electromagnetic interactions are well-established and quantum 
electrodynamics is a self-consistent theory, the weak interactions are treated at present on 
a purely phenomenological level. The Hamiltonian density for the weak interactions may 
be written in the form of the product of a weak current by a weak current:

Hw(x) = ~  (J^(x) J^(x)+ J^(x ) J^(x)), 
V 2

(13)
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and calculations performed using perturbation theory. Sensible results are thus obtained 
only to first order. In other words, for the weak interactions, only the form of the amplitude 
for the (weak) transition

(a \T \b )^ (a \H w(0)\b), (14)

is established, but the way to calculate higher-order processes in G, as well as to take account 
of unitarity, is not indicated.

From experiment it is clear that there do not exist excited lepton states, at least up to 
a couple of GeV. Consequently, in this region of energy, one should not expect resonant 
phenomena, and the weak interaction constant G is the only parameter characterizing the 
order of magnitude of the transition amplitude.

In view of the smallness of the constant G ^  10~5m2, the restriction to first order in G 
looks quite well-founded from a practical point of view. But, of course, the absence of a self- 
consistent theory should not in any way be considered an advantage of the present treat
ment of weak interactions.

The total weak current may be written as a sum of a leptonic current lM and a hadronic 
weak current JM:

(15)

The effective Hamiltonian (13), with the current (15), describes a set of different processes 
which include purely leptonic processes (the term /+ /*), leptonic decays of hadrons (the term 
PJ*-bH.c.) and nonleptonic decays of hadrons (the term J*J*).

The form (13), with an overall constant G for weak processes of all types, presupposes 
the universality of G.

We shall assume in this chapter (through § 15.5) that / /w conserves CP; we thereby exclude 
the weak processes which violate CP invariance (the decays of K£ mesons; see § 15.6).

The effective Lagrangian for the decay of the muon and the /3-decay of the neutron

ja- e~ + vM+ve, n — p + e--h re

was proposed by Sudarshan and Marshak(212) and Feynman and Gell-Mann.(213) In their 
CP-invariant Lagrangian, the weak currents have the form

h  = vtf a( 1+ys)/* + vty A( 1 + y5)e, (16)
Jx = m (i-y 5 )n , (17)

where the field of each (free) particle is denoted by its symbol. The difference in sign in 
front of y5 in (16) and (17) is related to the different choice of particles and antiparticles in 
the two cases. In (16) the particles are taken as the negatively charged e~ and /z” , while in 
(17) they are the neutron n and the positively charged proton p.

The expression (16) for the lepton current may be checked by comparing the calculated 
muon decay rate

I \p r  -  e - v Q  ~  |< e -v .l  I /O !2 (18)

with experiment. Both the angular distribution and the polarization of the electrons are very 
closely described using the current (16), so that the form (16) for the lepton current may 
be considered well established at low energies.
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The lepton current (16) has the following characteristic features: (a) it transforms as 
a vector under transformations of the homogeneous Lorentz group (and does not contain 
tensor or scalar parts); (b) the current lM consists only of parts carrying electric charge 
Q = +1, while all parts of the current /+ carry the charge Q =  — 1; (c) the vector current 

. . .  and the axial vector current . . .  appear in the total current (16) with
equal weights. For this reason, the theory of the weak interactions with currents (16) and 
(17) is conventionally called the (V—A) theory. It is obvious that a different choice of parti
cles would change the (V—A) theory into a (V+ A) theory. The (V—A) structure of the cur
rent (16) corresponds to a maximal violation of P-invariance for the weak interactions of 
leptons.*

The weak hadronic current (17) describes only the /3-decay of the neutron. Many other 
weak decays are observed experimentally, (e.g., the decay of the pion n~ — fx~ -F vu> the 
decays K ' — + — /l-fe+-f-ve, etc., see Table A.l, p. 359), so that (17) is only
one part of the total hadronic weak current Jx{x). Moreover, (17) parametrizes the 
matrix element of the weak current (p I/*(*) | n) only for vanishing momentum transfer 
p^(n)—Pa(p) ^  0. In the general case, the weak hadronic’current Jx{x) must be considered 
simply as a local quantity characterized by selection rules.

The matrix elements of the current Jx may be found from leptonic decays of hadrons 
whose amplitudes, according to (14), contain Jx linearly, since the leptonic and hadronic 
parts of the amplitude factorize. Thus the study of the amplitude for /3-decay of the neutron 
allows one to obtain information about the matrix element (p | Jx{x) | n) and to check 
(17) for the weak current. The amplitude for the decay ^  -f v^

T(n+ -  n+v„) ~  (ft+ v,, | /a(0) 10) (0 1 / A+(0) I ;r+)
A/2

gives information about one of the simplest matrix elements of the weak hadronic current— 
the matrix element of Jx between the vacuum and the single-pion state. The decay 

— 7r°-fe+-f vc is associated with the matrix elements of the current between single-pion 
states:

<7T°i A+(0)|7T+>
Formula (17) for the /?-decay weak current contains valuable information about the trans

formation properties of the current : like the lepton current, the current py,(l - y 5)n consists 
of vector and axial vector parts.

Under isospin rotations the vector part of the current (17) behaves as the (1+/2) compo
nent of an isovector with h  = 1 '■

pyAn = iN y A(Ti+;T2)N, (19)

where N denotes the nucleon field. In the simple form (17) or (19) for the /3-decay current, 
the current (19) is assumed to be a component of the same isovector ^ N y ^ N  as the iso- 
vector part of the electromagnetic current jN y^ jN  (the hypothesis of the isovector nature 
of the weak vector current1213,214).)

To go beyond the specific process of neutron /3-decay and the assumption of zero- 
momentum transfer, one must consider the current J^x)  as a local quantity characterized

t See translator’s note, p. 358.
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by its transformation properties instead of using the explicit expression (19) for the hadron 
current in terms of the fields N(x) and N(x). For transitions that do not change strangeness 
or hypercharge, a natural generalization of (19) is the expression

J*(AY = 0) = [vxi~-an+i(vi2 -a x 2yi (20)

where vxk and (k = 1,2, 3) are the vector and axial vector isotriplets of hadronic cur
rents. The expression (20) is well supported experimentally.

Formula (20) assumes that the (V— A) structure of the weak currents holds both forba- 
ryonic and for mesonic decays. In fact, for7r+ — /û  + v^the  decay amplitude is determined 
by the pseudo-vector part of the current ax in (0 |7^ |?r+), whilejfor tt+ — 7r°-(-e+-hve 
the probability is determined by the contribution of the vector part vx in (tt0 | Jx | tt+).

The isovector current vxk is a quantity whose two charged components

Vx+ = (Vxi + ii'x2\ h  = U 
Vx- =  (Vxi-ivx2h h  = - u

occur in the weak currents 7* and 7*, while the neutral component vx3 appears in the electro
magnetic hadron current (4). This means that the invariant isovector form factor must be 
the same for the electromagnetic and weak interactions.

In particular, for the nucleon, the form factors F% and F \ [eqn. (12.73)] determine the 
matrix elements of the currents both for the electromagnetic and for the weak interactions. 
For the current vx+, eqn. (12.73) and the hypothesis of the isovector nature of the current 
with components vx± and yield:

(P2> t f 2 ;  N  I v a + ( 0 ) | / > ] ,  Ou N )

=  "(P* ( t i + / t2) 1 ] «(Pi, Oi)> (<7 =  Pi -Pi)- (22)

The form factors and F \ may be observed in weak decays. The term with F% in (22) 
is sometimes called “weak magnetism.”(215)

The isovector nature of the current v^  also assumes, by isospin symmetry, that if one 
of the components of v^  is conserved all other components must be conserved. The conser
vation of the third component: 9Vj3 = 0, following from the properties of the electro
magnetic current, hence entails(214)

0*Ma-) = O (k=  1,2,3). (23)

By virtue of (23) the hypothesis of the isovector nature of the current v^  is sometimes called 
the hypothesis of conserved vector current (CVC).

The electromagnetic interaction violates conservation of vector current, i.e., it violates 
(23) for k = 1,2. However, the electromagnetic interaction usually is not taken into account 
when studying the properties of the weak currents Jx in the Hamiltonian (14). Thus the 
weak hadronic currents in (14) may be treated in the limit of isospin symmetry, i.e. for con
served vector currents.

In analogy with the electromagnetic current, conservation of vector current entails the 
absence of renormalization of the “vector” coupling constant in the hadron-lepton Hamil-
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tonian. This means that if we write this Hamiltonian, using (20), in the form

—  [(t»a+ - ax+)lx+ (vx.  - axJ)lx+], (24)
V 2

the one-particle matrix elements of the vector part of (24) in the limit of zero-momentum 
transfer become the matrix elements of free fields (contained in v*) with the same coupling 
constant G. In other words, in (22) one will have /^(O) =  1, just as in the case of vX3 

(the electromagnetic field), so that the strong interactions do not change the isospin of the 
states considered. We may write (24) in the form

—  (G°vvx+lx+ G%ax+lx+ H.c.), (25)
V 2

introducing explicitly the unrenormalized vector Gy and axial GA coupling constants. In 
view of the conservation of vector current, the first term in (25) for /5-decay (with zero- 
momentum transfer) is equivalent to

(CrNy* 1  (xx+ / t2)N /^ ,

containing the free field N(x) and Gv =  G°VFX(0) = Gy. As we shall see below in § 15.3r 
the axial vector coupling constant GA undergoes renormalization, so that GA ^  GA =  Gv.

The isovector nature of the current (23) entails a selection rule with respect to isospin 
for leptonic decays:

\AI | =  1. (26)

This rule, however, is hard to check since, aside from /5-decay, it gives clear-cut predictions 
only for neutrino reactions. In the case of nuclear /5-decay, one must also take into account 
the violation of isospin invariance by Coulomb fields.

For isospin multiplets, the G-parity operator is more convenient than charge conjugation. 
Hence the classification of isotriplets of currents into first- and second-class currents is per
formed using the operator GP. For Hermitian first-class currents,

G?(v0k -  a0k) (GP)-1 =  — — dok (k =  1,2, 3), (27)

while second-class currents have opposite GP parity. The current (20) is first-class. With an 
accuracy of ^  5 %, experiment indicates the absence of second-class currents.

There are both strangeness-conserving and strangeness-violating leptonic and nonleptonic 
decays of hadrons. Hence the total weak hadron current is equal to the sum of (20) and 
the current JX(AY ^  0), which changes hypercharge:

J x = J x(AY= 0)+ Jx(AY *  0).

The current JX(AY ^  0) may be reconstructed on the basis of selection rules under the 
assumption that all weak processes (both with and without leptons) are generated by the 
Lagrangian
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The leptonic decays of hadrons (whose amplitudes contain the current JX(AY ^  0) 
linearly) satisfy the following empirical selection rules:

AY = AQ, AY = ±  1, (28)

\A I I (29)

where AQ is the change in the electric charge of the hadrons. Rule (29) holds as well for 
nonleptonic decays with AY ^  0. Isospin invariance is violated by electromagnetic interac
tions, so that rule (29) can hold only up to electromagnetic corrections.

Violations of the rules (28) and (29) are related to one another. From the Gell-Mann- 
Nishijima formula it follows that

Ah  = A (0 -Y )  + \A Y .

If the rule A(Q — Y) = 0 is violated for leptonic decays with AY = ±  1, then the rule 
|,d/| = ~  is also violated. In the case of nonleptonic decays, where AQ = 0, the rule 
\AI\ = j  is violated if \AY\ >  1.

The rule \AY\ = 1 rests on the absence of other decays for all available cases, such as

S ~ -» n  + ji, 2~  — n + e~ + ve, Q~ — r _ + jr°.

The rule AY = AQ is borne out by the absence of the decays E+ — n + e+ + ve, 
K+ — ?t+ +:t+ + e~ + ve, etc.

The rule | Al\ =  \  is also deduced from the analysis of multi-particle decays. The degree 
of its violation may be characterized by the ratio

 ̂ _  amplitude with \AI\ = \  
amplitude with \AI\ = \

(under the assumption that the amplitude with \AI\ >  is equal to zero). In the case of 
K+ — n+ +ji° and K° — n+n, this ratio is equal to f =* 4X 10~2. The selection rules (28) 
and (29) show that the current JX(AY ^  0) is a charged isospinor, so that for AQ = +1 
its properties are the same as for the (4+/5) component of the octet.

From the analysis of decays, it also follows that the current JX{AY ^  0) contains both

a vector and an axial vector part. In particular, two decays are known: K* —
K

and K* — + I the first of which is connected with the axial vector part of Jx
IM

and the second with the vector part. Hence the current JX{AY ^  0) may be written naturally 
in the form

J X{AY 0) ~ (vxi-aXi) + i(vx5-axs), (30)

introducing the octet of vector v^  and axial vector a ^  currents, a = 1 . . .  8.
In (30) the “strength” of the current, or the overall factor, remains undetermined. Experi

ments show that the universality of G does not hold for JX{AY ^  0) (the sign ~  in (30)

cannot be replaced by = ). The comparison of the processes K* — j^+e*-!- and
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7r°-he:f: + |^ c|  shows that processes with AY ^  0 are suppressed approximately

20 times in comparison with processes that do not change hypercharge.
The universality of the constant G is restored using the hypothesis of Cabibbo,(216) accord

ing to which all three types of weak interactions (//+, IJ+, and JJ+) have the same coupling 
constant, but the weak hadronic current is modified by the introduction of the Cabibbo 
angle 6 :

Jx = [(vxi -  axi) 4- i(vx2 -  aX2)] cos 0 + [(vM -  ax4) + i(vx5 -  axs)] sin 0. (31)

The hypothesis of Cabibbo is confirmed by experiment for a value 0 = 15°.
Thus the hadronic current (31), togetherjwith the leptonic current (16), is the total weak 

current, which appears in the effective Hamiltonian

~ ^ ( J x+lx) (J t+ lt)  (32)
V 2

with a universal constant G; here the unrenormalized vector and axial vector constants are 
now equal to G°v =  G cos 0 and G^ = G sin 0. The Hamiltonian (32) explains all selection 
rules except for the empirical rule \AI\ =  — in strangeness-changing nonleptonic decays. 
According to (32), nonleptonic decays must also contain transitions with \AI\ = which, 
however, are suppressed by factors as yet not understood. From the point of view of the 
group SUz, the terms in (32) with \AI\ = J- are contained in a 27-plet, while the remaining 
terms in (32) belong to an octet. For this reason the hypothesis of the suppression of 27-plet 
terms [within the framework of the theory with the Hamiltonian (32)] is usually called the 
“hypothesis of octet dominance.”

§ 15.2. The Gell-Mann algebra of densities and charges. The groups
SU2 XSU 2 and SU3 XSU 3

Let us form integral quantities—the charges K*(jc0)—from the densities of isovector cur
rents :

Vk(x0) = J vok(x, x 0)d zx (k = 1, 2, 3). (33)

Since the isovector currents are conserved, dMvM = 0, the charges (33) do not depend on time:

/[Po, Vk] = J d0 Vk(x0) = (60̂  + div vk)cPx = 0. (34)

Here we have added the vector current vk across a surface at infinity, which is equal to 0. 
But, according to (4) and (5), the component V3 appears in the Gell-Mann-Nishijima for
mula and must be identified with /3. Hence the isovector Vk may coincide with isospin

Vk = Ik 9  (35)

and, consequently, the components (35) may be taken to satisfy the commutation relations:

[/*, Ij] = iskjih,

[J vok(x9 x 0) dzx, J v0J(x ' 9 x0)^ 3x'] = iekji J v0i(x, x 0) dzx.

The conditions (35) and (36) define the choice of normalization of the currents vMk.
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The axial charges Ak(x0) are determined in terms of the integral over the axial densities

Ak(xo) J  aok(x, x0) d3x (k = 1,2, 3). (37)

Since aok(x) is an isovector, the commutator of the charges (37) with the generators of the 
isospin group Ik must be equal to

[̂ )k(xo), Ij] = iekjiAi(xo). (38)

The axial current, in general, is not conserved: 9* 0, and the axial charges Ak(x0)
cannot be constants of the motion:

[Po, Ak(x0)] = 0.

Let us try to close the algebra of the charges Ik and At(x^  at equal times. For this, we 
must postulate a commutation relation between the components Ak(x0) and ^/(x0) that does 
not introduce new quantities. As an additional condition, we shall demand that the charges 
4  and At may be interpreted as generators of an extended compact Lie group. This condition 
leads to a unique solution:

[Aj(x0), Ak(x0)] = ieikjlj. (39)

Since At is a pseudo-scalar, the right-hand side of (39) must be a scalar and is either express
ible in terms of /, or equal to zero. Zero on the right-hand side of (39) leads to the non
compact group SU2 XTz (isospin rotations with translations), where At{x0) plays the role 
of three-dimensional momentum. The choice of the opposite sign on the right-hand side of 
(39) would lead to the noncompact group SL{2, c), where Ak would be similar to the genera
tors of Lorentz transformations Nk. The relation (39) uniquely normalizes the axial charges 
Ak-

Formulae (36), (38), and (39) are the commutation relations for the generators of the 
group SU2 XSU 2. If one introduces the operators

V? = i  ih ± A k) (k = 1 ,2 ,3 ), (40)

the sets Vk and Vk will commute with one another:

[Vt, Vf] = 0, (41)

and separately form SU% algebrae:

[F±, F±] = iekjlVf. (42)

The relations (36) may be obtained in nearly any quantum-field theory model. Equation 
(38) follows from the assumption of the isovector nature of the axial-vector currents. Rela
tion (39) was postulated by Gell-Mann ;(217) it can be obtained in several models.

Let us introduce formulae of the type (36), (38), and (39) for the group SUzXSUz in the 
quark model with currents

v^a(x, x0) = \qy»Xaq, 
aua(x, x0) = \q y Mysq,

(43)
(44)
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where the operators q(x, x<>) and q+(x, x0) obey the usual equal-time commutation relations

{?«*(*, *o), *o)} =  b^dlkd{x-x')
(«,/* =  1,2, 3,4; i , k =  1,2, 3). (45)

If Oj and 0 2 are spin-St/3 matrices of the type j y 5Xa, |-2a, then, according to (45),

[q+{x, x0) Oiq(x, x0), q+(x', x0) 0 2q(x\ x0)] =  q+(x, x0) [Oj, 0 2] q(x, x0) <5(jc-jc'). (46)

It then follows that, in the quark model, the current densities (43) and (44) satisfy the com
mutation relations

faoa(x, *o), V o b ( x \  x0)] =  i f a b c V o c i x ,  x0) 6(jc- x ' ) ,  (47)
[ a o a ( x ,  x0), V o b ( x ’ ,  x0)] =  i f a b c O o J i x ,  X o )  d ( x — x  ) ,  (48)
[ao„(x, xo), a o b ( x ’ ,  x0)] =  i f a b c V o c ( x ,  x0) 5(x-x '). (49)

For the octets of the vector and axial vector charges

Fa(xo) = j  d3xvo(x0, x), Aa(x0) = j  d3xa^x0, x) (50)
*o

relations (47)-(49) lead to the algebra of SU3 x S U 3:

[F„(x0), Fb(xo)] =  ifabcFc(xo), (51)
[F,(x0), Ab(x0)\ = ifdbcAc{x0), (52)
[Aa(xo), Ab(x0)] = ifabcFcixo), (53)

where we have retained the argument xo in conserved charges for uniformity. The charges 
Fa are generators of the usual group SU3. If we introduce the quantities

f t  = \(F a± A a), (54)

they will satisfy the commutation relations for the generators of two independent SU3 

groups:
[F+, Ff] = 0, (55)

l f t , f t j  = if4cft- (56)

The representations of the group SU3 XSU 3 may be designated by («+, n~), where nr1 

is the dimension of the representation of SU3 of the subgroup with generators \(F a±Ag). 
The charges associated with the weak and electromagnetic hadronic currents belong to the 
reducible representation (8, l_)+0, 8).

The Gell-Mann commutation relations of currents and charges are nonlinear; they thereby 
allow one to establish the scale of the charges. The vector interaction constant Gv is deter
mined by the leptonic decay a — b+ 1, where 1 is a lepton. The strong interactions affect the 
constant Gy, inasmuch as they determine the vector form-factor (k2, b\vxi+l2 \kv a). 
The renormalization of the constant GKis determined by the value of this form-factor at 
(k2 — ki) =  0 so that, for example, for the /3-decay of the neutron,

G cos d(k2, p 1^1+12(0) |*i, n) =  Gv(k2, p|p(0) yiT1+1-2n(0)l*i, n). (57)
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where p(x) and n(x) are the free proton and neutron fields. For X — 0, the left-hand side of 
(57) is proportional to the expectation value of the charge /1+l2:

{k2y p|/i+ /2l*i, n> = (2n f  b{k1- k ^ { k u p |v0, i+/2(0)|ki, n) = d(ki~k2)2k0. (58)

The last relation in (58) is a consequence of the fact that Ik is a conserved generator of the 
isospin group [satisfying the commutation relations (36)], and thus the operators Ik act 
within the (p, n) multiplet, while the values of the matrix elements Ip follow from (36). 
From (57) and (58) one sees that

Gy — G cos 6  (59)

—the vector constant is not renormalized by the strong interactions nor are the charges Ik.
In the limit of exact SU3 symmetry, the c u rre n t^  (a =  4, 5) are also conserved, while the 

values of Fa remain constants of the motion. From the commutation relations (51) between 
these charges and Fk =  Ik (k = 1,2,3), it is clear that in the limit of SU3 symmetry the 
charges FV F5 are also not renormalized. If one allows for violation of SU3 symmetry, the 
charges F4 and F5 are renormalized only in second order in the SU3-violating interaction 
(the Ademollo-Gatto theorem(218)).

The scale of the axial vector charges Aa is fixed by the commutation relations (52) and (53) 
and is connected with the vector charges. Since the axial currents are not conserved, one 
should expect important effects of renormalization of the weak axial charges. The value of 
the renormalized axial iso vector charge is calculated in § 15.4.

§ 15.3. Partial conservation of axial current

While the vector isotriplet current is conserved, the axial current cannot be conserved. 
To see this, consider the decay

The probability amplitude for this decay

contains the simplest matrix element of the weak hadron current (px is the pion momentum)

( 0 \J t ( P ) \ p ,  n +) =  (0 \a xJ 0 ) \ p , n +),

ax- = aa - ia X2, (60)

in which only the axial part contributes since the pion is a pseudo-scalar particle. From 
considerations of covariance, the matrix element (60) is determined by one constant f„ :

(0 \aX- m Pl x +) = -—^ P x .  (61)

The constant f„ may be found from the decay of the pion: f„ % 135 MeV (if G is found 
from other experiments). Calculating the divergence of the current ax

<0|S*M0)|/>,»+> = /(O l^ f la .]  !/»,»+> =

Nov 23

(62)
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If one were to set &ax = 0, then, according to (62), one would have to simultaneously con
sider a pion to be a massless particle, mn = 0, or to take f n = 0  and forbid the decay
71 — fXV.

The isovector field dAa\x) has the same quantum numbers as the pion fields rcin(jt) and 
nout(x% and the matrix element of this field between the vacuum and a one-pion state is 
non-zero. If the field dxa^(x) is also irreducible, it satisfies the condition of the theorem of 
Haag et a/.,(219~221) according to which such a field dxc£{x) may be used as an interpolating 
pion field C7i(x), and

dxa\x) c^jtin(x), x0 — =F«>,

where the limit is understood in the sense of weak convergence (see § 11.1).
The hypothesis of partial conservation of axial current (PCAC), relates the divergence of 

the axial current to the interpolating pion field :(222,223)

d ^ { x )  = cji{x). (63)

Equation (63) defines the continuation of the pion field off the mass shell p2 = m2.
A different continuation would be given, for example, by the field

7t'(x) =  7t(x) + X id jy-  m2) 7i{x\ (64)

coinciding with n(x) asymptotically:^ = n^ . One of the possible fields (64) is the canonical
out out

field 7t(x \ satisfying the usual equal-time commutation relations. For the field (63), the 
canonical commutation relations hold only in model theories (the <r-model(224)). Since the 
matrix elements of the current aM are observable in principle, the PCAC hypothesis (63) 
implies that the corresponding matrix elements of the pion field off the mass shell are also 
observable.

Comparing (62) and (63), we find

cn =  mlfn % m2n X 135 MeV. (65)

As an example of the application of the PCAC hypothesis, let us consider the matrix 
element of the axial current between proton and neutron states contained in the amplitude 
for the i3-decay of the neutron. From invariance considerations, it follows that here there 
are three independent form factors, (?i, C2, G$ (see§ 11.4), which we shall associate with the 
vectors ysyx, qxys = (pn- p p)Ar 5 and axAvy%-

G cos 6 {pi, <r2; p|fl« + *fla2|pi, ffi; n> =  -^^3  Wn(/>2, <r2) t +{ysyxGi(q2)-qxysG2(q2)

+ iax^nG ^q2)} knOi, (66)

where we have used the isovector nature of the current ax and have introduced on the right- 
hand side the components of the isovector un-ji*mn (mn is an eight-component nucleon 
Dirac spinor). The hermiticity of the operator demands that Gx and G2 be real and Gz 
be purely imaginary. The current iuX fp^y^ill is a second-class current with respect to the 
GP transformation (31). The presence of a current with an imaginary form factor G% violates
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invariance of the theory with respect to time-reversal T (see § 5.4). Hence one must set

G3 = 0. (67)

For q2 = 0, the right-hand side of (66) becomes

«n(/>2, a z ) r + Y x Y s U n { P u  ffi)> (68)

since the form factors cannot have poles at q2 = 0 : such poles would correspond to charged 
particles of zero mass.

Expression (68) differs from the formula for the matrix element of the axial current

^  «n(/>2, 0 2 )  t+ Y lY s U f i ( P U  O l)

(applicable when one neglects the effects of strong interactions) by a factor Gi(0)/G cos 6 . 
In other words, the effective (renormalized) axial weak coupling constant is equal to

Ga =  Gi(0) % 1.25G cos 8 , (69)

with the number 1.25 (more precisely, 1.250± 0.009) obtained from experiment.^ Instead 
of (17), we should now write the /3-decay current in the form

Jx = VYx{l -  1.25y5)n cos 0. (70)

The Goldberger-Treiman relation

Let us find a relation between GA and the pion parameters m„ and /„. The matrix element 
of the divergence of the axial current is equal to

cos 8 G(pi\ p \dx(aXi+iax2)\pT, n) = -— 5-mp(/>2) {(mp+m0)Gi(^2)-l-92G2(^2)}y5Mn(̂ i)-

(71)

Now, according to (63), the left-hand side of (71) is equal to

G cos d(p2; p| n(0 ) |pu  n)m2„f„.

This quantity may be related to the pion form-factor of the nucleon /sfj^^g2), which is 
defined by

— (2 ny  ,«nn»m(/>2) Y^M P i) Kminiq2) =  (Pi, N\Jak\PT, N), (72)

where qini„ is the pion-nucleon coupling constant, g jm Jfo  % 14.6, while JSk(x) = 
(— □ + m£) ?rA(x) is the pion current.

The form factor /sfNN„(g2) is normalized by the condition A"NN„(m2) =  1, where the 
point q2 = ml corresponds to the pion pole in the annihilation channel.

Thus a simple combination of axial form factors may be expressed in terms of the pion
3i*
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form factor of the nucleon and the constant gNN,:

2/wNgi(g2)+ qKjijq2) _  , gNN* Knnn(<f)
2(?cos0 n \ / 2  m \-q z

Setting q2 = 0, we obtain the Goldberger-Treiman relation(225)

C?i(0) _  Ga

G cos 0 G cos 0
fn

V 2 mN
gNNn^NNn(0). (73)

Equation (73) allows one to calculate ATNN,(0) in terms of the known experimental values 
for &<(0) ss 1.25 and /„  135 MeV, giving ^ , ( 0 )  st 0.91. This value differs very little
from A(NNa(tw2) =  1, and the function ATNNn(^2) probably varies monotonically in the inter
val 0 *zq2 c  m2. For this reason, one usually sets Kmi„ % 1, writing formula (73) in the 
form (cos 0 ^ 1 )

Ga

G
U

V 2 mN
gNNn-

The accuracy of this relation clearly cannot exceed 10 per cent.
If one passes to exact SU2 XSU 2 symmetry, where the axial currents are conserved:

relation (71) implies:
dxax = 0,

2mnGx{q1) = - q 2G2(q2).

To determine the axial constant for the case of SU2 XSU 2 symmetry, one must study the 
limit of the right-hand side as q2 — 0. According to (62), conservation of axial current sug
gests two possibilities for the treatment of the pion: (1) mn =  0,f„ X 0, (2)f„ =  0, mn ^  0. 
If mn = 0, the form factor G2(q2) acquires a pion pole at q2 = 0, so that

<?i(0) = lirn q2G2(q2) X 0.
ZAHn q* - * 0

If mn 0, then G2{q2) does not have a pole corresponding to charged particles with 
m2 = q2 = 0, and q2G2(q2) — 0 for q2 — 0. In this case, the axial constant is nonzero only 
if the mass of the nucleon vanishes: mN = 0. The nucleon states |/f. A; N) of definite he- 
licity ±A thus form a basis for the two simplest representations V+ = - ,  V~ = 0, and 
V+ = 0, |  of the group S U ^ X S U ^ \

The Adler consistency condition*?2̂

Another important consequence of the PCAC hypothesis is the vanishing (under certain 
conditions) of the hadron scattering amplitude b — c+n if the momentum q^ of the pion 
approaches zero: q^ — 0; here b and c stand for arbitrary hadron states.

Let us consider the amplitude for this process and use the reduction formula (11.14):

(nc | S -11 b) = b \p c- p b+q){nc\T\b) =  -  f  d*xe‘̂ xK(x)(c\n{x)\ b).
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where ji(;c) is the interpolating pion field and qM is the momentum of the pion in the final 
state. The field ji(;c) may be expressed in terms of d^a" using the PCAC hypothesis (63):

(;rc|.S— 1 |h> |  d*xei9XK(x) {c \ b ^ { x )  \ b)

iq» 
c„( 2 nf'*

d*xeiqxK(x) (c | a^{x) | b).

since pb = pc+q- Consequently, the amplitude may be nonzero at = 0 only when the 
“scattering” amplitude of the axial current b c+a possesses a pole at this point. When 
such poles are absent, we obtain the Adler consistency condition:

lim {nc\T\b) = 0. (74)

This condition has already been used in§ 14.4.

§ 15.4. Renormalization of the axial vector coupling constant

The axial vector weak coupling constant GA may be defined by eqns. (66), (68) and (69), or 

Gv(k, <Tu v\ao) + iao2\ A, a2\ n) = GA(k, ou  pi p ( x )  y \y $ n {x )  | A, <x2; n)

= u{k\ oi) yiy$u(k, <r2), (75)

where Gvis the vector interaction constant, and p(x) and n(x) are the free proton and neutron 
fields. Our problem is to calculate G JG V, i.e. to derive an expression which, evaluated 
using independent experimental data, can give the coefficient 1.25 in (69) and (70).

To calculate GAj we use the equal-time commutation relations (39) for axial charges

[A+(x0), ^ -(x 0)] = 2/3 (A± = Ax±iA2). (76)

We set xo = 0 and write y4(xo) = A. Let us find the matrix element of both sides of (76) be
tween proton states | A, <x; p) and | A', a'; p). Averaging over the proton spin,

I  I  <*, <r; P12 h \ k \  o'- p> = 2ko d (k -k ') . (77)
o, o'

for the right-hand side of (76). On the left-hand side of (76) the matrix element of the product 
of axial charges A+A_ may be expanded in a complete set of intermediate states |a):

k  £  (k, o\ v \A + A L \k ',o '\ p> =  £  <*, o\ p \A+1(n))
o, o' (n) o, o'

X ((n )M _ |A ',ff ';p )+ | £  (A, a; p \A+ !a> ( a \A . \k', o’, p> s  Cx+ C 2(+ - ) ,  (78)
a?i(n ); o, o'

where we have separated out the sum C i over single-particle (in the present case, neutron) 
states n. The second sum C2(-J— ) contains the multi-particle states |a). The term A_A+ 
in (76) does not yield a one-particle contribution of the type Ci (there are no doubly charged 
particles decaying only as a consequence of the weak interaction). The relation obtained
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from (76) thus has the form

2 kod(k—k') — Ci~hC2(-l— ) —C 2(— h). (79)

The contribution of the neutron state C\ may be expressed in terms of the axial vector 
coupling constant GA. According to (37), the operator Ak does not change the momentum, 
and each of the matrix elements in (78) contains a 5-function of the momentum of the 
states:

Now, by virtue of (75) for one-particle states, the matrix element of the current aok (for equal 
momenta) is proportional to GA. Inserting (75) and (80) into (78), we obtain for Cx the 
expression

where C '2 designates the contribution of the multi-particle states in (78) without the momen
tum 6-function.

From (79) it is clear that the renormalization of GA is significantly related to multi-particle 
states. If the symmetry SU2 XSU 2 were exact and the axial charges Ak were conserved, while 
the nucleon belonged to an irreducible representation of the group SU2 XSU2, the charges 
Ak> like the generators of this group, could not connect the nucleon with multi-particle 
states. Consequently, in the case of SU2 XSU 2 symmetry, the right-hand side of (79') 
would vanish. Assuming that the neutron and proton are the only single-particle states, 
we thereby exclude parity-doubling and thus must set mN = 0 (see § 15.3). The relation (79') 
would then lead to the absence of renormalization: GA = Gv .

If the mass of the nucleon is nonzero and the symmetry SU2 XSU 2 is broken, then (79') 
allows one in principle to find the ratio GAjGv as a measure of the breaking of the symmetry. 
The relation (79') depends on the frame of reference and is most easily visualized in the 
infinite momentum frame of the nucleon, where k?/kl % 1. Then the left-hand side contains 
only 1 —G2AIG2V and its deviation from unity is wholly determined by the multi-particle 
contributions C2.

The contribution of multi-particle states may be found using the PCAC hypothesis (63). 
We first transform the matrix element of the axial charge Ak in such a way as to replace Ak 
by the divergence d^ag:

(a\Ak\b) = (2nf 5(pa- p b) (a |a0k| b). (80)

(81)

The relation (79) may now be written symbolically in the form

(79')

(a 1 d$A 1 k, a\ p) _  (pc\j d zx d^aM ] k 9 a\ p)
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To express C2 in terms of observable quantities, let us introduce the pion current related 
to the strong interactions in place of the field n(x):

(<x I J d*xn(x) I A, o\ p> = (2n f  &(pa~~k) (a |7r(0) \k, a\ p)
Si/ _ i,\ I I k, p) fQY\

= w i ^ - D  t  • (83)

(□ -m l)n(x) = J„(x).

On the energy-momentum surface pa = k+pn, the matrix element of the pion current 
(a | J„(0)| A, a; p) determines the amplitude for the process ?r-fp — a, if | a) = | a, out). 

Inserting (82) and (83) into C2(-f - ) ,

C2( + - )  = d ( k - k ' ) ^ - £ f'*» J
b(Pz-k) b(p\—m\)

X! „2  2 \ I (/*“’ ® I J I A, <T, p) |2
• •  • -----------------------------------

b SKp. - * ) ’ -™!]1
I (j>«, g . ;«1 /n(0) I A, g; p) I2E I*a» aa J

(84)

where na is the number of particles in the state a, while <ra is their polarization state. The 
invariant phase volume dRn is determined by (7.32), where we have introduced the vector 
qM = (ct>a, 0,0,0). The matrix element of the current in C2 can be related to the total cross- 
section for the scattering of soft pions (ml = 0) on protons. For the scattering

7r-f-p -► a

from the conservation of energy-momentum q+k  = pa (q is the pion momentum) when 
q2 = 0, we obtain in the centre of mass system

M =  y /s  = q0 + k0, q0 2 M

The scattering cross-section do(n+p — a) is equal (see § 7.3) to

2(2ttI10
da = \(* \T \np)\2dRM  + k), (85)

where, according to (11.14),

( a |T |np) = — (2?r)“3/2 (<X\U0)\k, a ; p>. (86)

The total cross-section atot may be found from (85) by summing over all possible 
states a with given energy \ /s .  If one introduces the notation (Ttot(v 5 , m2), stressing the 
dependence of atoi on the pion mass, (85) yields <rtot(V s, 0).

Let us pass in (84) to the infinite-momentum frame, where k 0 -► 00, and insert expressions 
(85) and (86), obtaining

c2 f  Wc 2( + - )  = b ( k - k ' ) ^  j  0), (87)
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where 0) is the total-cross section for scattering of soft negative pions on a proton.
The term C ^ — h) is calculated analogously, and contains the total cross-section 0)
for the scattering of soft positive pions on a proton:

The pion constant c„ contains G JG V. Using the Goldberger-Treiman formula (73), we 
may, with the help of (81)-(88), transform (79) into the form(227*228)

The Adler-Weisberger relation (89) allows one to calculate the renormalization of the 
weak axial vector coupling constant GA in terms of the scattering cross-sections and the 
constants KNNn, g associated with the strong interactions. It is assumed, of course, that 
the experimental cross-sections o^t(W, m2) may be extrapolated to m2 = 0. In the low- 
energy region, o+t dominates over <r~t as a consequence of the A++ resonance. As the 
energy increases, the difference decreases, and eventually becomes negative.
Calculations give \GAjGv \ ^  1.24(227) and \GAjGv \ ^  1.16,(228) values very close to the 
experimental number 1.25 if one bears in mind the approximate nature (~  10%) of the 
Goldberger-Treiman formula.

If chiral symmetry SU2 XSU 2 were exact, then, as we saw in § 15.3, the pion would have 
to be massless. Hence one might expect chiral symmetry to become more and more exact 
with increasing energy, while for low energies its violations would be very significant. The 
latter is certainly the case since, for example, the baryon octet B cannot be associated with 
another octet B' of opposite parity. The demand of asymptotic symmetry, when combined 
with an assumption about the asymptotic behavior of vacuum expectation values of products 
of currents, allows one to obtain strict limitations on spectral functions or on pole approxi
mations to the masses of particles. These restrictions are known as the Weinberg spectral 
sum rules.(229)

Let us consider the vacuum expectation value of the product of two currents j\kJvp where 
k, j  refer to isospin:

(88)

§ 15.5. Asymptotic chiral symmetry and spectral sum rules

AJ?c) = <0|^(x)yf(0)|0>. 

The Fourier transform of (90) is

(90)

ZU/O = J  A ^ x )  d*x = (2*)* £  J  dR„(p) <01 j„ \ ri) (n |yr |0>,
n

(91)

where we have introduced a complete set of intermediate states, the second integral in (91) 
is over /i-particle invariant phase space, and = 7̂ (0).
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The currents j M may, in general, not be conserved: ^  0. Hence the matrix elements of
the current in (91) may include states | n) both with spin 1 and with spin zero. Specifically, 
for the matrix element of a current between the vacuum and a state with spin 7 and mass
ntj 0,

-n t 2 J(J+ 1)<0|^| Wj, 7) = <01 [w2, j,,] | ntj, J) = 2{0\g^U j v~djdvf \ m jy J). (92)

For the “transverse” current with =  0, the matrix element in (92) is nonzero only 
when 7 = 1 .  If [w2, j ^  =  0, i.e. for the “longitudinal” current j lv, satisfying the condition 
Oj]t—d dvf t = 0, one must have 7 =  0 in the matrix element of the current in (92).

Consequently, for a nonconserved current, the sum in (91) decomposes into two parts, 
in which the states | n) have spin 1 and spin 0:

Am,(p) = (2 n)* j l 5 V - p „ ) < 0 1 ;> ,  7 = 1)<», 7 = 1|7,‘|0>

+ £  S4(/>-P„) <0\JlI n, 7 =  0><n, 7 =  0 \ j l \0>j. (93)

Each of these parts may be expressed in terms of an invariant spectral function Q(r>(p2), so 
that

A U p) = 2 rc j  Qa\ p 2) S(p0) + ~ rpMPve(0)(P2) Q(po)- (94)

From (93) and (94) it follows that the spectral functions qa) and g(0) are nonnegative:

e O ^ O ,  po >  0, (95)

and the threshold for q^p2) is the lowest mass m2n = p2 of the state | w). Returning to coordi
nate space, we obtain a spectral representation of the Kallen-Lehmann type:

A U X) = gf» J dm2Qw (m2) A+{x\ m2) - d Md* j * ( e (1)(™2)+ Qm(m2)) A+(x, m2), (96)

where zJ+(x, m2) is the vacuum expectation value of the product of two free fields with spin 
0 and mass m2:

1A+(x, m2) ■
(2 nf Idipe~’>>x6 (po) 8 {p2 — m2). (97)

Equation (96) implies a spectral representation for the vacuum expectation value of the 
value of the time-ordered product of two currents:

ArU*) =  <01 T(Ux)MO)) 10> =  <01 B(x0) [/„(*), M0)] 10>+<017,(0) j M(x) 10). (98

The result is

A fU x) = gw j* dm2Q^\m2) Af (x, m2)

+I dm2
mc (ea) + £(0)) dJ)pAF(x, m^+gvogpo&ix) I dm2

wr (e(1)+ e (0)), (99)
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where
zJF(x, m2) =  i<01 T(<p{x) <p(0))|0>

is the Feynman propagator for a free field with spin 0, and the last term (the “Schwinger” 
term) appears upon differentiating d(x0) and noting that

8 0(A+(x)-A+(-x))\ =  - id \x ) .  (100)

We note that only the difference between AFjlv and the Schwinger term transforms as a 
tensor.

The assumption of asymptotic symmetry of vacuum expectation values (99) for axial and 
vector currents may be formulated in the following manner.(230) Let

=  J  d*xe“>\0 \T(v£x) »/0))|0>. (101)
4 U « )  =  J  & x & \  0 1 T(a/x) a.(0)) | 0> (102)

be the Fourier components of the vacuum expectation values of T-products of currents, 
In the case of exact SU2 XSU 2 symmetry, one must have AF/UX4) = AFfiV(<l) for all values of 
q. Asymptotic chiral symmetry means that

lim = o, (103)
qt — oo

where J F/ir(q) is the covariant part of the propagator, not containing the Schwinger term. 
In the spectral representation (99) for the axial vector current, it is convenient to separate 
out the pion contribution from ($ \ Bearing in mind formula (61) for (01 aM \ n), we find that 
this contribution to AFllv(q) is equal to

q2 -nr*,+ie (104)

Then the difference between the vector and axial vector propagators (103) is

r Cdnt>(ey - e<t>) r ey - Qy-Q W  n  )|J  qz —m2—ie " J m%q2—mi + ie ) q2-  m%+ie | ’
(105)

where qv and gA are the vector and axial vector spectral densities defined in (93) and (94). 
In view of the conservation of the vector current and the absence of particles with zero mass, 

=  0, and qv = Qy* contains only contributions from particles with spin 1.
As q2 — oo, the first term in (105) vanishes, if we consider the expression

c  = j  dm^Qy-Q^).
to be finite.

We note that the change in the order of integration used above is possible if the Schwinger 
term integral is finite, or

<  oo .
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The limit of the second term in (105) is easily calculated if one can interchange the order of 
integration and the passage to the limit. Under this assumption we obtain from (103) and 
(104) the first Weinberg sum rule :<229)

|  * » = /„ = .  (106)

If one makes the further assumption that C = 0, i.e. that asymptotically not only (103) but 
also

urn J q2 —m2 — ie

holds, the spectral densities must satisfy the second sum rule :(229)

(107)

J {Qvim*) — e^Ow2)) dm2 =  0. (108)
Formulae (106) and (108) are restrictions imposed by asymptotic chiral SU2 XSU 2 sym

metry and by the assumption (107) of the rapid vanishing of the density gy—g^.
The application of the sum rules (106) and (108) is based on the assumption that only sharp 

maxima in the region of resonances are important in the spectral densities gA and gy. Tak
ing into account only the g-meson contribution to qv and the ^-meson contribution to 
g(A\  and neglecting infinitesimally narrow resonances, one may set

QyCm2) =  G2ed(m2-m 2), ' (109)
g(J>(m2) =  G2A 6(m2- m 2Ai), (110)

where the constants Ge and GAi may be found from the leptonic decays of q and Ax e.g.

(0 1 vM(0 ) | g> =

<0]a,(0)[A1) =  -£̂ /2A) GAl.
(Ill)

The sum rules then lead to Gi = G\ and tonl U

( 112)

relating the masses of the g and the Ax to the decay constants Ge and f„.
From the decay g — 2it, it is clear that G  ̂and f„ are proportional to one another :(231' 233)

(113)

Introducing this empirical value of G2 into (112), we obtain a formula for the ratio of 
mass of the g and the Ax:

mA l= \Z 2 ms, (114)
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which agrees well with experiment (/wAj % 1100 MeV, mQ % 770 MeV). In the case of exact 
SU2XSU 2 symmetry, the masses mQ and mAi would have to be equal.

The idea of asymptotic symmetry is easily extended to the chiral group SUZXSUZ.
The vector strange currents are conserved only in the limit of SUZ. Hence if one allows for 

the effects of SUZ violation (which are comparable with the effects of chiral SU2 XSU 2 

violation; see § 13.3), one should consider the currents v ^  (a =  4, 5, 6, 7) to be noncon- 
served. The scalar part of the spectral density g(y> will then be nonzero. If one assumes that 
the contribution to g(]P is connected with scalar K-mesons (x-mesons), 7P =  0+, then, 
for example,

(0\vlA+ivli5 \q;x+) = ~ ^ .  (115)

The nonconservation of the axial currents a ^  (a =  4, 5, 6, 7) is related (via PCAC) to the 
existence of K-mesons:

<0| a, 4+w„5| ? ; K + > = (116)

Thus in the case of asymptotic SUZXSUZ, in addition to the difference (103) one should also 
consider the difference

A$Uq)-A$Mq) • 

F(q2) =  J  dm2

= F(q2)gMv+G(q2)qrfv, 

q^—trP — ie ’

G(q*) = gK.frw2) —gK J j r ? )  F I
r r i ^ —n f —ie) q2 —n%—ie

___n ____
q t-n ik - ie  ’

(117)

(118)

(119)

where pK. is the vector density, gKj( is the axial vector density, and the contribution of the 
scalar densities is limited to the x and K terms in (119).

The assumption that the difference (117) vanishes asymptotically as q2 -*• ■» gives the 
first Weinberg sum rule:

= m _ f ;  (120)

The second sum rule, which also does not agree badly with experiment, may be derived(234) 
under the additional assumption that q2F(q2) becomes a constant in the limit q2 -*► «> while 

vanishes asymptotically. Then, from (119) and the first sum rule (120), the 
second sum rule follows:

J dm2(gif(m2) — QKA(*n2)) = jwkFk—n&F2 . (121)
o

The first resonances contributing to the spectral densities pK* and are K*(7P = 1~, 
mK* ^  892 MeV) and K^(7P = 1+, mKA ^  1300 MeV). The scalar particle x has a mass 
mx ^  1100-1400 MeV and a width of several hundred MeV, but has not been identified 
conclusively/8,235)
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If chiral SU3 XSU 3 becomes exact at large energies, SU3 also becomes exact. We shall thus 
assume that as q2 — <» the difference between the following propagators vanishes :(230)

lim [ t t - t t ]  = 0, (122)
qi — oo

where the intermediate states in Zl^and AK* are the particles g and K* of the same octet V, 
for example

= J  d*xe-«*(01 r(«M_,5(x) W O ) )  10). (123)

The condition (122) is equivalent to the following relation for spectral densities:

f  M  ,  0. (,24)

0

If only the first resonances g and K* contribute to the functions gv and pK*:

= G23(m2-m |), gK\m 2) = G2k*8(/m2-wi2k.), 

we find a relation between the decay constants GQ and GK* and masses:

= (125)

Relations of the type (114) and (125), arising in the one-resonance approximation to 
spectral densities, are, of course, very rough in nature. The fact that they hold fairly well 
indicates the dominant role of the low-energy region (and the resonance peaks) in integrals 
over masses. Other applications of current algebra may be found in various reviews.116,236~239)

§ 15.6. Violation of CP invariance

The neutral kaons K° and K° decay in the form of two particles—the “long-lived” kaon 
Kl with lifetime xL ^  5X10-8 sec and the “short-lived” kaon Ky with lifetime xs 9* 
0.9X10'10 sec (see Table A.l, p. 359). In a CP-invariant theory the particles Ks and KL 
have definite CP parity and are described by the respective combinations Kj and (see 
§6.3):

IK?) = -~ { |K ° > - lK ° > } ,

I K§) = —— {|K°)+1 K°>}, 

C P |K ?)=± |K ?> ,

(126)

if the phase is chosen so that CP | K°) = — | K°). All kaon states in (126) and in the rest of 
this section will be considered in their rest frame.

CP symmetry of a theory is equivalent to the presence of a selection rule with respect to 
CP parity. In particular, the particle K6 (identified with Kx) cannot decay into two pions, 
since the two-pion state (in the c.m.s.) has positive CP parity: C P |7r+jr") = + |jr+7r“).
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In 1964 Christenson, et ah (see ref. 82) discovered the decay KL — 2n and thus showed that 
CP invariance was only an approximate property of the weak interactions. To avoid mis
understandings we shall call any interaction which violates CP symmetry superweak (not 
associating this name, however, with any particular model of CP violation). Further experi
ments (see refs. 240, 244) confirmed the existence of CP-noninvariant KL — 2n decays. CP- 
noninvariant lepton decays KL — n±l Tv have also been observed/241,242, M4)

Although many hypotheses were advanced to explain CP noninvariance, a unique theory 
of the superweak interaction still has not been constructed. This is partly due to the fact 
that the known experimental data still do not allow one to determine all the necessary 
parameters of CP violation. To present clearly the problem any future theory must face, 
we shall consider in this section a phenomenological analysis of CP-noninvariant de-

Parameters

In experiments on two-pion K-decays the following quantities are measured:

n+- = \ n+ -\e i,f+-
<jr+j r - | r |K t > 
<jr+jr- |r |K 5 >  ’

Voo = I Voo I =
<n°ji°|7,|Ki>
< ^ ° | r |K s> ‘

(127)

(128)

Here (nn \ T  | K) is the amplitude for the decay of a kaon at rest into two pions. The quantities 
t)+_ and Voo are parameters of CP violation; under CP symmetry t]+_ = = 0.

Instead of two-pion states with a given type of particles, it is more convenient to use 
states with definite isospin. Two pions in a state with total spin equal to zero can only be in 
the (symmetric) isospin states with /  =  0 and /  =  2. Thus (see § 8.2)

\n+n~) =  V tI0 >  + V t I 2>. I 
| jr°ji°> = V i ! 0 > - V r l 2>< I

where 11 ) denotes the two-pion state (in the c.m.s.) with isospin 1  = 0,2 and /3 =  0.
After inserting (129) into (127) and (128) it is best to pass to other (theoretical) parameters 

of CP violation e0 and e2, which appear in the theoretical analysis of KL decays:

_  <0|T |KL> _  i (21 riK l>
<0|r|K^> ’ €2 2 <0|r|K s> (130)

The connection between the parameters r]+_,rj00 and e0, e2 is given by

^ l + - ^ = w ^ + -  =  eo +  C2, ( l - V ^ o o  =  eo-2e2, (131)

where co characterizes the isospin content of the two-pion channel for the decay of Ks :

(2 1 r  | k $)
< oir!K s> ' (132)
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The numerator in (132) refers to the decay of Ks with AI =  —, while the denominator 
refers to the decay of Ks with AI = —. The parameter co thus describes the violation of the 
A I = \  rule.

Information on co may be obtained from experiments on Ks decays. Experimentally one 
may define the quantity

A K s - a W )  1  \ 1 - V 2 oj\2 (133)
r(¥Ls -  -  n +n~) 3 1+ | co | 56

(r(a  — b) is the partial width for the decay of particle into the state b). If the rule AI =  \  
were to hold (co =  0), then one would have R = Experimentally, R =  0.312± 0.003; this 
allows one to assume that |co2| «: 1, and we find Re co ^  2X 10“2.

Consequently,
V+- = eo+e2, Voo = £o-2e2. (134)

The latest experimental data are :(244)

\r]+-\ = (2.279± 0.025)X 10~3,
9>+- =  (45.0±1.3)°,

\rjoo \ = (2.30±0.10)X 10“3,
(poo = (48.3± 13.0)°.

States o f Kl and Ks mesons

Let us turn to the theoretical description of KL decays. The neutral kaons K° and K° are 
produced in the strong interactions, so that the states | K°) and | K°) are eigenstates of the 
strong interaction hamiltonian # 0 + Hs. The particles K° and K° possess only hypercharge 
(Y  =  +1 and Y =  — 1); the remaining charges of these particles are equal to zero. With 
the “inclusion” of the weak Hw and “superweak” ffsw interactions, the particles K° and K° 
become unstable and decay. The interaction / /w+ ffsw does not conserve hypercharge, 
and, by connecting K° and K° with a continuous spectrum of decay states, leads to the 
transitions K° K°. The existence of such transitions means that it is not the K° and K° 
particles but their superpositions | KL) and | Ks) which decay:

I Kt> =  p | K°> — q | K°), | Ks> = r\ K °)+ j| K°>. (135)

In (135), all states are relative to the c.m.s. The complex coefficients p, q, r, s satisfy the 
normalization conditions

\ f \  +  \ qz \ =  k l 2 + l * l 2 =  1-

To see which superpositions (135) describe the Kt  and Ks particles, we consider the 
effective transition matrix T  between the states K° and K°. (The usual Hamiltonian 
Hv has no matrix elements between K° and K° states: (K°| Hv \ K°) = (K°| Hv \ n.0) =  
<K° | Hv \ K°) =  0.) The matrix T  acts in the space of (K°, K°)-states (in the c.m.s.):

„ _  /<K0|r|K °>  <K°|T IK°>\ _  (M  / t \

~ \<K °!r|K °>  <K°|r|K°>/ =  U  M j
(136)
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the explicit form of the transition amplitude ( . . .  |T | ...}  is unimportant for the moment. 
We only take account of the fact that the theory must be invariant with respect to the total 
reflection 0 = CPT. Then (see§ 6.1) the diagonal elements in (136) must be equal:

_  <K°iriK°> =  <K°lrlK°X
or M  = M.

The physical states | Ki ) and | K5), which decay as a result of the interaction Hw+HiVI = 
H ', are distinguished from other possible superpositions of | K°) and | K°) states by the con
dition that the Kx and Ks particles have definite mass and lifetime. In other words, the 
states (135) must diagonalize the matrix (136).

The diagonalization of the matrix (136) is elementary. The complex eigenvalues of the 
matrix (136) are equal to

X =  m ± V a b ,

and the coefficients in (135) must satisfy the relations

\ s \2 = \q I2 =
|g| 

\A \+ \B \ ’ \p ?
A

r | ‘ ~  |5 |  + M |

Choosing the relative phase factors s and q so that s = q,

I Kz> =  p I K°>—9 1 K°>, I Ks) = p | K°)+q I K°>. (137)

Since the states | KL) and | Ks) are normalized, they depend on only one complex parameter 
pjq. Instead ofpfq one often uses the parameter

whose deviation from the value e = 0 is related to CP asymmetry. Indeed, if the interaction 
H' =  H„+H%vl were CP symmetric (i.e. if A = B), then one would have \p \2 = \q \2 = 
and in this case the states | Ks> =  | Kj> and | KL) =  | K®> would be orthogonal (see § 6.3). 
But the scalar product

{Kl \ k s) = \p \2 - \ q \2 = j ^ -  (l39>

is determined by the parameter e, which thus characterizes the degree of violation of CP 
symmetry. We note that, according to (139), the quantity (K J Ks) is real (in a CPT-in- 
variant theory).

The unitarity condition

Since the particles Kx and Ks have definite masses and lifetimes, they behave under a 
time translation as

U(t, 0) | Ks) = | Ks>, U(t. 0) | KL) = e~iM*  \ KL). (140)
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The complex quantities Ms and ML are the well-known combinations of mass m and decay 
width F:

Ms,l = ms, L - ~ r s,L. (141)

The formulae (140) assume that the exponential decay law holds.
Let | ^ (t)) be a nonstationary state which can connect with the state |/ ) .  According to 

the unitarity condition, the rate of decrease of the norm of the state | W) is equal to the 
probability for the transition from 15*) to any possible state | />:

£ !  </| T \W)\K (142)

Let us choose the state | ^ ( t)) to be an arbitrary superposition of | Ks(t)) and | KL(t)):

| W(r)) = ae~iM*  | Ks>-hbe-™* | KL>.

Inserting this expression into (142), we find, comparing coefficients of the independent
combinations a b*, ab, etc.,

r 5 = ^ i < / | r |K s>^ (143)

^  = ^ |< / | r i K L)|*, (144)

m i - M s )  <Kl  I Ks> = ^  ( / |  T | KLy  </| T | Ks). (145)

Equation (145) allows one to obtain an upper bound on the value of (KL | Ks). Using the 
triangle inequality, we find(245)

I M l- M s | <Kl  I Ks) ( r Lr s)112. (146)

Now the mass difference mL—ms and the widths r L, r s are known from experiment:

mL- m s = (0.479 ± 0.002) r s, r L = 1.7 X 10*3 Ts . (147)

The bound (146) then gives
(Kl | Ks) 0.06,

showing that the violation of CP symmetry must be relatively small. Experimentally, the 
charge asymmetry in the decays KL — (1 is a lepton e or /i) shows that {L\S) »= 10-3.
Consequently, formula (139) may be rewritten in the approximate form :

<Kt |Ks> = I 2RCe’ (148)
\3.3X 10*3,

neglecting quantities of order e2.
Let us turn to the study of the unitarity relations (145). If one separates out the most 

important terms in the sum over the states [/) , one obtains an approximate unitarity relation 
of practical significance. For an energy equal to the mass of the K-meson, such states 
will be the states | n | tc\v\  | nnn) (here 1 = e, fi). The states with photons, of the type

d(w i y>
dx

Nov 24



356 INTRODUCTION TO ELEMENTARY PARTICLE THEORY

] nny), \ nnyy), etc., may be discarded, since their total contribution will be roughly 
a = — times smaller than that of the two-pion contribution.

The two-pion part of the sum over |/>  in (145) is easily expressed in terms of the pa
rameters t?+_, Tfo, and R [eqns. (127), (128), (133)] and the probability r s for the two- 
pion decay of Ks [formula 143)]:

I  (2ji | T | K$>* (2 n  | T  | Kx> = [(l-Ryn+. + RnooWs = 10-*rs.
(to)

The numerical estimate of this expression was found by substituting the experimental data 
for.R,7?+_ ,and7700.

An upper bound on the contribution of the three-pion states | / )  =  13 n) in (145) is easily 
established if one uses the triangle inequality and the experimental values for the three-pion 
widths:

T(Ki -  3ji) = 6X 10- * r s , r(Ks~*3n) <  10- * r s .
Then

V  (3n | T\ Ks>*(2n\T \K L)*i (T(KS -  3n)r(KL -  3JI))1'2 «  2.5X I0~irs,
(SS)

and, consequently, the three-pion states do not contribute significantly to (145).
To evaluate the contribution of the lepton states | jrlv), let us assume that the AQ =  AY  

rule holds in decays of K° and K° mesons. Then only the (hypothetical) decays K° — 
jr~l+i'i, and K° — jr+l~Vj are possible, so that

Y  (ljrr | T  | K°>* <lw» | T  | K°> =  0.
(ft?)

Here one sums over the leptons 1 =  e*, /i* and all possible (ljrv) -states. On the other hand, 
the sum

T  |< ljrr |n  K°>|2 =  r {K° -  Inv)
(Pi)

is the probability of the leptonic decay K°. By virtue of the CPT invariance of the theory, 
the probability r ( K° — \nv) is equal to the probability for the decay r ( K° — lSv) of an 
antiparticle K° into the antiparticles 1 nv.

Let us now insert the expressions (135), (139) for | KL) and | Ks) into the lepton terms of 
the unitarity relation (145). We write

r(K s,L -  (1)) =  £  [r(Ks,L -  7i-\+v)+nKs,L -  Jr+l'v)]-
l=e. /*

It is easy to check using (135) and (139) that

r{Ks -  (1)) =  r (K i -  (1)) =  r(K ° -  \+n~v),
£  (ljrv I T\ Ks)* (Inv | T\ KL) = <K* | Ks> I \ K° -  1 +n~v) % 1 0 ^ T s •
(bu>)

For a numerical estimate we have used the previous model (148) for (Kt  | Ks) and the 
experimental value r (K L — (1)) =  10“3.TS. Hence the lepton terms of the sum in (145) are 
negligibly small in comparison with the main (two-pion) terms.
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Thus on the right-hand side of the unitarity relation (145) one may omit all terms in the 
sum over \ f )  except thetwo-pion ones. On the left-hand side of (145) one may neglect r L 
in comparison with r s. Moreover, we shall set R =  -  instead of the experimental value 
R % 0.31 (i.e. we shall neglect transitions with AI = -|). The approximate unitarity relation 
may then be written in the form

— m i-  — Tsj (K $|K l) = - j r s(2r)+-  + r]oo) — £o/s- (149)

But (Ks | Kl ) is real, allowing one to find the phase of the parameter e0:

hnej = Xm s-K O  „
Re so 1 s

since the right-hand side contains quantities directly observable in experiment.

Relations between CP-violating parameters

Now that one knows the states | Ks) and | KL), one can find the relations between experi
mental and theoretical parameters of CP violation.

Inserting eqns. (135) into the definition of the parameters (130) and (132) introduces the 
transition amplitudes ( / 1T  | K°) and ( / 1T  | K°), labeled by the total isospin I  of the two-pion 
system. By virtue of the invariance of the theory with respect to the reflection 0 =  CPT, 
these amplitudes are related to one another.

Let us find this relation.
To first order in perturbation theory (with respect to H'(x°) = /fw(x°)-h/f#w(x°)), the 

transition amplitude is equal to the corresponding matrix element of H'(0). As a conse
quence of 0-invariance, 0H'(0)0“1 = H'(0). We then have (see §§ 6.1 and 6.4)

</1 T | K°) = {l(nn\ out | H \0) | K°) = <0/(7r, n \  out | BH\0) | K0)*

= (l(nn), in | H \0) I K°>* =  <K° I H \0) | /, in).

The matrix element on the right-hand side may be expanded in terms of a complete set of 
states | «, out). For an energy equal to the energy of the kaon at rest, only the two-pion 
state can contribute appreciably, since it is the only possible state allowed under the strong 
interactions alone. The three-pion states | nnn , out) do not contribute if G-parity is con
served. Electromagnetic transitions to the states | nny, out) may be neglected in view of 
the smallness of their contribution. Then one may set

{l{nn\ out | /(tttt), in) = e ^ i ,

where S7 is the phase of elastic pion-pion scattering for an energy E  =  mK (in the c.m.s.) 
in a state with isospin I. Consequently,

< /|r |K °>  = (I \T\K°ye™i.

This formula allows one to separate out the effects of the strong interactions (the phase 6;)
24*
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and to introduce the decay amplitudes A0, A2 characterizing the weak interactions:

<01 T I K°> = iei6°Ao , (0 1T j K°) =  — ieiStAo , (151)

<21 T \K°> =  iei6*A2, <21 t \ K°> = - ie iStA2 . (152)

The strongly interacting particle states | K°) and | K°) are defined up to a phase e,Yx. Let us 
redefine these states so that the amplitude A0 is real (the Wu-Yang(246) convention):

Im A0 = 0.

(We thus no longer take CP | K°) = — | K°>.)
For this set of phases, the parameter e0 coincides with the parameter e characterizing the 

nonorthogonality of the states | KL) and | K5):

= (0 |r iK L) p A y - g A p  p — q

(0 \T \K s) pA0+qAo p+q

The expressions for the parameters e2 and co take the form

e2 = - ~ ( e R e  A2 +  i  Im % _ L  I l H J l  *«*-*>, (153)
y/2  A0 \ / 2  Ao

co = —j— (Re A2 + ie Im A2)eî t~‘d°̂  ^  ^  . (154)
A o A o

In passing to the approximate formulae for e2 and co, we used the smallness of the quantity 
| e\ ^  1CT3 [see (148)]. The parameter e depends only on the states | KL) and | K5), but not 
on the decay amplitudes A0 and A2. The real part of e was determined from experiments on 
the charge asymmetry of the leptonic decays of KL, while the imaginary part of e may 
now be estimated from the unitarity condition (150) and the fact that e = e0.

The parameter e2 describes CP violation in the decay amplitudes, while the parameter 
co describes the breaking of the zl/ = — rule.

As is clear from (153), if the rule/! /  =  holds, so that A2 = 0, CP violation will be related 
only to properties of the states KL and K5 (the parameter e). In this case the parameters 
rj+_ and Tfoo are equal: 7 7 Present experiments are consistent with this situation.

Translator's note to Chapter 15

The recent observation of weak neutral currents in neutrino reactions(247) indicates that 
the V—A theory mentioned in this chapter is most likely only a low-energy limit of a 
more general theory which has the potential of unifying the weak and electromagnetic 
interactions. The neutral weak currents do not appear to be of the V—A form. These new 
and exciting developments do not obviate the considerations of the present chapter.
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T able A . l (8>

Particle 7 V P)C Mass (MeV) Mean life (sec) Major decay channels, (%)

V 0 ,1 (1 -)- 0(<  2) 10“ 21 Stable

ve
vm

J = \ 0(<  60 eV) 
0(<  1.2)

Stable

e 0.5110034 
+ 0.0000014

Stable 
(>  2x 1021 y)

tl '  =  1 105.65948
±0.00035

2.1994x10“®
±0.0006

cw 100

7l± l-(O-) 139.5688
±0.0064

2.6030X10“®
±0.0023

flV ~  100

7t° l-(0-)+ 134.9645
±0.0074

0.84X 10“ 1# 
±0.10

yy
ye+e“

98.83 ±0.05 
1.17 ±0.05

K i i(O-) 493.707
±0.037

1.2371x10“ ®
±0.0026

flV 
71710 
7171-71+ 
7171 ̂71® 
fl7t°V 
C7t°V

63.54 ±0.19 
21.12 ±0.17 

5.59 ±0.03 
1.73 ±0.05 
3.20 ±0.09 
4.82 ±0.05

K° i(O-) 497.70
±0.13

50% K * 50% Kx

K; i(O-) 0.886X10“ 10 
±0.008

7r+7i”
7r°7i°

68.77 , „ 
31.19 ± 026

Ki K 0-) 5.181X10“®
±0.041

7t°7r°7t0 
7t+7t“7t° 
TtflV 
Ttev 
71 evy
7t+7t“
71° 71°

21.3 ±0.6 
11.9 ±0.4 
27.5 ±0.5 
39.0 ±0.6  

1.3 ±0.8 
0.177±0.018 
0.093 ±0.019

V 0+(0-)+ 548.8
±0.6

r =  (2.63±0.58) keV 
Neutral decays 

71.1% 
Charged decays 

28.9%

[ yy
{ n°yy 
[ 3n°
( 7t+7t-7l° 
\  n+7i~y

38.0 ±1.0 
3.1 ±1.1

30.0 ±1.1 
23.9 ±0.6
5.0 ±0.1

p K i +) 938.2796
±0.0027

Stable 
(>  2X 10*® y)

359



360 APPENDIX

Table A.I (continued)

Particle l a(J*)C Mass (MeV) Mean life (sec) Major decay channels, (%)

n X \+) 939.5731
±0.0027

918± 14 pe~v 100

A oQ+) 1115.60±0.05 2.578 X 10” 10 
±0.021 n?!0 (64*2± 0  5 (35.8±U*5

J(i+) 1189.37 ±0.06 0.800x10**10 
±0.006

P7I°
n ^

51.6±0.7 
48.4 ±0.7

2° i(£+) 1192.48±0.10 <  l .o x i o - 14 Ay % 100
2~ i(i+) 1197.35±0.06 1.482X10”10

±0.017
n n- ^  100

770 Kl+) 1314.9 ±0.6 2.96X10-10
±0.12

Aji° 100

K i+) 1321.29 ±0.14 1.652X10-10
±0.023

Aji~ ^  100

Q~ 0( ! +) 1672.2 ±0.4 1-3- a 2 x l 0 ' I# EQn~
E—jt°
AK-

T able A.2

Particle l ° ( J r )C Mass A f  (MeV) !
1 Full width 

r  (MeV) Major decay channels ( % )

(140) l- (0 - ) + 139.57 0 . 0 See Table A. 1
n°(135) 134.% 7.8 eV

±0.9 eV

7(549) 0 -(0 -)+ 548.8 2.63 KeV All neutral 71
±0.6 ±0.58 KeV 7l+7l-7Z° +  7l+7l~y 29

See Table A.l

e 0+(0+)± <  700 >  600 7171
Q (770) 1+( 1 - ) - 770 150 7171 100

±10 ±10

to (783) 0 - ( l - ) - 782.7 10 7 I+ 7 r- .T ° 90.0 ±0.6
±0.6 ±0.4 71̂  7l~ 1.3±0.3

7i°y 8.7 ±0.5

n' ° r  Z V 9 5 8 ) 0 +(0-) + 957.6 <  1 7)7171 70.6 ±2.5
±0.3 7i+7i~y (mainly ^°y) 27.4 ±2.2

y y 1.9±0.3

<5 (970) l- (0 +) + -  976 50 7)71
±10 ±20

S* (993) 0+(0+) + -  993 40 ±8 7171
± 5 KK dominant

0(1019) O - ( l - ) - 1019.7 4.2 K +K - 46.6 ±2.5
±0.3 ±0.2 K^K , 34.6 ±2.2

7i+n~^° (incl. on) 15.8 ± 1.5
y y 3.0± 1.1
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Table A .2 (<continued)

Particle / ° ( / P)C Mass M  (MeV) Full width 
r  (MeV) Major decay channels (%)

A t (1100) l - ( l +)+ -  1100 -  300 | Q7l -  100
Broad enhancement in the / p = 1 + gn partial wave; not a Breit-Wigner resonance.

B (1235) i +0 +) - 1237 120 con only mode seen
±10 ±20

f (1270) 0+(2+) + 1270 170 nn 83±5
±10 ±20 2n+2n- 4 ±  1

KK 4 ± 3
D (1285) 0+(,4)+ 1286 30 KK*

±10 ±20 rjnn
2n+2n- (prob. o0n+n~)

A2 (1310) l- (2 +) + 1310 100 gn 71.5± 1.8
±10 ±10 rjn 15.2± 1.2

conn 8.6± 1.8
KK 4.7±0.6
tj' (958) n <  1

E (1420) 0+M) + 1416 60 KK* -  40
±10 ±20 rjnn -  60

f ' (1514) 0+(2+) + 1516 40 KK only mode seen
±3 ±10

(1540) K-4) 1540 40 K*K + K*K only mode seen
± 5 ±15

g '(1600) i +( l - ) - -  1600 - 4 0 0 4n dominant
[gnn seen]
nn possibly seen

Resonance interpretation uncertain.

A 3(1640) | l-(2 ~ )+  | -1640  | -  300 | in - 1 0 0
Broad enhancement in the / p = 2~ fn partial wave; not a Breit-Wigner resonance.

co(1675) 0 -(N )- 1666 142 gn seen
±10 ±20 3n possibly seen

5n possibly seen
g (1680) l +( 3 - ) - 1686 180 2n -  26 ±5

±20 ±30 An -  70
KK -  2
KKji (incl. K*K) ~  3

K± (494) 1©

493.71 See Table A. 1
K° (498) 497.70
K* (892)± l a - ) 892.2 49.8 K* ~  100

B 0 1 3 hi ll ±0.5 ±1.1 K nn <  0.2
6.1 ±1.5 MeV)

K* i(0 +) S is near 90°, with slow variation, in mass region
1200-1400 MeV.

K a (1240) o rC i ( l +) 1242 127 1 lU n only mode seen
±10 ±25

seen in pp at rest ► [K*.i large]
K^ (1280-1400) l ( l +) 1280-1400 [K<? seen]

[K(^,-r),_0 possibly seen]
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( Table A. 2, continued)

Particle I°(JT) C Mass M  (MeV)
Full width 
r  (MeV) (Major decay channels %)

(1420) \(.2+) 1421 100 K n 55.0±2.7
± 5 ±10 K*7l 29.5 ±2.5

K Q 9.2 ±2.4
Kco 4.4± 1.7
KV 2.0 ±2.0

L (1770) ■|(A) 1765 140 K 7171 dominant
±10 ±50 K717171 seen

Other states which require further confirmation are listed in ref. 8.

T a b l e  A.3

Particle k j *) Mass (MeV)
Full width 
r  (MeV)

Major decay channels 
(%)

P K i+) 938.3 See Table A. 1
n 939.6

N (1470) K i+)Pn -  1470 165-300 N* 60
Nftjr 35

N (1520) K4") ®i3 1510-1540 105-150 N n 55
N nn - 4 5

N (1535) K i " ) s ; x 1500-1600 50-160 Nn 35
Nrj 55
Nnn -  10

N (1670) 1670-1685 115-175 N* 40
N** 60

N (1688) 1680-1690 105-180 N* 60
40

N (1700) K i-)S 5 ; 1665-1765 100-300 N n 55
N nn 25

N (1780) K4+)P'n 1650-1860 50-350 N n -  20
N nn >  40

N (1860) K4+) Pw 1770-1860 180-330 N* 25
N nn ^  50

N (2190) 2000-2260 150-325 N* 25
260-330 Ntitt

N (2220) K ! +) h „ 2200-2245 N* 15
-  360 N n

N (2650) *(?-) -  2650 N n
-  400 Nn 99.4

N (3030) i(?) -  3030 N y 0.72-0.74
110-122 Nn — 30

A (1236) K ! +) p ;9 1230-1236 N nn -  70
140-200

A (1650) K i “ ) ^3i 1615-1695
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Table A . 3 {continued)

Particle i(j*) Mass (MeV) Full width 
r  MeV

Major decay channels 
(%)

A (1670) K !~ ) D 33 1650-1720 190-270 N 71 — 15
N** >  60

A (1890) K 4+) Fss 1840-1920 140-350 N* ^1 7
N** >  50

A (1910) 4G +) p « 1780-1935 200-340 N* - 2 5
N** ?

A (1950) K ! +) f « 1930-1980 170-270 N* 40
N** >  25

A (2420) K ¥ +) 2320-2450 250-350 N* 11
N** > 2 0

A (2850) K ? +) -  2850 -  400 N*

A (3230) K ?) -  3230 -  440 N*

A o ( i+) 1115.6 See Table A.l

A (1405) °(4‘ ) S01 1405 40 27* 100
± 5 ±10

A (1520) °(1‘ ) Doa 1518 16 NK 45 ±1
± 2 ± 2 27* 41 ±1

Ann 10 ±0 .5
Znn 0.8±0.1

A (1670) *XI~) s 0I 1660-1680 23-40 NK 15-35
Art 15-25
Zn 30-50

A (1690) 0(4-) 1690 30-70 NK 20-30
±10 Zn 30-50

Ann <  25
Znn <  25

A (1815) 0(4+) F « 1820 70-100 NK -6 1
± 5 Zn -1 1

27 (1385)* 15-20

A (1830) o (4 -) d ;5 1810-1840 70-120 NK -  10
Zn 20-60
At] - 2

A (2100) o( | - )  g m 2090-2120 60-140 NK - 3 0
27* ^  5
At] <  2
g <  3
Aco <  3

A (2350) 0(?) -  2350 140-320 NK

A (2585) 0(?) -  2585 ^  300 NK
27 K i+) (+ )1 189.4 See Table A .l

(0)1192.5 
(—)1197.4
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Particle / ( / p) Mass (MeV) Full width 
r  MeV

Major decay channels 
(%)

2  (1385) l ( f +) ^13 ( +  )1383± 1 (+ )3 4 ± 2 An 88 ± 2
( —)1387± 1 ( —)42±5 Zn 12 ± 2

2  (1670) Kf-)D 'U 1670 35-60 N K -  8
±10 Zn 3 0-60

An -  12
Znn seen
Ann

2  (1750) 1700-1790 50-100 NK 12-45
An
2r,

27 (1765) >(!” ) °15 1765 -  120 NK -  41
± 5 An -  13

/1(1520) n -  15
27(1385) n -  10
Zn ~  1

27(1915) 1900-1930 50-120 NK -  14
An 6
Zn -  6

27(1940) l( |- )D u 1865-1950 120-280 NK -  21
An ~  4
Zn <  7

27 (2030) 1(I+)F.7 2030 120-170 NK -  20
An 20
Zn ~  4
SK <  2

27(2250) 1(?) -  2250 100-230 NK
Zn
An

27 (2455) (1?) -  2455 -  120 NK
27 (2620) (1?) -  2620 -  175 NK
3 K i+) (0)1314.9 See Table A. 1

(-)1321.3
3  (1530) m p * (0)1531.6±0.4 (0) 9.1 ±0.5 3n 100

( —)1535.0±0.6 ( —) 10.6±2.6
3  (1820) K?) 1795-1870 12-100 AK

Sn
3( 1530)rr 
27K

3  (1940) K?) 1894-1961 40-140 3n
.-(1530)*

Q - 0(1+) 1672.5 See Table A.l



Table A.4 
Clebsch-G ordan Coefficients*8*

Nota
tion:

J  J  .. .  
M M  . . .

m l m 2 
m l m2 Coefficients

without
V

Note: A V  is to be understood over every coefficient; e.g. for read - V ^ .
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Table A. 5 Isoscalar F actors for the G roup SU9 (ll7>

According to eqn. (9.73) the Clebsch-Gordan coefficients of SU3 are the product of SUt Clebsch-Gordan 
coefficients and isoscalar factors. These isoscalar factors

( ni ni I » \
\ i j i m i Y j

also depend on the isospins Iv  / ,  and hypercharges Yv Yz of the particles in the SU9 multiplets nx and n, 
whose product n x X n t  we are studying. Two products are considered below: 8 x 8  and 10x8, both of which 
arise in meson-baryon scattering. In the product n xX n t  the first representation n x refers to the baryon.

States which occur in the product 8 x 8  are shown in Fig. 30, while those in the product 10x8 are shown in 
Fig. 31. Fig. 30 is the weight diagram of the 27-plet, whose single states are denoted by dots, doubled ones by

Fig . 30. States arising from the product 8 x 8 . (See text.)

Fig. 31. States arising from the product 10x8. (See text.)

crosses, and tripled one by a triangle. The weight diagrams of the 10, 10*, and the octet are also shown on 
this figure, by solid, dashed, and wavy lines respectively. Figure 31 is the weight diagram of the 35-pIet 
whose doubled states are denoted by crosses. The weight diagrams of the 27, 10, and octet are also shown.

Each table refers to a given combination of I and T, written over the table. The left-hand column contains 
combinations of states of the initial multiplets leading to given I and Y. Each successive column gives the 
soscalar factors for a given resulting representation n. The sign ±  under the value of n gives the factor (x (n, 
inlt nt) = ± 1 .
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8x8 = 22+10+10*+8s+8i + l 
N: Y =  1, / =  { J :  Y =  1, / =  f

27 10 
+

N?r V2/2 - V 2 /2
ZK V l/2  V l l2

3: ]Y =  — I =  f

27 10*
+

3n V 2/2 - V 2/2

ZK V 2/2 V 2/2

21 8jp 10* 

+  +

N?r V 5 /10  3 V 5/10  1 - i

x k - V s h o  - 3 V 5/10  i

N*? 3V 5/10  - V lh O  { |

AK 3 V 5 /10  - V s h o

it
s

10
0 b lo
o lo

+  +  +  -

Sn - V s h o  - s V s h o  |  |

ZK V s h o  3 V 5/10  }  i

3rj 3 V 5/10  - V 5 / 1 0  - I  |

AK 3 V 5 /10  - V s h o  |

/ I : y = 0, /  = 0

27

+

8/)

+

1

+

NK V is h o \/T o /io 1
2 V 2 /2

SK -V V s h o - V i o /1 0 12 V 2 /2

- V i o l 20 - V i s / s V 6 /4 0

s V io l  2 0 - V s / s - V 2 /4 0

£: Y= 0 , 1  = 1

27 8x> 8 , 10 10* 

+  +  — — —

NK V stS  -V 3 0 /1 0  V 6 /6  - V 6 / 6  V 6 /6

S K V 5 /5  -V 3 0 /1 0  - V 6 / 6  V 6 /6  - V 6 /6
0 0 V 6 /3  V 6 /6  - V 6 / 6

V 30/10 -v/5/5 0 A 1
/br V 30/10 V 5/5  0 - i  - 1



APPENDIX 367

Table A.S (continued)

y  =  0 ,

10X8 = 35 + 27+10 + 8

/  = 1

35 27 10 8

+ — — +

V l/6 - 3  V s / io V 3/3 -V 3 0 /1 5
r . V 2l2 V 30/10 0 - V s l s
S K V l/3 - V s / s - V 3 /3 V io l so
ZlK V 3 /6 V s l 10 V 3/3 2 V 30/15

S': y  = - i ,  /  = *

35 27 IP 8

+ - - +

En 1
« - 7 V 5/20 V 2/4 —V s /s

Et\ 3
4 l V s / 2 0 - V 2 / 4 - V s l s

QK V 2/4 -  3 VlO/20 1
2 V io /s

ZK 1
2 V s / 1 0 V 2 I2 V s /s

y  = o, / = 2

35 27 

+  -

Zn
AK

V 3/2  - i

£ V 3/2

S: Y =  - 1 ,  /  =  |

35 27

+

En
ZK

V 2 /2  - V 2/2  

V 2 /2  V 2/2

AT: K = 1, /  =  i  A: Y =  1, /  =  f

27 8

+

Z b i

2:k
- V 5 / 5  -2VS/S  

- 2  Vs/s Vsls

35 27 Ip  

+

An
At}
ZK

i  - V s / 4  V lO /4 
V s/4  |  V 2 /4  

\ / I o /4  - V 2 / 4

.G :r = -2, 1 = 0

35 ip

+

Qtj

EK
V 2/2  - V 2 / 2  

V2I2 V212

Q :Y  = -  2, /  = 1

35 27

Qn
EK

1 - V 3/2  

V 3 /2  i

/I: y = 0, / = 0

27 8 

+

2:ti - \ / I o / 5  - V T s/ s

-VTs/s Viols
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T able A.6 C rossing M atrices  f o r  th e  isospin G ro u p  SU£i2)

Each reaction is characterized by the isospins of the particles involved. The j-channel reaction is indicated 
above each table. The crossing matrix A^ihas the matrix elements where 7, and /< are the values of
the isospins in the s- and /-channels. Amplitudes with different isospins belonging to the same channel 
form a column vector.

Notation:
7|i 7|2 . . . Kl Iut • • •

x«
hx
hi (X ,)V , (X.u)t,lm xtm

xM
lux
K t (Xuxhj,

l . i '
2 + 2

Iff i 1'" 2 ‘ 2

0 1 0 1

X„
0

1

— -  — -
1 1
2 2

1 3
2 2 
1 1 
2 2

x

Xu,
0

1

1 3
2 2 
1 1
2 2
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Table A.6 {continued)

i + i ' - i + i '

1 3
2 2

1 3
1  2

x tt

0

1

- V I  - 2 V I
2 2 
3 3

- V I  - 2 V I
2 2
3 -*3

x „

x „

1
J.
3

1 4
3 3
2 1 
8 3

1 + 1 '- ! + ! '

1 2 ! 1 2

x »

0

1

- 3V 2/4 - 5V 2/4 
- V 10/4 V T 0/4

3V 2/4 5V 2/4 
- V 10/4 V 10/4

-j',.

1

2

1 5
4 " T
3 1
4 4

1 + 1 '— Y'+V”
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i + i '- » !+ ! '

12 32 52 12 32 52

0 1/V3 2/V3 \/3 1/V3 2 /V3
1 a/10/6 2a/T0/15 - 3/VT0 —\/Io/6 -2 \/l0 /l5 3/vTo AT,0
2 1/V6 -  4 y/hl 15 V 6 /1 0 I/a/6 -4V6/15 V6/10

12 16 23 32
a;, 32 13 1115 35

6 1 2 12 2 5 10

1 ,3  3/ 3/'
2 2 2 2

1 2 1 2

AT.,
1

2

|  V 5 /2  

3 \/5 /lO  {

A/5/2

— 3 "v/s/lO 3
A,„

ATu,
1

2

- i  V 5 /2

3 V 5/10  i

3 i 1  . Zrr tZrrr2 ‘ 2 2 t Z

0 1 2 3 0 1 2 3

0 1
4

3
4

5
4

7
4

14 34 5
4 i

1
2

1 11 1 21 1 11 1 21

A".,
4
1
4

20
3
20

4
3
4

20
_ 7_20

4
14

20
320

4
3
4

20
7
20

Af,u

3 1
4

9
20

1
4

10 14 920 1
4 20

0 1 3 5 7
4 4 4 4

1 1 11 1 21
4 20 4 20

2 1 3 3 7
4 20 4 20

3 1
4

9
20

1
4

120
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T able A.7. C rossing M atrices for the G roup  SUd (U2)

The 5-channel reaction nx n3 4* n4 is indicated above each table, where rtt is an SU3 multiplet. If n, and 
n% are the allowed multiplets in the 5 - and /-channels, the crossing matrix has the matrix elements 
Amplitudes with different n belonging to the same channel form a column vector. The notation SB8, 8fî , 8 ^ ,  
SA3 is explained in § 10.3.

Notation: n(1n„ . . .

x m
n,i
nt2

8 + 8' -  8"+8'"

I IQ 10* 27

\ 1
8 0 0 1 1 8

4
5
4

2?
8

%A8 0 1
!

I
“ I 0 0 V s l 4 - V S / 4 0

0 0 0 - V s / 4 V S / 4 0
I
8 0 0 8

10 \ ~~ 2 ~  2
27
40

*a a
1
8 0 0 I

1
I 0 0 9

8

IQ 1
8 M V s - M V s 2

5 0 1
4

1
4

9
40

10* I
8 - M V s M V s 2

6 0 I
4

1
4

9
"“ 40

27 8 0 0 i
I

_  3 ~ u
7
40

1 I
8 0 0 1 1 5

T
6
4

27
8

%A8 0 1 1
2 0 0 - V 5/4 V S / 4 0

0 1 1
2 0 0 - V S  14 V S / 4 0

1
8 0 0 310 1

2
1
2

1
2

27
40

*AA ~  1 0 0 ~  2 0 0 9
8

IQ I
8 -M Vs M V s 25 0 -  T “  4

9
40

10* 1
8 M V s - M V s 2

6 0 1
4 _  4

9
40

27 1
8 0 0 1

6
1
3

1
12

1
12

7
40

N ov 25
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Table A J  (continued)

10 10* 2 7

\ i
8 0 0 1 - I 5

4
5
4 8

0
1
2 0 0 V s / 4 - V s t 4 0

&SJ 0
1
2

__ 1
0 0 V 5 / 4 - V s / 4 0

X,»
1
8 0 0 3

io
_  1_ I 1

2
27
40

=  x „ §AA
1
8 0 0 “  ^

1
v 0 0

9
8

I P ~  i U V s U V s 5 0 1
4 i

9
40

I P *
1
8 - 1 / V 5 - U V s 2 0 1

4
1
4

9
40

2 7 i 0 0 I
5

1
3 12

1
12

7
40

1 i
8 0 0 1 - 1 5

4
5
4

27
8

§ J S 0 1
2

__ I
0 0 - V s / 4 V s / 4 0

0 1
2

1
2 0 0 V s / 4 - V 5 / 4 0

? s s
1
8 0 0 3

10
_  \ 1

2
27
40

X U S

l i A
1
8 0 0 ~~  2 0 0

9
8

I P i - I / a/ 5 - 1 / V 5 — 5 0 1
4 “  4

9
40

JO* I
8 1 / V 5 1 / V 5

2
~  5 0

__ ^ 1
4

9
40

2 7 1
8 0 0 I

5
1
3

1
12

1
12

7
40

8 +  8' — 8"+10

8 s  Is IO* 2 7

II

8s
IP
iZ

1  l / V I  { V 2  g  

I / a / 5  0  V  | / 2  - 9 V s f r O  

V 2 / 5  V f  - 1  - f 0 \ / 2  

! - f 5V 5  - * V 2  f 0

8 S 10  2 7

1

8s
I s

IP
2 7

- 1  1 / V 5  - \ V 2  H  

I / a / 5  0  V f / 2  9  V I / 2 0  

VllS  - V |  ^ V 2  

- !  - i l V s  | V 2  f 0
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Table A.7 (continued)

8 s SA JO* 27

8s 2
5 ]

5 | V 2 27
20

8a i /V s 0 - V | / 2 9 \/5 /2 0
10 V2/S V i 1

2 -1 v /2  20 V ^
27 ~ ‘5 h V  5 - i A / 2 To

8+8' -  10+10'

8 27 8 27

! 10* 
A"., !

| 27
2 V 2/5  9 V 2/10  

2 V I /3  - v |

- 2 \ / 2 / 5  - 9 V 2 /1 0  

2 \ / f / 3  - V f

100 iy

I
JO* 27

1
X,u 8 

= ?7

1 9
5 5
8 115 5

1/V 2 9 V  To/ 20 

V 2/3  -  V Io /5

8+10 -  8' + JO'

1
J 8S 8., 27

8
10

35

W s  V 2/5 V |  9 V 7/20  

-so V s  T0 V 2 1/V T 0  - 9 V 7/20  

»i V 5  - ^  V 2  { VK> -  V 7/20
2 5 V 5  i^V2 -1/VTo 2*0 \ / 7

8 JO* 27 35

*su

8

10
27
35

1 1  9 7
5 2 20 4

2 3 9 7 
5 4 40 8

2 1 37 7 
15 12 40  24  

2 1 9 1
5 I  40  8
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